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Abstract 

The aim of this paper is to introduce some new kinds of operators using  operation on 

gs -open sets and investigate their properties. Further we define ggs -closed sets using 

gs -open set and study some of its characterizations.  

1. Introduction 

Rajamani and Viswanathan [9] introduced gs -closed sets in topological 

spaces. Kasahara [5] initiated the study of operation approach on topological 

space and also he introduced the concept of -closed graphs of functions in 

topological spaces. Jankovic [4] analysed the functions with -closed graphs. 

Ogata [8] renamed the operation  as  operation and introduced -open sets 

by defining the  operation on open sets in topological spaces. Sanjay 

Tahiliani [10] introduced - -open sets using the  operation on -open sets. 

Carpintero et al. [2] studied -b -open sets by considering the  operation on 

b-open sets. Following this, Ibrahim [3] studied  -open sets by defining  

operation on -open sets. Asaad [1] defined the operation  on SP -open sets 
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in topological spaces. Mershia Rabuni and Balamani [6] defined the operation 

 on g  and introduced gs -open sets in topological spaces. Narmadha and 

Balamani [7] introduced the operation  on gs -open sets and defined gs -

open sets in topological spaces. In this paper, we introduce new operators 

namely      AgsAIntgsAgsInt ker,,    using gs -open sets and discuss 

their properties. Also, we introduce and study the properties of a new type of 

generalized closed set called gs -generalized closed set.  

2. Preliminaries 

Definition 2.1 [7]. Let  ,X  be a topological space. An operation 

 XPgs  :  is a mapping from gs  to     ,gsVVVXP   the 

value of V under the operation  is denoted by  .V   

Definition 2.2 [7]. A non-empty subset A of a space  ,X  with an 

operation  on gs  is called an gs -open set of  ,X  if  ,Ax  an gs -

open set U containing   .AUx   The set of all gs -open sets is denoted 

by . gs  The complement of an gs -open set is called gs -closed.  

Definition 2.3 [7]. An operation  XPgs  :  is called gs -regular if 

Xx   and  pair of gs -open sets A and B containing ,x  an gs -open 

set C containing      .CBAx     

Definition 2.4 [7]. An operation  on gs  is said to be gs -open if 

Xx   and gs -open set U containing ,x  an gs -open set VxV   

and  .UV    

Definition 2.5 [7]. Let  be an operation on . gs  A point Xx   is 

called an gs -closure point of a set A if   gsAU   -open                  

set U containing x.      gsUAUXxAgsCl   ,, -open set 

containing .x   

Definition 2.6 [7]. Let  be an operation on . gs  Then  AgsCl  is 
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defined as the intersection of all gs -closed sets containing A.  AgsCl  

 FAXF  |  and .\  gsFX   

Results 2.7 [7]. (i) Let  ,Z  be a topological space and ZA   and  be 

an operation on . gs  Then for a given   AMiffAClgszZz  ,  

 gsM  containing z.  

(ii) Arbitrary union of gs -open sets is gs -open, where  is an 

operation on .gs  

(iii)  AClgs  is gs -closed, where A is the subset of Z and  is an 

operation on .gs   

Theorem 2.8 [7]. Let  ZPgs  :  be an operation on gs  and D 

and B are subsets of Z. Then the results below are true.  

(i)  .DgsclD    

(ii) D is gs -closed  .DgsclDiff    

(iii) If BD   then    .BgsclDgscl     

3. Some Properties of Operation on gs -open sets 

Definition 3.1. Let  ,X  be a topological space and  an operation on 

.gs  A point XAa   is said to be gs -interior point of A if there exists 

an gs -open set N of X containing a such that   .AN   We denote the set 

of all such points by  .AgsInt   

Thus    gsNxAxAgsInt   :  and   .AN    

Theorem 3.2. Let  ,X  be a topological space and  an operation on 

.gs  If A and B are two subsets of X, then the following statements are true 

(i)   AAgsInt      
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(ii) A is gs -open  AgsIntAiff    

(iii) If ,BA   then    BgsIntAgsInt     

(iv)     AgsIntAgsIntgsInt     

(v)      BAgsIntBgsIntAgsInt      

(vi)      BgsIntAgsIntBAgsInt      

(vii) If  is gs -regular, then      BAgsIntBgsIntAgsInt     

Proof.  

