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Abstract

In this paper, we define a stronger form of soft pre open sets and we prove that the set do
not form a soft topology. Also we arrive a decomposition of these sets in terms of soft open sets
and soft w dense open sets. Also we define a new kind of continuous functions, occurring
between the soft continuous and pre continuous functions. Also, we studied many relationship

related to the above defined stronger form of soft pre open sets.
1. Introduction and Preliminaries

In 1999, Molodtsov [3] defined a soft set, which is an ethnic mathematical
tool to handle uncertainty. The soft topological spaces was introduced by
Shabir and Naz [4] in 2011. Based on this, many topological concepts were
modified with inclusion of soft topology. Soft Topology is a research area and
many of its applications are placing a major role in current research [1, 2, 5].
Many soft topological concepts continuity, compactness and separation
axioms are generalized, which plays an effective role in soft topology
structure. Out of these generalizations of open sets, open sets in topological
spaces 1s defined in [6], [7]. In this work, we define a stronger form of soft pre
open sets and we prove that the set do not form a soft topology. Also we arrive

2020 Mathematics Subject Classification: 34Bxx, 76-10, 80A30.
Keywords: soft -open, generated soft topology, soft pre-open sets.

Received December 12, 2021 Accepted January 14, 2022.



3774 M. VIJAY and R. ASOKAN

a decomposition of these sets in terms of soft open sets and soft w dense open
sets. Also we define a new kind of continuous functions, occurring between
the soft continuous and pre continuous functions. Also, we studied many
relationship related to the above defined stronger form of soft pre open sets

Definition 1.1 [7] and [6]. (a) Let (X, t) be a Topological Space and let
A c X. Then A is called as pre open if there exists B e 1t such that
B e A c ClL(B). The set of family of all pre open sets of (X, 1) is denoted by
PO(X, 7).

(b) Let (X, 1) be a soft Topological space and let A = X. Then A is called
as ®,-open if for B € 1, then B ¢ A < Cl ,(B) and the set of family of all
o, -open sets in (X, 1) is denoted by o, (X, 7).

Definition 1.2 [10]. Let (X, 1, U) be a soft Topological Space and let
A € SS(X, A). Then A is called as soft pre-open if there exists any B, €, ©
such that A < B < CI.(A). The set of family of all soft pre open sets in
(X, 1, U) is denoted by PO(X, 1, U).

Definition 1.3 [1] and [11]. Let (X, A) be a soft space and V be the set
of parameters and P € (X, A).

Zifa =
(@) If P(a) = .Lfa e1
Qifb = e
and Pis denoted by e,.
(b) If P(a) = Z for all b, €, A then P is denoted by e,.

{ypifa=e

@1 Pla)= 3 =

And P is denoted by e,
points in the soft space (X, A) is called as SP(X, A).

and P is called as a soft point. The set of all soft

Definition 1.4 [11]. Let H belongs to soft space (X, A) and a, belong to
the set of soft points of (X, A). Then a, € H if a, € H if a, £ H or
a, € H if x € H(a).
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Definition 1.5 [2] and [5]. A soft topological space (X, 1, A) will be
called as

(a) Soft locally countable if for each soft point b, There exists (V, g, 1)
such that b, € U and is U countable.

(b) Soft anti locally countable for each B € t— {04}, B is not a countable
soft set.

(c) Soft w-regular, if S is soft closed and b, € Iy — S, then there exists
(V,e 1) and V, e1,, such that b, €U, S < V and UNV = Oy.

Theorem 1.6 [4]. Let (X, t, A) be a soft Topological space and the
collection {H(a), H € t} be a topology on X for each a, €, A then this topology

is called as 1.

Theorem 1.7. Let (X, 1) be a topological space and let A be the set of

parameter, then the soft topology on X, relative to A is denoted by
{H € SS(Y, A), H(a) € © for each a, €, A} and this topology is denoted by

(7).

