
 

Advances and Applications in Mathematical Sciences 
Volume 21, Issue 4, February 2022, Pages 1913-1923 
© 2022 Mili Publications, India 

 

2020 Mathematics Subject Classification: 05C50. 

Keywords: Maximum degree energy, Commuting graph, Non-commuting graph. 

Received November 2, 2021; Accepted November 15, 2021 

MAXIMUM DEGREE ENERGY OF THE NON-

COMMUTING GRAPHS ASSOCIATED TO THE 

DIHEDRAL GROUPS 

V. SALAH, N. H. SARMIN and H. I. MAT HASSIM 

Department of Mathematical Sciences 

Faculty of Science, Universiti Teknologi Malaysia 

81310 UTM, Johor Bahru, Johor, Malaysia 

Email: mohialdeen.v@graduate.utm.my  

Department of Mathematics 

College of Education, Al- Mustansiriya  

University-Baghdad, Iraq  

E-mail: nhs@utm.my, hazzirah@utm.my 

Abstract 

The maximum degree energy  ME  of a simple graph has been defined by Adiga and 

Smitha [2] as the summation of the absolute values of the maximum degree eigenvalues (the 

eigenvalues of the maximum degree matrix) of the graph . In this research, the maximum 

degree energy of the non-commuting graphs associated to the dihedral groups of order n2  has 

been studied. In this paper, exact formulas of the characteristic polynomial, maximum degree 

eigenvalues and the maximum degree energy of the non-commuting graphs of nD2  have been 

found. Furthermore, the relation between the maximum degree energy and the energy of this 

graph has been obtained.  

1. Introduction 

A graph  is an ordered pair  EV ,  consisting of a set  V  of vertices 

and a set of edges. The cardinalities   nV   and   mE   often 

denoted to the number of vertices and the number of edges in the graph, 

respectively. In graph theory, the study of energy of graphs is a very 



V. SALAH, N. H. SARMIN and H. I. MAT HASSIM  

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

1914 

interesting topic because it joins the theory of graph with more than one 

branches of science. The energy of a graph was first defined by Gutman [9] as 

the sum of the absolute values of the eigenvalues of the adjacency matrix of 

the graph. The study in [9] was motivated by the approximation of the total -

electron energy of molecules [10] in chemistry. The definition of the energy of 

a graph is stated as in the following:  

Definition 1.1 [4]. Let  be a simple graph, A be its adjacency matrix and 

n ,,, 21   be the eigenvalues of the graph . By eigenvalues of the graph 

 would mean the eigenvalues of its adjacency matrix. The energy of the 

graph  ,,   is defined as the sum of the absolute values of its eigenvalues 

i.e.  

  




n

i

i

1

.  

Motivated by the study on energy of graph, Adiga and Smitha [2] defined 

a new matrix of graph called the maximum degree matrix of graph and 

according to this matrix the definition of maximum degree energy of graph is 

stated as follows:  

Definition 1.2 [2]. Let  be a simple graph with n vertices nvvv ,, 21  

and let  ii vd deg  be the degree of .,,2,1, nivi   The maximum degree 

matrix of the graph  is defined by    ,ijdM   where  

 






otherwise.,0

;adjacentare,if,max jiji
ij

vvdd
d  

The characteristic polynomial of the maximum degree matrix  M  is 

defined by 

  ,; 0
1

1 cc nn     

where I is the unit matrix of order n. The roots n ,,, 21   assumed in 

non-increasing order of   0;   are the maximum degree eigenvalues of . 

The maximum degree energy of a graph  is defined as    


n

i
iME

1
.   

Also it is stated that the maximum degree energies of certain classes of 
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graphs are less than the maximum degree energy of the complete graph .nK  

The following results taken from [2] are used in this paper.  

Theorem 1.3 [2]. If is the complete graph ,nK  then  1 n  and 

 21 n  are maximum degree eigenvalues of  with multiplicity  1n  and 

1, respectively, and     .1
2

 nKE nM   

Theorem 1.4 [2]. If the maximum degree energy of a graph is rational, 

then it must be an even integer.  

The main aim of this paper is to obtain general formulas for the 

maximum degree energy of the commuting and non-commuting graphs 

related to the dihedral groups .2nD  The definition of the dihedral groups and 

some properties of groups in general are provided next.  