(i) From Definition 3.1,   .AAgsInt     

(ii) If  ,AgsIntA   then by Definition 3.1, for every  ,AgsIntx   

there exists an gs -open set N of X containing x such that   .AN   Hence, 

A is gs -open. Conversely, let A be an gs -open. Then to prove 

 .AgsIntA   By (i),   ,AAgsInt    so it is enough to prove that 

 .AgsIntA   Let .Ax   Since A is gs -open,  ,Ax  an gs -open 

set U containing   AUx   which implies that x is an gs -interior point 

of A. i.e.,  .AgsIntx   Therefore,  .AgsIntA   Hence,  .AgsIntA    

(iii) Let .XBA   Let  ,AgsIntx   then there exists an gs -open 

set U of X containing x such that   .AU   Since ,BA   the same gs -

open set U of X containing x such that   .BU   This implies 

 .BgsIntx   Hence,    .BgsIntAgsInt     

(iv) By Definition 3.1,   ANNx   if x is an gs -interior  point of 

A. Hence, the collection implies that   .AAgsInt    Hence, gsInt  

    AgsIntAgsInt    by (iii).  

(v) Since BABBAA   ,  and by (iii),     gsIntAgsInt  

 BA  and    .BAgsIntBgsInt    Therefore,    BgsIntAgsInt     



PROPERTIES OF OPERATION ON gs -OPEN SETS 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022 

1435 

 .BAgsInt   

(vi) Since BBAAB   ,  and by (iii),    AgsIntBAgsInt     

and    .BgsIntBAgsInt     Therefore,    AgsIntBAgsInt     

 .BgsInt    

(vii) By (vi),      .BgsIntAgsIntBAgsInt     Let 

   .BgsIntAgsIntx     This implies  AgsIntx   and  .BgsIntx   

Therefore, there exists an gs -open sets VU,  containing x such that 

  AU   and   .BV   Implies  that     .BAVU    Since  is gs -

regular, there exists an gs -open set W containing x such that 

     .WVU    Implies that   .BAW   Therefore,  .BAgsIntx    

Hence,      .BAgsIntBgsIntAgsInt      

Remark 3.3. The reverse inclusion of (iv) in Theorem 3.2 need not be 

true as observed from the following example.  

Example 3.4. Let  cbaX ,,  and   .,,, Xba  Then  ,gs  

      .,,,, Xbaba  Let  XPgs  :  be an operation on gs  defined by  

 
   

   







 gsA

bAcb

baaAA
A

if,

,orif
 

Here for      bAgsIntcbA  ,,  and    .  AgsIntgsInt  Therefore 

    .AgsIntgsIntAgsInt      

Remark 3.5.  AgsInt  need not be gs -open as observed from the 

following example.  

Example 3.6. Let  cbaX ,,  and         .,,,,,,, Xcababa  

Then          .,,,,,,, Xcababags   Let  XPgs  :  be an operation on 

gs  defined by  

 
     

     







 gsA

cbaAA

baAcA
A

,,if

orif
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Then     .,,,,, Xcabags    Here for      bAgsIntcbA  ,,  

which is not gs -open in  ., X  

Theorem 3.7. Let  ,X  be a topological space and  be an operation on 

.gs  If A is a subset of X, then  

(i)    .\\ AgsClXAXgsInt     

(ii)    .\\ AgsIntXAXgsCl     

(iii)    .\\ AXgsClXAgsInt     

(iv)    .\\ AXgsIntXAgsCl     

Proof. (i) Let  ,\ AXgsIntx   then there exists an gs -open sets U 

containing x such that   .\ AXU   This implies that   . AU   This 

gives that  AgsClx   and so  .\ AgsClXx   Hence,  AXgsInt \  

 .\ AgsClX    

Conversely, let  AgsClXx  \  implies that  ,AgsClx   then 

there exists an gs -open sets V containing x such that    AV       

implies that   .\ AXVVx   It follows that  .\ AXgsIntx             

Hence,    .\\ AXgsIntAgsClX    Therefore,  AXgsInt \  

 .\ AgsClX   

(ii) Let  AXgsClx \  implies there exists an gs -open set U 

containing x such that     .\  AXU   Implies   .AU   Thus, 

 .AgsIntx    .\ AgsIntXx   Hence    .\\ AXgsClAgsIntX     

Reversing the steps we get    .\\ AgsIntXAXgsCl    Therefore, 

    .\\ AgsIntXAXgsCl     

The proof of (iii) and (iv) follows from (i) and (ii).  