Definition 1.8 [13]. Let (X, 1) and (Y, t9) be two topological space and
the function f: (X, 1;) = (Y, 19) is said to be the pre continuuous if for
every A € 19.f H(A) € PO(X, ).

Definition 1.9 [6]. Let (X, t;) and (Y, t3) be two topological space and
the function f : (X, 1) — (Y, 12) is said to be the ®, -continuous if for every

A e er_l(A) € 0,(X, 7).

2. Some Stronger form of Soft Pre-open Sets (S8 -Open Sets)

Definition 2.1. In a soft topological space (X, o, U) and a soft space
(X, U), we define a stronger form of soft pre-open sets (S5-Open Sets) as
follows. Let G € (X, U). Then G called as- S6-Open set in (X, o, U) if we can
find F € t with & F & CL,(G).
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The family of all S3-Open Sets in (X, o, U) is SP(X, o, U).

Theorem 2.2. In any soft topological space (X, o, U), c < SP(X, o, U)
c PO(X, o, U).

Proof. To prove o < SP(X, o, U) let G € 6. Take F =G. Then F e o
and GEFECl_ Therefore G € SP(X, o, U). To  prove
SP(X, o, U) c POX, 5,U), let Ge SP(X, c,U), then F et such that
GZ Fc( (G)ECls(G) then Ge POX,o,U). Hence we have the

result.

Theorem 2.3. In any soft topological space (X, o, U), CSS(X, U)
NSP(X, o, U) c o.

Proof. Let M e CSS(X, U)N SP(X, o, U), which implies
M e CSS(X, U) and M € SP(X, c,U). As M € CSS(X, U), as per Cor. 5
from [2], Cl,,(M)= M. And M e SP(X, o, U), we have some N € ¢ with
M ZE N Z Cly,(M)=M. So M = N then we have G € o.

Theorem 2.4. Any soft topological space (X, o, U) which is locally
countable (soft), we have SP(X, o, U) = o.

Proof. Let (X,o,U) is locally countable, which 1is soft, for
SP(X, c,U) =0, take M e SP(X, ,U), then if any N e€oc we have
M & N  Cl,,(M). As (X, o, U) is locally countable which is soft, as per
cor. 5 from [2], Cl;,(N) = N, hence we have N e c. Then by Theorem 2.3
o < SP(X, o, U).

Theorem 2.5. In any soft topological space (X, o,U), let

{A, :1ne M} c SP(X, 6, U) then HEEJM A, € SP(X, c, U).

Proof. Take {A, : p € I'} ¢ SP(X, 5, U), to any p € M, we have B, € ¢
with A, & B, & Cloy(4,).
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N2
n

mcz
S

Hence LNJ Au €oc and D AH
eM

B, & U Clg(4,)
npeM n M

1 pe

& Cly, (U A,)). Therefore we have the result U A, € SP(X, o, U).
neM reM

Theorem 2.6. In any Soft Topological Space (X, o, U), PO(X, o, U)
SP(X, o, U).

Proof. Let (X, o, U) be Soft Topological Space. By Theorem 2.3
SP(X, o, U) < PO(X, o, U). To prove that PO(X, o, U) < SP(X, o, U),
take M e PO(X, o4, U), we can find N € o, with M & N E Clg_),(M).
As per Theorem 5 (from [2]) we have (o4,), =0,  hence

Clis,)o(IN) = Clg, (N), which shows that M € SP(X, o, U).

Theorem 2.7. Let (X, o, U) be a soft topological space which is anti

locally soft countable, then
o, N POX, o, U) c SP(X, o, U).

Proof. Let (X, o, U) be anti-locally countable, which is soft and take
M e o, NPOX,c,U). As (X, o, U) is anti-locally countable (soft) and
M e o, then Cl,,(M)=Cl;,(M). As M e POX, o, U), we have some
Netr such that MZE N ECly(M)=_Cly,(M). Hence we have
N e SP(X, o, U).