Definition 1.5 [8]. Let be a finite group. The center,  ,GZ  of a group is 

the subset of elements of that commute with every element in G. In symbols, 

   .,| GxaxxaGaGZ    

Definition 1.6 [6]. The dihedral group, denoted by ,2nD  is a group of 

symmetries of a regular polygon, which include rotations and reactions, and 

its order is n2  where n is an  

MDE of Non-commuting Graph Associated to nD2   

Integer and .3n  The dihedral groups can be presented in a form of 

generators and relations given as, .| 2
2 ebababaabD n
n    

Proposition 1.7 [6]. Let be a dihedral group of order n2  i.e, 

.| 2
2 ebababaabD n
n   Then, the center of is as follows:  

   

 







.,

;,, 2
2

oddisnife

evenisnifaeDZ

n

n  

Recently, the study of algebraic structures, using the properties of 

graphs, becomes an exciting research topic which is leading to many 

fascinating results and questions. The concept of commuting graph has been 
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studied in [5], where as in [1], Abdollahi et al. stated that the non-commuting 

graph was first considered by Paul Erdos.  

Next, the definition of the non-commuting graph related to a finite group 

is stated.  

Definition 1.8 [1]. Let G be a finite non-abelian group with the center 

denoted by  .GZ  A non-commuting graph of a group G is a simple 

undirected graph whose vertices are non-central elements of G i.e.  .GZG   

Two vertices 1v  and 2v  are adjacent whenever ,1221 vvvv   and is denoted 

by .ncom
G
   

In the next, the non-commuting graph associated to the dihedral groups 

and its maximum degree energy have been discussed.  

2. Maximum Degree Energy of the Non-commuting Graph of nD2  

In this section, the non-commuting graph of nD2  is derived and the 

maximum degree characteristic polynomial and the maximum degree 

eigenvalues of the non-commuting graph of ,,2
ncom
GnD   are obtained. 

Moreover, the exact formula of the maximum degree energy of nD2  has been 

found.  

The following proposition is on the non-commuting graph of .2nD   

Proposition 2.1. Let nD2  be a dihedral group, where 

.| 2
2 ebababaabD n
n    

Then the non-commuting graph of ,,
2

2
ncom
Dn

n
D   is one of the following 

forms.  

(i) If n is odd, then ,1
2

nn
ncom
D

KK
n

   which is a connected bi-regular 

graph with vertex of degree 22 n  and 1n  vertices of degree n.  

(ii) If n is even, then ,
2

ncom
D n
  forms a connected bi-regular graph with 

vertex of degree 42 n  and 1n  vertices of degree n.  
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Proof. Suppose nD2  is a dihedral group and ncom
D n2
  is its non-commuting 

graph. nD2  has two types of elements, ia  and bai  with .1,,2,1,0  ni   

Then  

(i) If is odd, then by Proposition 1.7,    .2 eDZ n   Therefore, ncom
D n2
  has 

number of vertices equals  ,12 n  where  1n  of them having form ia  

with 1,,2,1  ni   which pairwise commute to each other, so they are not 

adjacent between themselves (i.e. they form 1nK ).  

On the other hand, the remaining n vertex of ncom
D n2
  having the form bai   

with .1,,2,1,0  ni   which are pairwise non-commuting (so they are 

pairwise adjacent and form nK ) and also they do not commute with the 

vertices ia  (thus each one of them is adjacent to all ia ’s). Hence from the 

definition of the join of two graphs, nn
ncom
D

KK
n

 1
2

 which is a connected 

bi-regular graph with .1n  vertex of degree n and n vertices of full degree 

.22 n   

(ii) If is even, then again from Proposition 1.7,    ., 2
2

n
n aeDZ   Thus, 

ncom
D n2
  has number of vertices equals  22 n  in which  2n  vertex of type 

ia  with 
2

,1,,2,1
n

ini    and n vertices of type bai  with 

.1,2,1,0  ni   As mentioned before, the vertices are pairwise 

commuting hence they are not adjacent between themselves. Now, each 

vertex of type bai  with .1,,2,1,0  ni   is non-commuting with all the 

other vertices of ncom
D n2
  except one vertex which is ba

i
n


2  with 

.1,,2,1,0  ni   Hence, ncom
D n2
  forms a connected bi-regular graph with 

2n  vertex having degree and vertices of degree 4
2

ncom
D n

  

Next, Lemma 2.2 gives the maximum degree characteristic polynomial 
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and the maximum degree eigenvalues of the non-commuting graph associated 

to the dihedral groups nD2  when n is an odd integer.  