Remark 3.8. Let  ,X  be a topological space and .Xx   If   , gsx  

then     .xx    
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Definition 3.9. Let A be a subset of a topological space  ,X  and  be 

an operation on .gs  The union of all gs -open sets contained in A is called 

the gs -interior of A and denoted by  .AIntgs   

Theorem 3.10. Let  ,X  be a topological space and  be an operation on 

.gs  For any subsets BA,  of X we have the following. 

(i)  AIntgs  is an gs -open set in X.  

(ii)    Intgs  and   .XXIntgs     

(iii) A is gs -open if and only if  .AIntgsA    

(iv)   .AAIntgs     

(v) If ,BA   then    .BIntgsAIntgs     

(vi)     .AIntgsAIntgsIntgs     

(vii)      .BIntgsAIntgsBAIntgs      

(viii)      .BIntgsAIntgsBAIntgs      

Proof.  

(i) By Definition 3.9 and by Result 2.7 (ii), we have,  AIntgs  is an 

gs -open set.  

(ii) Obvious from the Definition 3.9.  

(iii) Necessity. Since A is gs -open,     AIntgs  Union of all gs -

open sets contained in .AA    

Sufficiency. Since  AIntgsA   and from (i),  AIntgs  is gs -

open. We get A is gs -open.  

(iv) It is obvious from the Definition 3.9.  

(v) Suppose .BA   Let  AIntgsx   and F be an gs -open set 

contained in A which is contained B. Therefore, .Fx   Hence, 
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 .BIntgsx   Therefore,    .BIntgsAIntgsx     

(vi) From (i) and (iii), we have     .AIntgsAIntgsIntgs     

(vii) Since BABBAA   ,  and by (v)    BAIntgsAIntgs    

and    .BAIntgsBIntgs    Hence,    BIntgsAIntgs      

 .BAIntgs    

(viii) As BBAABA   ,  and by (v),  BAIntgs   

 AIntgs  and    .BIntgsBAIntgs      

     .BIntgsAIntgsBAIntgs     

Remark 3.11. The reverse inclusion of (vii) in Theorem 3.10 need not be 

true as observed from the following example.  

Example 3.12. Let  cbaX ,,  and   .,, Xa  Then  ,gs  

      .,,,,, Xcabaa  Let  XPgs  :  be an operation on gs  defined 

by  

 
 








 gsA

AbAcl

AbA
A

if

if
  

Then    .,,, Xbags   Let  aA   and  .bB   Then  ., baBA   

Therefore    baBAIntgs ,    and     .  BIntgsAIntgs   Hence 

     .BIntgsAIntgsBAIntgs       

Remark 3.13. The reverse inclusion of (viii) in Theorem 3.10 need not be 

true as observed from the following example.  

Example 3.14. Let  cbaX ,,  and     .,,,, Xcba  Then 

 .XPgs   Let  XPgs  :  be an operation on gs  defined by  

 
 








 gsA

AaAcl

AaA
A

if

if
 

Then          .,,,,,,,, Xcacbbaags   Let  cbA ,  and  ., caB   
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Then  .cBA   Therefore     BAgs   and    BIntgsAIntgs     

 .c  Hence      .BAIntgsBgsIntAgsInt       

Theorem 3.15. If  is gs -regular then    AIntgsBAIntgs     

 .BIntgs   

Proof. Let     .BgsIntAIntgsy     Then  AIntgsy   and 

 .BIntgsy   Then  AOXOy  :  where . gsO  and 

 BOXOy  :  where . gsO  Then  belongs to at least one 

gs -open set, say U, contained in A and y belongs to at least one gs -open 

set, say V, contained in B. Since  is gs -regular, VU   is an gs -open set. 

Therefore, .BAVUy    Hence,  BAIntgsy   and  AIntgs  

   .BAIntgsBIntgs     From Theorem 3.10 (viii),  BAIntgs   

   .BIntgsAIntgs     Hence,      .BIntgsAIntgsBAIntgs      

Proposition 3.16. Let  ,X  be a topological space and  be an operation 

on .gs  Let A be a subset of X. Then    .AgsIntAIntgs     

Proof. Let  .AIntgsx   Then  AOXOx  :  where 

. gsO  Then x belongs to at least one gs -open set O contained in A. 