Theorem 2.8. Let (X, o, U) Soft Topological space and M belongs to the
soft space (X, U). Then M belongs to SP(X, o, U) iff M < intg(Clg,(M)).

Proof. Assume that M e SP(X, o, U). Here we can find N et with
M & N & Clgy,(M). So G C int(Cl,,(G)). Conversely, if
M cint, (CL,(M)), N =int, (Cl,, (M)). Then Ner and
M & N C inty(Cl,,(M)) S Cl,,(M). Sowe have N € SP(X, o, U).

Definition 2.9. Let (X, o, U) be a Soft Topological Space and G belongs
to the soft space (X, U). Then G known as w-dense soft set if Cl,,(G) = 1.
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Theorem 2.10. Let (X, o, U) be a soft topological space and let G belong
to the soft space (X, A). Then M e SP(X, o, U) if and only if is M may be

expressed as intersection (soft) of open set and a w-dense, both are soft sets.
Proof. Assume M e SP(X, o, U), from 2.9 M & inty(Cl,,(M)). Assign

N = inty(Cl,,(M)) and V =(1y - M)UN. So N will be soft open and
M =NNV. Also

Cloo(V) = Cloy((1y = into(Cloo (M) U M)
= Clo(1py = inte; Clo, (M) U Cliy (M)
= Clo(Clo(1yy = Cls (M) U Cli (M)
= Clyy(Clyy — int (17 — (M) U Cly,, (M)
5 intgy (1 — M) U Clyo(M) = 1.
Hence we have the result

Conversely, assume V = M AN with M € o and N is o-dense soft set.
To prove that M & Cl,,(V), let us take ¢, e M —Cl, (V) As
¢, €1y - Cly, (M), we can find W e o, with ¢, €W and WV = 0. As
c, € WﬁMecm and H is o-dense soft set, then WNANMAN=WNV
# 07, which is a contradiction. Therefore V € SP(X, o, U).

Proposition 2.11. Let (X, o, U) be a soft topological space and N

belongs to the soft space (X, U). The result Cly(M N\ N) = Cly(M N Cly(N))
holds for each M € o.

Proof. Take N belong to the soft space (X, A) and M eoc. As
N & CI,(N), we have MNAON & MNCl,(N). Hence
CI(MAN) & Cl,(MNCI,(N). Then to prove that Cly(M N CI (N))
E Clo(M N N), take b, € Clg(M N Cls(N)) and take V et such that
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by €V, then (N Clo(M)) NV # 0y. Take a, &(MNCIL,(N))NV, we have
a, € CI5(N) and a, EMNVes and 0 (MOV)QAN
= (M N N)(\ M # O, which implies that b, € Clg(M N N).

Theorem 2.12. Let (X, o, U) be a Soft Topological Space and let M
belong to the soft space (X,U). Then M e SP(X, o, U) ifff or each
Neo, MON e SPX, o, U).

Proof. Assume that M e SP(X,c,U) and take N eo. As
M e SP(X,0,U), we can find such that M U & Cl,,(M). Hence
MNANNZUNNENNCL,(M). As Meoco, we have by 211,
Cl,,(N N Cl,,(M)) = Cl,(N N M). Hence, (N N Cly,(M)) & Cly,(N N M).
So UNM et with MOANEUNN & NN Cl,(M)& Cl,, (NN M). So
M N e SP(X, o, U). Conversely, for every N € 5, M (1N e SP(X, o, U).
As 1y e s, M1y = N € SP(X, o, U).

Theorem 2.13. Let {(X, S,): u € U} be a family of topological spaces

with o=®S,. And let G belongs to soft space (X,U). Then
M e SP(X, o, U) iff M(a) € SP(X, o) for every u € U.

