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Abstract

The Cordial labeling of a graph G is a function f:V(G) - {0,1} such that
every edge wv in G is assigned the label |f(u)-f(v)] with the property
[vp(0)—vr(1)| <1 and | ef(0)—er(1)| <1, where vf(i) is the number of vertices with
label i for i =0,1 and e/(i) is the number of edges with label i for i =0,1. The

graph which satisfies the condition of cordial labeling is called the cordial
graph. In this paper, we prove that the vertex switching of jewel graph is
cordial, path union of vertex switching of jewel graph is cordial and cycle of

vertex switching of jewel graph is cordial.
Introduction

The field of Graph Labeling in Graph Theory is an important research
area dealing with non-negative integers assigned to the vertices or edges or
both of a graph under some conditions. Cahit [2] introduced cordial labeling
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in 1987. Numerous graphs are shown to be cordial. Cahit [3] has proved that
all trees, fans, wheels W,,, for n # 3(mod4), complete graphs K,,, for n < 3,
bipartite graphs K, ,, friendship graph C(t), for ¢ # 2(mod4) are cordial.

Helms, closed helms, flowers graphs, sunflower graphs are proved as cordial
by Andar et al. [1] and they have shown that the one point union of these
graphs are also cordial. Rokad and Patadiya [5] proved that the jewel graph
is cordial. An extensive survey of cordial labeling is available in Gallian [4].
In this paper, we prove that vertex switching of jewel graph is cordial, the
path union of vertex switching of jewel graphs is cordial and cycle of vertex

switching of jewel graphs is cordial.
Main Results

First, we define jewel graph, vertex switching of a graph, path union of
graphs and cycle of graphs and then we discuss our results.

Definition 1. The Jewel graph J, 1is the graph with the vertex set
V(J,)={w v, x, y, 4; : 1 <i<n} and the edge set E(J,,) = {ux, wy, xy, xv,

yu, uu;, vy : 1 <i < nj.

Definition 2. A vertex switching G, of a graph G is the graph obtained
by taking a vertex v of G, removing all the edges incident to v and adding
edges joining v to every other vertex which are not adjacent to v in G.

Definition 3. Let Gy, Gg, ..., G,(n > 2) be finite graphs. The new graph
obtained by adding an edge between a vertex of G; and a vertex of G; ¢, for

i=12,..., (n-1) is called a path union of Gy, Gy, ..., G,.

Definition 4. Let Gy, Go, ..., G,, be given connected graphs. Then the
cycle of graphs C(Gy, Gg, ..., G,,) is the graph obtained by adding an edge
joining G; to G;,q, for i=1,2,...,(n—1) and an edge joining G, to Gj.
When the n graphs are isomorphic to G then it is denoted as C(n.G).

Theorem 1. The vertex switching of Jewel graph is cordial.
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Proof of Theorem 1. Let V(J,,) = {ug, us, us, uy, v; : 1 <i < n} be the
vertex set of the jewel graph j, and E(J,)= {i, us, uy, ug, U, us, uy,

Uy, us, Ugl;, ugy; : 1 <1 < n} be the edge set as shown in Figure 1.

Let us consider a vertex u; as a switching vertex in the Jewel graph o/,,.
Remove all the edges namely wjug, iy, jug which are incident with
and make u; to be adjacent with all the vertices which were not initially
adjacent to it. The resultant graph is termed as o/}, the vertex switching of
jewel graph. The vertex set of <J),, is denoted as V(J},) = {uy, ug, us, uy,
v; :1<i<n} and E(J),) = {ugus, uguy, wyv; : 1 <i < n} is the edge set of

J;,, which is described in Figure 1.

Va Va

Figure 1. Jewel graph J,, and its vertex switching graph /},.