Since ,Ox   there exists an gs -open set U of X containing x such that 

  .AOU   Therefore,  .AgsIntx   Hence,    .AgsIntAIntgs     

Remark 3.17.    AIntgsAgsInt     as observed from the following 

example.  

Example 3.18. From the Example 3.4,      .,,,, Xbaags    Then 

    AgsInt  and    .bAIntgs    Hence    .AIntgsAgsInt      

Proposition 3.19. If  XPgs  :  is an gs -open operation on gs  

and .XA   Then  

(a)    AIntgsAgsInt    and     .AgsIntAgsIntgsInt    
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(b)  AgsInt   is gs -open in X.  

Proof. (a) Let  be an gs -open operation on .gs  We have to prove that 

   .AIntgsAgsInt    Let  .AgsIntx   Then there exists an gs -

open set U of X containing x such that   .AU   Since  is an gs -open 

operation, for all gs -open set U containing x, there exists an gs -open set 

V containing x such that  .UV   Therefore,   .AUVx   Hence, 𝑉 

is an gs -open set contained in A and  AVXVx  :  where 

. gsV  Therefore,  .AIntgsx   Thus,    .AIntgsAgsInt    

Hence, by Proposition 3.16,    .AIntgsAgsInt     

Now,        AIntgsAIntgsIntgsAgsIntgsInt     

 .AgsInt   

(b) Follows from part (a) and Theorem 3.10.  

Theorem 3.20. Let  ,X  be a topological space and  be an operation on 

.gs  Then for ,XA   

(i)    .\\ AIntgsXAXClgs     

(ii)    .\\ AClgsXAXIntgs    

(iii)    .\\ AXClgsXAIntgs     

(iv)    .\\ AXIntgsXAClgs    

Proof. Obvious.  

Theorem 3.21. Let  ,X  be a topological space and  be an gs -regular 

operation on .gs  Then for every XA   the following holds. 

(a)    VAClgsVAClgs     for every gs -open set V.  

(b)     EAIntgsEAIntgs     for every gs -closed set E.  

Proof. (a) Let   VAClgsx   for every gs -open set V. Then 
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 AClgsx   and .Vx   Let U be any gs -open set of X containing x. 

Since  is gs -regular, UV   is gs -open in X. By Result 2.7 (i), 

  .UVA   This implies that   .UVA   Again by Result 2.7 (i), 

 .VAClgsx   Hence,    VAClgsVAClgs     for every gs -

open set V.  

(b) From (a),    VAClgsVAClgs     for every gs -open set V. 

Then       .\\\ VXAClgsXVAClgsX     By Theorem 3.20, 

         AXIntgsVXAXIntgsVAXIntgs \\\\      .\VX  

Hence,         VXAXIntgsVXAXIntgs \\\\     for every 

gs -closed set .\ VX   

Remark 3.22. If  is not an gs -regular operation on ,gs  then 

Theorem 3.21 fails as observed from the following example.  

Example 3.23. From the Example 3.6,     Xcbc
gs ,,,  and  is not 

an gs -regular operation on .gs  Here  cbA ,  and  ., baV   Then 

   baVAClgs ,    and    .bVAClgs     Hence   VAClgs    

 .VAClgs   

Definition 3.24. Let A be a subset of a topological space  ,X  and  an 

operation on .gs  The gs -kernel of A, denoted by  Ags ker  is defined 

to be the set    .,:ker   gsUUAUAgs    

Proposition 3.25 Let  ,X  be a topological space with an operation  on 

gs  and .Xx   Then   xgsy ker  if and only if   .ker ygsx   

Proof. If   ,ker xgsy   then    .,:  gsUUxUy   i.e., y 

belongs to every gs -open set containing  .x  Thus,   yU   for every 

gs -open set U containing x. Then by Result 2.7 (i),   .yClgsx   Now, 

let   .yClgsx   By Result 2.7 (i),   yU   for every gs -open set U 

containing x. From this y belongs to every gs -open set containing  .x  
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Hence,   .ker xgsy   

Proposition 3.26. Let  ,X  be a topological space and  be an operation 

on .gs  Let A and B be subsets of X. Then  

(i)  .ker AgsA    

(ii) If BA   then    .kerker BgsAgs     

(iii)     kergs  and   .ker XXgs     

Proof. (i) From Definition 3.24, we have  .ker AgsA   

(ii) Let BA   and  .ker Agsx   From Definition 3.24,  Ags ker  

is the intersection of all gs -open sets containing A which is contained in B. 