Proof. Assume that M e SP(X, o,U) and let u € U. Then we have
N e 6 such that M & N & Cl,,(N). Hence M(u) < N(u) < (Clg,(M)uw)).
As (@) € oy, (Clay (M) () = cligu)yo(M) (@) = clgu)o(N(a)) we have
N(u) € SP(X, ,,) Conversely, if N(u)e SP(X, c,)VucU. For each
u e U, there exists W, €, =S, such that N(u) c W, c clgq)o(M(w)).
Let F belongs to the soft space (X,U), F, =W, € S,Vu eU. Then
Ne®S, =o. Also (Clyy(M)(u) = cloy)w(N(a)Vu € U. Hence M E N
& Cl,(M). So M e SP(X, o, U).
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3. Continuity on some Stronger form of Soft Pre-open Sets (S8 - Open

Sets)

Definition 3.1. A function g, : (X, 5, U) > (Y, 1, V) is said to be soft
pre-continuous if g;},(F ) e PO(X, o, U) for every F € .

Theorem 3.2. Let (X, o, U) and (Y, 1, V) be two soft topological spaces
and the soft function is defined as g, : (X, o, U) - (Y, 1, V).

(1) gyp s soft pre-continuous

() gyup(cls(int(N) E cli(gyp(N)) for every N belongs to the soft space
(X, U).

(3)  guplcls(inty(M))) E cl(g,,(M)) for every belongs to the soft
topological space (X, o, U).

4) gup(Clc(F)) c czt(gup(F)) foreach F e t.

Proof. (a) (1) implies (2) Let us assume that g,, is soft pre-continuous

and let N belong to the soft space (X, U). Let a, € g,,(cl;(int;(N))) and let

M e © such that a, € M. Now let us prove that g,,(N) (1 M # 0y. Choose
b, € cl;(int;(N)) such that a, = g,,(b,). As the function g, is soft pre-

continuous,  then g;ll,(M )e PO(X,5,U) and hence g;ll,(M ) S
int o (Cly (Clo(gzb (M) As by E gh(M) then by E int,(Cly(gb(M) € .
As by, € Cl;(int; N)), then intg(N) N intG(CZG(g;ll,(M ))) # Oy It follows that
int(N) N Cly(g;5(M)) # 0y and N ) g,L(M) # 0. Choose ¢, € N such
that g,,(c,) € M. Hence, g,;(c) € g,,(N) (M and therefore we have
Zup(N) N M = 0y

(b) (2) implies (3) Assume that g,,(cl;(ints(N))) E cl(g,p(N)) for M

belongs to the soft space (X,U) and let M e SO(X, o, U). Then
N & ¢l (int5(M)) and hence cls(M) S cly(int,(M)). Thus by assumption,
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Zup(cl(into(N)) S 8y((cls(int (M) E cli(gyp(M))-

(c) (3) implies (4) Straightforward.

(d) (4) implies (1) Assume that g,,,(cl;(H)) S cl(g,,(H)) for each H € o
and let M er To prove that g;ll,(M ) S intc((clc(g;})(M ), let
Dy € g;},(M). As 1y - clc(g;},(M)) €oc, then by  assumption,
Bup(cls(yy = clo(gup(M))) E cli(yp(lyy — clo(grp(M))) and hence
Clo(Ly — elo(ggh (M) & gblcle(gup(ly ~ clo(gdM)))  So we have,
1y = 8up(Cle(8up(ly — clo(gup(M))))) = into(cls(gp(N))). We will prove that
Dy €1y — g;},(ClT(gup(lU - clc(g;},(M))))). For this, let us assume the
contrary, that pE g;})(Clr(gup(lU - cl(,(g;})(M ) Then
ZupPe) E (Clo(p(1y - clolgbM)).  Since g,,(p) E M <7, we have
8up(ly — Cls(guh(M) N M = Oy. Take gq, €1y — Clg(gyh(M)) such that
8up(qy) € M e 1. Since g, € 1py - Clc(g;},(M)), then there exists such that
and g,;ll,(M) N H = 0y. But qy € g,;ll,(M) ( H, which is a contradiction to
the assumption. Hence we have the result.