The number of vertices in <J}, is denoted as p = (n + 4) and the number

of edges in ¢/}, is denoted as ¢ = (3n + 2)
The vertices are labeled as follows
Forl1<i<n

(1, for i=1(mod ?2)
flo) = {0, for i = 0(mod 2)
flw) = flug) =1
flug) = flug) =0

From the above labelings we get
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Case (i) When n is even
- P -P _4q _4q
Uf(O) =9 Uf(l) 2 and ef(O) o ef(l) 5
p_p q_4q
| vr(0) —vp(1) | =‘§_§‘ =0 and | ef(0) —es(1)] =‘§_§‘ =0

Case (ii) When n is odd

vr(0) = [g-‘, vr(l) = [gj and ef(0) = {%—‘, er(1) = L%J

pm»me:Wﬂ_g“:1muqmqup{%]{ayﬂ

It is clear from the above two cases that |vf(0)-vs(1)] <1 and
| e£(0) —ef(1) | < 1. Hence the vertex switching of jewel graph is proved to be

cordial. This is explained below in Figure 2.

Ji

Figure 2. The graph J}.

Theorem 2. Path union of vertex switching of Jewel graph is cordial.

Proof of Theorem 2. Let us consider m copies of the vertex switching of

the Jewel graph J, as described in Theorem 1. Denote them as

H,, Hy, ..., H,. Let the switching vertex in Hj be ui. Let

ué, uzl)), u}l, U%, v%, e U}L be the remaining vertices of Hj;. The switching

vertex of H, is denoted as uf and the remaining vertices of H, are denoted

as u%, u% , uZ , vlz, v%, e v,%. Finally, the switching vertex of the m® copy

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



CORDIAL LABELING ON THE VERTEX SWITCHING ... 4313

H,, is denoted as u{" and the remaining vertices of H,, are denoted as
uy', uf', ug', vt vy, ..., vy, In general, the vertices of H; are denoted as
u for 1<i<4),(1<j<m)andv! for 1 <i<n),(1<j<m)

The switching vertex of each copy is connected by an edge and this forms

a path union which is denoted as P.J;, and shown below in Figure 3.

Let p=m(n+4) denote the number of vertices in graph PJ, and
q = 3m(n +1) -1 denote the number of edges of p.J},.

PI

Figure 3. P.J,, path union of vertex switching of jewel graph.
The vertices of P.J,, are labeled as follows
Case (i) When n = 0(mod2)
Fori1<j<mandl1<i<n

L (1 for j=1,2(mod4)
@) = fug) = {0 for j =0, 3(mod 4)

0 for j=1,2(mod4)

f(u%)=f(u§)={1 for j =0, 3(mod 4)

i1 for j=1(mod 2)
flvf) = {0 for  j = 0(mod 2)

From the above labelings we get
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Case (a) When m is odd

Uf(O) = Uf(l) == and ef(O) = ef(l) =

b_p qg q
| vp(0) - vy (1) | = ‘——§‘=0and|ef(0)—ef(1)|=‘§_§‘=o

It is clear that | vf(0) —vr(1)| <1 and | ef(0) —ef(1)] < 1.

Case (b) When m is even

0r(0) = £, vy1) = £ and e(0) = [ ] ef(1) = L J

| 0(0) — vy 1) | = ‘B_g‘ ~ 0 and |e/(0) - e/(1)] = H%}b“ 1
It is clear that | vf(0) —vr(1)| <1 and | ef(0) — ef(1)] < 1.
Case (ii) When n = 1(mod2)

Fori1<j<mand1<j<n

v (1 for j=1(mod?2)
f(U{)—f(Ui)-{o for j = 0(mod 2)

) . | = d
) = f) =,

For j = O(mod2)

1 for i=1(mod2)
ff) = {0 for i = 0(mod 2)
For j = O(mod2)

i\ [0 for i=1(mod?2)
ff) = {1 for i = 0(mod 2)

Case (a) When m 1s odd
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@)= 2] o) =| 2| and es(0) =[ 4] ;0= ||

0= vy @) | =|| B |- | B || -1 and @) - e = || §|-| 4] -1
It is clear that | vf(0) —vr(1)| <1 and |ef(0) —ep(1)| < 1.

Case (b) When m is even

vr(0) = %, ve(l) = % and ef(0) = [%-‘, ef(1) = L%J

| 04(0)— v, 1) | :‘g_g‘ — 0 and | ef(0)— ef(1) | :H%]_EH —1
It is clear that | vf(0) —vr(1)| <1 and | ef(0) — ef(1)] < 1.