Lemma 2.2. Let ebababaabDG n
n  2

2 |  be a dihedral 

group of order n2  with 3n  is an odd integer, and ncom
D n2
  be its non-

commuting graph. Then the characteristic polynomial of the maximum degree 

matrix of ncom
D n2
  is as follows,  

          ,141212;
32212

2


 nnnn
nnncom

D n
 

and hence the maximum degree eigenvalues of ncom
D n2
  are 0  with 

multiplicity    12,2  nn  with multiplicity  1n  and  21 n  

  .1651 2  nnn  

Proof. Suppose that ebababaabDG n
n  2

2 |  is a dihedral 

group of order .2n  Since n is odd, then by Proposition 1.7,    .2 eDZ n   

Therefore, ncom
D n2
  has 12 n  vertices. Thus, the maximum degree matrix of 

ncom
D n2
  is a    1212  nn  matrix and the degree of its characteristic 

polynomial is   .12 n   

As mentioned in the proof of Proposition 2.1, nD2  has two types of 

elements ia  and bai  with .1,,2,1,0  ni   The elements ia  are 

pairwise commuting and bai  are pairwise non-commuting and also non-

commuting with the elements ia  in nD2  except the identity element. Thus, 

by the definition of the non-commuting graph, ncom
D n2
  has 1n  vertex of type 

ia  with degree n and n vertex of type bai  with degree .22 n   

Now, since ,3n  then the maximum degree between any adjacent pair 

of vertices is .22 n  Hence, the maximum degree matrix of ncom
D n2
  is  
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MDE of Non-commuting Graph Associated to nD2  

 
     

 

,

1

1

2

11




























nn
T

T
nnncom

D
nn

nn

n
M  

Where    11  nn  is the    11  nn  zero matrix,  
T

nn 


1
 is an 

  nn 1  matrix in which all the entries are equal  22 n  and nn  is an 

 nn   matrix in which all the diagonal entries are zeros and all other 

entries are equal  .22 n  Assisted by Maple software, the maximum degree 

characteristic polynomial of ncom
D n2

  is obtained as follows:  

          ,141212;
32212

2


 nnnn
nnncom

D n
 

and hence the maximum degree eigenvalues of ncom
D n2

  are 0  with 

multiplicity    12,2  nn  with multiplicity  1n  and 

    .16511 22
 nnnn   

Now, Lemma 2.3 gives the maximum degree characteristic polynomial 

and the maximum degree eigenvalues of the non-commuting graph associated 

to the dihedral groups nD2  when n is an even integer.  

Lemma 2.3. Let ebababaabDG n
n  2

2 |  be a dihedral 

group of order n2  with 4n  is an even integer, and ncom
D n2

  be its non-

commuting graph. Then the characteristic polynomial of the maximum degree 

matrix of ncom
D n2

  is as follows,  

 
 

        ,242224;
3221

22

23

2





nnnn
nn

ncom
D n

 

and hence the maximum degree eigenvalues of ncom
D n2

  are 0  with 

multiplicity 
 

 14,
2

23



n

n
 with multiplicity 1

2


n
 and 
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    .412522 22
 nnnn   

Proof. Consider ebababaabDG n
n  2

2 |  to be a dihedral 

group of order .2n  Since n is even, then by Proposition 1.7, 

   ., 2
2

n
n aeDZ   Thus, ncom

D n2
  has number of vertices equals  .22 n  

Therefore, the maximum degree matrix of ncom
D n2

  is a    2222  nn  

matrix and the degree of its characteristic polynomial is  .22 n  By the 

definition of the non-commuting graph, the vertices ia  with ,,2,1 i  

2
,1

n
in   are pairwise commuting, then they are not adjacent between 

themselves, and each vertex of type bai  with 1,,2,1,0  ni   is non-

commuting with all the other vertices of ncom
D n2

  (of both types ia  and bai  

except only one vertex which is .2 ba
i

n


 Hence, ncom
D n2

  has  2n  vertex of 

type ia  with degree n, and n vertices of type bai  degrees  .42 n  Since 

,4n  then the maximum degree between each adjacent pair of vertices is 

 .42 n  Therefore, the maximum degree matrix of ncom
D n2

  in this case takes 

the form  

 
     

