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Abstract

In this paper, common fixed point results for two pairs of compatible mappings of type (A-1)
satisfying contractive condition of integral type on metric spaces are established.

1. Introduction and Preliminaries

Fixed point theory is one of the most fruitful and applicable topics of
nonlinear analysis, which is widely used not only in other mathematical
theories, but also in many practical problems of natural sciences and
engineering. The Banach contraction mapping principle [1] is indeed the most
popular result of metric fixed point theory. This principle has much
application in several domains, such as differential equations, functional

equations, integral equations, economics, wild life, and several others.

Branciari [2] gave an integral version of the Banach contraction
principles and proved fixed point theorem for a single-valued contractive
mapping of integral type in metric space. Afterwards many researchers [3-7]
extended the result of Branciari and obtained fixed point and common fixed
point theorems for various contractive conditions of integral type on different

spaces.

2010 Mathematics Subject Classification: 47H10, 54H25.

Keywords: Contractive mappings of integral type, Common fixed point, Compatible mappings,
Compatible mappings of type (A-1).

Received February 2, 2020; Accepted July 1, 2021



3390 VARSHA SHARMA

Now, we recollect some known definitions and results from the literature

which are helpful in the proof of our main results.
Definition 1.1. A coincidence point of a pair of self-mapping

A, B: X - X isapoint x € X for which Ax = Bx.

A common fixed point of a pair of self-mapping A, B : X — X is a point

x € X for which Ax = Bx = x.

Studies of common fixed points of commuting maps were initiated by
Jungck [8]. Jungck [9] further made a generalization of commuting maps by
introducing the notion of compatible mappings.

The concept of type A-compatible and S-compatible was given by Pathak
and Khan [10].

Pathak et al. [11] renamed A-compatible and S-compatible as compatible
mappings of type (A-1) and compatible mappings of type (A-2) respectively.

Definition 1.2. Let (X, d) be a metric space and A, B, P, @ : X — X
be four self- maps. The pairs (A, P) and (B, @) are said to be compatible
mappings of type (A-1) if

lim d(AAx,,, PPx,) =0 and lim d(BBy,,, QQy,) =0
n—o0

n—o

whenever there exist two sequences {x,} and {y,} in X such that

lim,_,, Ax, =lim,_,, Px, =lim,_,, By, =lim,_,, Qy, =z for some

z e PX NQX.

Proposition 1.1. Let S, T : (X, d) - (X, d) be mappings. Let S and T
are compatible of type (A-1) and let Sx,, Tx, > z as n —> «© for some

z € X. Then we have the following:

(a) im TTx, = Sz if Sis continuous at z,
n—»o

(b) lim SSx, = Tz if Tis continuous at z,
n—»o

(c) STz =TSz and Sz = Tz if S and T are continuous at z.
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Proposition 1.2. Let S, T : (X, d) —» (X, d) be mappings. If Sand Tare
compatible of type (A-1) and Sz =Tz for some zeX, then
SSz = STz =T1%

Definition 1.3. Let ® be the family of functions ¢ : [0, ©) — [0, «)
satisfying the following:

(1) ¢ 1s lower semi continuous.

(2) d(t) > 0 forall £ > 0 and ¢(0) = 0.
(3) ¢ is discontinuous at ¢ = 0.
2. Common Fixed Point Theorems
In this section, we study common fixed point theorems for compatible
mappings of type (A-1).

Theorem 2.1. Let (X, d) be a metric space and A, B, P, Q be four self
maps on X satisfying the following:

(1) The pairs (A, P) and (B, Q) are compatible mappings of type (A-1)

d(Ax, B d(By, Qy)[1+d(Ax, Px)]

‘ ) o(t)dt < a.[o LrdPr, @) olt)dt + BJ-:(Px, Q)

@ | o(t)dt,

2.1

where o, B >0 with a+p <1 and ¢ : [0, + o[> [0, + o[ is a Lebesgue —
integrable mapping which is summable on each compact subset of [0, + oo,

nonnegative and such that
€
3) .[O(p(t)dt > 0, Ve > 0.

If P and Q are continuous, then A, B, P and @ have a unique common
fixed point in X.