Definition 3.3. A g, : (X, 5, U) > (Y, 1, V). Soft function is called as

®, soft continuous if for each g;ll)(F ) e SP(X, o, U).

p

Theorem 3.4. Let (X, o, U) and (Y, t, V) be two soft topological spaces
and the soft function is defined as g, : (X, o, U) - (Y, 1, V).

(1) 8up is ®, soft continuous

@ Zuplelo(F)) € elu(g,p(F)) for cach F < o,

Proof. (a). (1) implies (2): Assume that g,, is ©, soft continuous and let

F € o, To prove that g,,(cls(F)) S cl(g,,(F)), take a, € g,,(cls(F)) and

M et let such that a, € M. Now let us prove that gup(F)ﬁM =0,
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Choose b, € cl;(F) such that a, = g,,(b,). As g,, is ®, soft continuous,
we have g, (M) e SP(X,c,U) and so g;,(M) E inty(Cly,(g5(M))). As
by € gup(M), then b, € inty(Clyy,(gyp(M)) € 0. As by E Cl_(F), we have
F N int(Cloy(gh(M)) # Oy and hence F () Clyy(g;5(M)) # Oy Take
¢, € F N Clgy(gih(M)). As we have ¢, € F ety and ¢, € Clgy(gun(M))
then F (g i(M)# 0y Take d, € F such that g,,(d,)E M. Then
Gup(dw) € gup(F)N M and so g,,(F) N M # 0Oy.

(b). (2) implies (1): Assume that g,,(cl;(F)) E cl(g,,(F)) for each
F e o, and let M e 1. To Prove that g;;(M )& int(,((ClG@(g;;,(M ), take
b, € g;})(M ). As 1y - (Cl(m)(g;})(M )) e, then by assumption,
£ Clo(17 ~ (Clay (M) € Cli(p(1 - Clu(gb(M))  and  hence
Clo(ly = Cloo(gup(M))). Hence 1y — gy(Cli(gup(ly ~ Clow(gup(M)) E
1y - Cl(Cls (17 - Clcm(g;},(M))) = intG(Clm(g;},(M))). Now we can prove
that b, €1y — g;llj(Clr(gup(lU — Clcm(g;ll,(M))))). For this let us assume on
the contrary  that b, € g;;(Clr(gup(lU - Cl(m(g;},(M ). Then
8uplby) € Clilgup(ly = Clow(up(M))). As gyp(by) EM e v, we  have
2up(ly — Cloo(gun(M))) N M # 0y. Choose a, € (1yy — Clyy(gin(M)). such
that g,,(a,) e M. As a, €1y - Clm(g;},(M)), then we have H e o, such
that a, € H and g;},(M ) NH = Oy, which is a contradiction for

a, € g;ll,(M) N H. Hence we have the result.

Theorem 15. Let f : (A, M) — (B, N) be a function defined from the
topological space A to B and let h: P — @ be defined from one set of
parameters to another set. Then g, : (A, o(M), P) — (B, (N), Q) is o, soft

continuous iff fis ®, soft continuous.
Proof. Assume g, : (A, o(M), P) — (B, i(N), Q) is ®, soft continuous.
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Take HeN and xe P, then (h(x)y)eo(M) As g,, is o, soft
continuous, g;ll,(h(x)H) e SP(A, o(M), P). So, we have
guph(®)g) (@) € 0p(4, M), But  gp(h(e)g)(x) = [ (A)g) (b))

-1 . .
= f(H). Hence fis o, continuous.

Conversely, assume that fis ©, continuous. Take H e o(NN). Then it is

p
enough to  prove  that g;ll)(H )(x) € o, (A, M) Vy e P. Take
y € P, H(h(y)) € N. As f is op continuous, we  have

FUH () € 0 (A, M). As fHH () = (gpu(H))(y), we have the

result.
4. Conclusions

In continuation of the above work, concepts ®, soft open functions,

P
separation axioms through o, soft sets and compactness and may be

developed and the relationships between them may be studied.
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