 

,
1

2

111
























 nn
T

nnnnncom
D

nn
n

M   

where    22  nn  is the    22  nn  zero matrix,   nn  1  is an 

  nn  2  matrix in which all the entries are equal  42 n  and nn  is an 

 nn   matrix in which all the diagonal entries are zeros and the other 

entries are equal  42 n  or zero according to the adjacency of the 

corresponding pair of vertices. Since the rank of  ncom
D n

M
2

  (recall that is an 

even integer) equals ,1
2








 
n

 then there exist ,1
2








 
n

 non-zero maximum 
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degree eigenvalues of .
2

ncom
D n
  Thus, there are   







  1
2

22
n

n  zero 

maximum degree eigenvalues of .
2

ncom
D n
  This implies that, 0  with 

multiplicity 
 

 1,
2

23



n

n
 with multiplicity 1

2


n
 and  22 n  

  .41252 2  nnn  Hence,  

 
 

        .242224;
3221

22

23

2





nnnn
nn

ncom
D n

 

According to Lemma 2.2 and Lemma 2.3, the exact formula of the maximum 

degree energy of the non-commuting graph associated to the dihedral groups 

is obtained as in the following.  

Theorem 2.4. Let ebababaabDG n
n  2

2 |  be a dihedral 

group of order n2  with 3n  is an integer, and .
2

ncom
D n
  be its non-commuting 

graph. Then the maximum degree energy of ncom
D n2
  is  

 
   

   










.4125122

;,165112

2

2

2 evenisnifnnnn

oddisnifnnnn
E ncom

DM
n

 

Proof. The proof is divided into two cases:  

Case 1. Suppose n is odd. Then by Lemma 2.2, the maximum degree 

eigenvalues of the non-commuting graph ncom
D n2
  of the dihedral groups ,2nD  

where 3n  is an odd integer are 0  with multiplicity  ,2n  

 12  n  with multiplicity  1n  and     .16511 22
 nnnn  

Therefore, by Definition 1.2, the maximum degree energy of the ncom
D n2
  when 

is an odd integer is  

          16511121 22

2
 nnnnnnE ncom

DM
n

 

    1651212 22
 nnnn  
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   .165112 2  nnnn  

Case 2. Suppose n is even. Then by Lemma 2.3, the maximum degree 

eigenvalues of the non-commuting graph ncom
D n2
  of the dihedral groups ,2nD  

where 4n  is an even integer are 0  with multiplicity 
 

,
2

23 n
 

 14  n  with multiplicity 1
2


n
 and     .412522 22

 nnnn  

Thus by Definition 1.2, the maximum degree energy of the ncom
D n2
  when n is 

an even integer is  

        412521241
2

22

2








  nnnnn
n

E ncom
DM

n
  

    41252222 22
 nnnn  

   .4125222 2  nnnn  

In the following corollary, the relation between the maximum degree 

energy and the energy of the non-commuting graph associated to the dihedral 

groups nD2  is obtained.  

MDE of Non-commuting Graph Associated to nD2  

Corollary 2.5. Let ebababaabDG n
n  2

2 |  be a dihedral 

group of order n2  with 3n  is an integer, and ncom
D n2
  be its non-commuting 

graph. Then  

(i) If n is odd, then      .12
22

ncom
D

ncom
DM

nn
nE    

(ii) If n is even, then      .22
22

ncom
D

ncom
DM

nn
nE    

3. Conclusion 

In this paper, the non-commuting graph associated to the dihedral groups 
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is provided. In addition, general forms of the maximum degree matrix, the 

maximum degree characteristic polynomial and the maximum degree 

eigenvalues of this graph are found. Furthermore, exact formula of the 

maximum degree energy of the non - commuting graph of the dihedral groups 

is formulated. Finally, the relation between the energy and the maximum 

degree energy of the non-commuting graph is obtained.  
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