Thus,  .ker Bgsx   Therefore,    .kerker BgsAgs    

(iii) It is Obvious.  

Proposition 3.27. Let  ,X  be a topological space and  be an gs -

regular operation on .gs  Then A is a subset of X and is an gs -open set if 

and only if  .ker AgsA   

Proof. Let A be an gs -open set and  .ker Agsx   Then x belongs to 

every gs -open set containing A. Now A is gs -open, .Ax   Hence, 

  .ker AAgs    From Proposition 3.26 (i), we have  .ker AgsA   Thus, 

 .ker AgsA   Conversely, let  .ker AgsA   Thus, A is the 

intersection of all gs -open sets containing A and here  be an gs -regular 

operation on .gs  Therefore, A is an gs -open set.  

Remark 3.28. The following example shows that if  .ker AgsA   

then A is not an gs -open set when  is not an gs -regular operation on 

.gs  

Example 3.29. Let       XbaacbaX ,,,,,,,   and  ,gs  
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      .,,,,, Xcabaa  Let  XPgs  :  be an operation on gs  defined by  

 
  gsA

AbAcl

AbA
A 










if

if
 

Then        .,,,,,, Xcabaags   and  is not an gs -regular 

operation on .gs  Take  .aA   Then  AgsA ker  but A is not an 

gs -open set.  

Proposition 3.30. Let  ,X  be a topological space and  be an operation 

on .gs  Then     AgsAgsgs kerkerker    where A is a subset of X.  

Proof. Let  .ker Agsx   Then there exists an gs -open set V 

containing A such that .Vx   Now V is an gs -open set. By Proposition 

3.27, we have  .ker VgsV   Since VA   and by Proposition 3.26 (ii), 

    .kerker VVgsAgs    Again applying Proposition 3.26 (ii), we have 

   .kerker VAgsgs    Thus,    .kerker VAgsgsx    Hence, 

    .kerkerker AgsAgsgs    By Proposition 3.26 (i) and (ii), we have 

    .kerkerker AgsgsAgs    Thus,     .kerkerker AgsAgsgs     

Theorem 3.31. Let  ,X  be a topological space and  be an operation on 

.gs  Then for any points x and y the following are equivalent:  

(i)      ygsxgs kerker     

(ii)      .yClgsxClgs     

Proof.    iii   Let      .kerker ygsxgs    Then there exist a 

point z in X such that   ygsz ker  and   .ker xgsz   By Proposition 

3.25,   zgsy ker  and   .ker zgsx   Since      yClgszClgsy   ,  

  .zClgs   Thus      .  xyClgs   Hence,      .yClgsxClgs     

   iii   Let      .yClgsxClgs    Then there exist a point z in X 

such that   yClgsz   and   .xClgsz   By Result 2.7 (i), for every 
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gs -open set V containing z,   yV   and for some gs -open set V 

containing   ., xVz   Thus, an gs -open set V containing z contains y 

but not x. Therefore,   .ker ygsx   Hence,      .kerker ygsxgs     

Proposition 3.32. Let  ,X  be a topological space with an operation  

on gs  and A be a subset of X. Then      xClgsXxAgs   :ker  

.A  

Proof. Let  Agsx ker  and suppose    .  AxClgs   Then 

  .\ xClgsXx   Since   xClgs  is an gs -closed set,   xClgsX \  

is an gs -open set containing A. This is a contradiction. Hence, 

   .  AxClgs   Conversely, let Xx   such that      AxClgs   

and suppose that  .ker Agsx   Then there exists an gs -open set V 

containing A and .Vx   This is a contradiction. Hence,  .ker Agsx   

4. gs -Generalized Closed Sets 

Definition 4.1. A subset A of a topological space  ,X  with an 

operation  on gs  is said to be gs -generalized closed set (briefly ggs  -

closed) if   UAgsCl    whenever UA   and U is an gs -open set in X.  