Therefore, the graph PJ, 1is cordial for the above two cases which is

illustrated below in Figure 4.

Py

Figure 4. The graph PJj}.

Theorem 3. Let G be the cycle C,, and J be the vertex switching of jewel
graph. Then cycle of graphs C(m o J) is cordial.

Proof of Theorem 3. Let J be a vertex switching of jewel graph whose
vertices are denoted as u;, for (1 <i <4) and v;, for (1 <i < n) as described
in Figure 1. Let Jq, Jg, ..., J,, be m copies of the vertex switching of jewel

graphs. Let C(mo<J) be the cycle of graphs that has been obtained by
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considering the cycle C,, whose vertices £k, ko, ..., k,, considered in
anticlockwise direction and replacing each vertex of C,, by the graphs
Ji, Jo, ..., J,, as shown in Figure 5. In other words, each vertex K, for

1 < j < m of the cycle C,, isidentified with the switching vertex u; of J. The

vertices in the first copy J; are denoted as u%, u;lg), u};, v%, v%, e v,li. The
. . . 2 .2 2 2 2 2

vertices in the second copy Jy are described as u3, ug, ujg, vy, V3, ..., Uy.

Finally, ug', uf', uj', v, v§', ..., v)' are vertices in the last copy (that is mth

copy) ,,. Thus the vertices in the jth copy are represented as ulf for
(1£i£4),(1£j£m)anduij for 1<i<n)1<j<m).

Let p=m(n+4) denote the number of vertices in C(mo<) and
p = 3m(n + 1) denote the number of edges in C(m o J).

The vertices of C(m o <J) are labeled as follows

Case (i) When n = 0(mod2)

Fori1<j<mandl1<i<n

1 for j=1,2(mod4)

f(ulj):f(ui)={0 for j =0, 3(mod 4)

- [0 for j=1,2(mod4)
f(ué) - f(ui-]}) - {1 fOr ] = 0, 3(m0d 4)

i« [0 for i=1(mod2)
fvf) = {1 for i = 0(mod 2)
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p 2
L

Figure 5. Cycle of vertex switching of jewel graph.
From the above labelings we get

Case (a) m = 0(mod4)
vr(0) = g, vr(1) = % and ef(0) = %, er(l) = %

|vf(0)_vf(1)|=‘§_§‘=0 and|ef(0)—ef(1)|=‘%_%‘=0

It is clear that | vr(0) —vs(1)| <1 and | ef(0) —ef(1)| < 1.

Case (b) m = 1(mod4)
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0r(0) = £ v (1) = £ and ¢/(0) = [ ] ef(1) = L J

[0 =0y ) = | 2= 2] = 0 and | ¢/(0) - ;)| = || 4] -| & || -1
It is clear that | vf(0) —vr(1)| <1 and | ef(0) —ef(1)] < 1.

Case (¢) m = 3(mod4)

0r(0) = £ up(1) = £ and ¢/(0) = { J ef(1) = ( W

| 0(0)— v (1) | = ‘E-g‘ ~ 0 and | e/(0) - /(1) | = ng-[%ﬂ 1
It is clear that | vf(0) —vr(1)| <1 and | ef(0) —ef(1)] < 1.
Case (ii) When n = 1(mod?2)

For1<j<mandl1<i<n

) . | = d
fd) =y ={y Jor T= e

. | i = 1(mod 2
) = ff) = o For 77 e

For j = 1(mod?2)

i [1 for i=1(mod 2)
ff) = {O for i =0(mod 2)

For j = 0(mod2)

i\ [0 for i=1(mod2)
fvf) = {1 for i = 0(mod 2)

From the above labelings we get

vr(0) = vf(l) =£ and er(0) = ef(l) =2
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| v(0) v ()| =‘§—§‘ — 0 and | e/(0) - (1) | =‘%_%‘ _0

It is clear that | vf(0) —vr(1)| <1 and | ef(0) —ef(1)] < 1.

Thus the cycle of vertex switching of jewel graphs C(m o J) is proved to

be cordial.
Conclusion

The vertex switching of jewel graph, its path union and cycle of vertex
switching of jewel graphs are proved as cordial.
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