Proof. Suppose that the pairs (A, P) and (B, @) are compatible
mappings of type (A-1)
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Then lim d(AAx,, PPx,) =0 and lim d(BBy,,, QQy,) =0
n—oo

n—

whenever there exist two sequences {x,,} and {y,} in X such that
lim,_,, Ax, =lim,_,, Px, =lim,_,, By, =lim,_,, Qy, = z for some
z e PXNQX. (2.2)

Since z € PX, there exists a point s € X such that Ps = z From (2.2),
we have
lim,,_,.,, Ax, =lim,_,, Px, =lim,_,, By, =lim, ,, Qy, =z =Ps (2.3)
Now we claim that As = z. If not, then d(As, z) > 0. Putting x = s and
Yy =y, in (2.1), we get
d(Byn, Qyn)[1+d(A4s, Ps)]

Ij(As’ By")@(t)dtsocjo [+d (Ps, @y, )] cp(t)dt+l3]i(Ps’ D oyar (@4

Taking limit as n — o, we get

d(z, z)[1+d(As, Ps)] d(z, z
ot)dt < OLJ‘ [1+d(z, 2)] o(t)dt + BJ. = )(P(t)dt
0 0

J. d(A4s, z)
0

d(As, z)
j e(t)dt = 0 (2.5)

Which from (3) implies that d(4s, z) = 0
Which contradicts the fact that (A4s, z) > 0, therefore
Ps=As=z (2.6)

Similarly, since z € X, so there exists a point v € X such that Qu = z.
Thus (2.2) becomes

lim,,_,, Ax, =lim,_,, Px, =lim, ,, By, =lim,_,, Qy, =z =Quv (2.7

Now we claim that Bv = z. If not then d(Bv, z) > 0. Then on putting

x =x, and y = v in (2.1), one can get
Bv = Qu = z 2.8)
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Therefore, from (2.6) and (2.8), one can write
As =Ps = Bv = Qu = z (2.9)

Next, we show that z is a common fixed point of A, B, P, and . To this
aim, since P and @ are continuous then by proposition 1.1

lim,, ,, AAx, = Pz and lim,,_,, BBx, = Qz, then using (2.2) we have
Az = Pz, (2.10)
and
Bz = Qz. (2.11)

We will show next that Az = z. If not then d(Az, z) > 0. Putting x = z
and y = v in (2.1), we get

d(Bv, Qu)[L+d(Az, Pz)] d(Pz, Qu
(p(t)dt < (LI [1+d(Pz, Qv)] (p(t)dt + BI (7, @ )(p(t)dt
0 0

J- d(Az, Bv)

d(z, 2)[1+d(Az, Pz)] d(Az, 2
ot)dt < o J‘ [L+d(P=. 2] o()dt + BI e )tp(t)dt
0 0

J. d(Az, 2)

(1 -p)f Od(A"” ) o(t)dt < 0 (2.12)

Which from (3) implies that d(Az, z) < 0, a contradiction.
Hence Az = z. From (2.10), we can write

Az=Pz =z (2.13)
Similarly, setting x = u, ¥y = z in 2.1 and using (2.9), (2.11), we can have

Bz =Qz =z (2.14)
Therefore from (2.13) and (2.14), it follows that

Az =Bz =Qz = Pz = z, (2.15)

That is, z is a common fixed point of A, B, @, and P.

Finally, we prove the uniqueness of the common fixed point of A, B, @,
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and P. Assume that z; and z5 are two distinct common fixed points of A, B,

Q, and P. Then replacing x by z; and y by z9 in (2.1), we have

d(Bzy, Qzg)[1+d(Az1, Pz )]
dt < OLJ‘O [1+d (P, Qz3)] o(t)dt + BI

d(Pz, Qz3)

d(AZ]_ s BZz)
IO o) o

o(t)dt

- oyar < 0 (2.16)

Which from (3) implies that d(Az;, Bzg) < 0, a contradiction.

Hence z; = z9. Therefore A, B, P and @ have a unique common fixed
point in X.

From theorem 2.1, we can easily deduce the following corollaries.

Corollary 2.1. Let (X, d) be a metric space and A, P, @ be three self maps
on X satisfying the following:

(1) The pairs(A, P) and (A, @) are compatible mappings of type (A-1)

d(Ay, Qy)[1+d (Ax, Px)]

d(Ax, Ay) olt)dt < aJ‘O [1+d (Px, @y)] o(t)dt +

0

d(Px, @
Bl oteya,

@ |

where o, p >0 with o+P <1 and ¢ :[0, + o[> [0, + o is a Lebesgue
integrable mapping which is summable on each compact subset of [0, + o,

nonnegative and such that
€
(3) jo(p(t)dt >0, Ve > 0.

If P and @ are continuous, then A, P and @ have a unique common fixed
point in X.

Corollary 2.2. Let (X, d) be a metric space and A, @ be two self maps on
X satisfying the following:

(1) The mappings A and @ are compatible of type (A-1);

d(Ay, Qy)[1+d (Ax, Ax)]

d(Ax’Ay)cp(t)dtSOcIO [i+d (Ax, Q)] <p(t)dt+l3f§(

0

Ax, Qy)
P!

@ | (t)dt,
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where o, p >0 with a+P <1 and ¢:[0, + o[> [0, + o is a Lebesgue-

integrable mapping which is summable on each compact subset of [0, + o,

nonnegative and such that

3) _[;(p(t)dt >0, Ve > 0.

If the mapping @ is continuous, then A and @ have a unique common

fixed point in X.
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