Proposition 4.2. Every gs -closed set is ggs -closed.  

Proof. Let A be any gs -closed set. Consider V be any gs -open set 

containing A. Since A is an gs -closed set. By Theorem 2.8 (ii), 

 .AgsClA   Thus,   .VAAgsCl    Hence, A is an ggs -closed set 

in X. 

Example 4.3. Let  cbaX ,,  and  .,, Xa  Then  ,gs  

      .,,,,, Xcabaa  Let  XPgs  :  be an operation on gs  defined by  

 
  gsA

AbAcl

AbA
A 










if

if
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Then gs -closed sets are     Xca ,,,  and ggs -closed sets are 

      .,,,,, Xcbcb  Thus  cb,  is an ggs -closed set but not gs -closed 

set in X.  

Theorem 4.4. Let  ,X  be a topological space and  be an operation on 

.gs  Then the following statements are equivalent for any subset A in X  

(i) A is an ggs -closed set in  ,X  

(ii)      AxClgs   for every  AgsClx    

(iii)    .ker AgsAgsCl     

Proof.    iii   Let A be an ggs -closed set. Suppose that 

     AxClgs   for some  .AgsClx   Therefore, \XA  

  .xClgs  By Result 2.7 (iii),   xClgs  is an gs -closed set in X. Thus, 

  xClgsX \  is an gs -open set containing A in X. Since A is an ggs -

closed set,     .\ XClgsXAClgs     This implies that  AgsClx   

which is a contradiction to  .AgsClx   Hence,      AxClgs   for 

every  .AgsClx    

   iiiii    Follows from the Proposition 3.32.  

   iiii   Let    .ker AgsAgsClx    Consider V be an gs -open 

set such that .VA   It is enough to prove that   .VAgsCl    Since 

  .,ker VxAgsx    Thus   .VAgsCl    Hence, A is an ggs -closed 

set in  ., X   

Theorem 4.5. If A is gs -open and ggs -closed then A is an gs -

closed.  

Proof. Let A is gs -open and ggs -closed. Now, .AA   By Definition 

4.1, .AAgsCl    By the Theorem 2.8 (i),  .AgsClA   Thus, 

 .AgsClA   By the Theorem 2.8 (ii), A is an gs -closed.  
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Theorem 4.6. Let  ,X  be a topological space and  be an operation on 

.gs  If a subset A of X is ggs -closed then   AAgsCl \  does not contain 

any non-empty gs -closed.  

Proof. Let A be an ggs -closed set in X. Suppose that there exist an 

non-empty gs -closed set E such that   .\ AAgsClE   Therefore, 

EX \  is an gs -open set. Let .\ EXA   Since A is ggs -closed, 

  .\ EXAgsCl    From this,   .\ EAgsClX    Thus,    AAgsClE \  

  .\ AgsClX   Hence, .E  This is a contradiction. Therefore, 

  AAgsCl \  does not contain any non-empty gs -closed.  

Theorem 4.7. Let  ,X  be a topological space and  be an operation on 

.gs  Then for each  xXx ,  is an gs -closed set or  xX \  is an ggs -

closed set in  ., X  

Proof. Suppose that  x  is not an gs -closed set. Then  xX \  is not 

an gs -open set. Hence, X is the only gs -open set containing  .\ xX  

Also,    .\ XxXgsCl    Thus  xX \  is an ggs -closed set in  ., X   

Theorem 4.8. Let  ,X  be a topological space and  be an operation on 

.gs  Then c
gsgs    if and only if every subsets of X is an ggs -closed 

set in  ., X  

Proof. Let .c
gsgs    Let V be an gs -open set and A be any subset 

of X such that .VA   By Theorem 2.8 (iii),    .VgsClAClgs    Since 

.c
gsgs    Thus,   VVgsCl    and   .VAgsCl    Hence, A is an 

ggs -closed set. Conversely, let every subsets of X is an ggs -closed set. 

Consider V be an gs -open set. By the assumption, V is an ggs -closed set. 

From this,   VVgsCl    whenever .VV   By Theorem 2.8 (i), 

 .VgsClV   Thus,   .VVgsCl    Hence, V is an gs -closed set in 

 ., X  Therefore, .c
gsgs    
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