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Abstract 

The major goal of this paper is to prove the common fixed point theorems for a complete 

fuzzy 2-normed linear space using the weak commutating condition and the A-contraction type 

condition, as well as to develop certain inclusion relations between these notions. 

1. Introduction 

S. Gahler [6] first proposed the concept of linear 2-normed space in 1964. 

In the setting of linear 2-normed space, a number of mathematicians have 

worked on different ideas of fixed point theory. In 1965 [13], Zadeh was 

initiated the concept of fuzzy set. A satisfactory theory of fuzzy norm and -

norm has been established by Bag and Samanta in [1, 2, 3], J. Zhang [14] has 

defined fuzzy normed linear space in a varies context. Further convergence 

and completeness in fuzzy 2-normed space in teams of all fuzzy points was 
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discussed by Meenakshi [8]. Recently, So many researchers developed in 2-

normed spaces and fuzzy 2-normed spaces like [4, 5, 7, 9, 10, 12]. 

Here we prove a common fixed point theorem for two pairs of weakly 

commuting mappings using the idea of A-contraction and then extend the 

theorem for a family of self-mappings in a fuzzy 2-normed linear space. 

Before proving our main theorem we need to state some preliminary ideas 

and definitions of weakly commuting mappings in a fuzzy 2-normed linear 

space. 

1.1. Fuzzy 2-normed linear space. 

Definition 1.1 [8]. Let X be a vector space over a field K (where K is R or 

C) and  be a continuous t-norm. A fuzzy set   ,02XN  is called a fuzzy 

2-norm on X if it satisfies the following conditions: 

(i)   XyxtyxN  ,0,,  

(ii)   0,1,,  ttyxN  and at least two among the three points are 

equal. 

(iii)    txyNtyxN ,,,,   

(iv)       XzyxtyxNtyxNtttzyxN  ,,,,,,, 31321  and 

0,, 321 ttt  

(v)  tyxNXyx ,,,,   is left continuous and   .1,,lim 


tyxN
t

 

The triple  ,, NX  will be called fuzzy 2-normed linear space (F2-NLS). 

Definition 1.2 [8]. A sequence  nx  in a F2-NLS  ,, NX  is converge to 

Xx   if and only if   .0,1,,lim 


ttyxN
t

 

Definition 1.3 [8]. A sequence  nx  in a F2-NLS  ,, NX  is said to be 

fuzzy Cauchy sequence if and only if   .0,1,,lim 


ttxxN mn
t

 

Definition 1.4 [8]. A fuzzy 2-normed linear space in which every fuzzy 

Cauchy sequence is convergent is called a fuzzy 2-Banach space. 

Definition 1.5. Let S and T be two mappings from a fuzzy 2-normed 
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linear space   tNX ,,,   into itself. Then a pair of mappings  TS,  is said 

to be weakly commuting on x, if    tuSxTxNtuTSxSTxN ,,,,   for all 

.Xu   

Definition 1.6. Let a non-empty set A consisting of all fuzzy functions 

 1,0: 3  R  satisfying 

(i)  is continuous on the set 3
R  of all triplets of non-negative real’s. 

(ii)   for some  ,1,0  whenever   ,,  or   ,,b  

or  ,,,   for all .,   

Definition 1.7. A self map T on a fuzzy 2-normed linear space  ,, NX   

is said to be A-contraction if it satisfies the condition: 

        .,,,,,,,,,, tTyyNtTxxNtyxNtTyTxN   (1.1) 

for all Xyx ,  and some .A  

2. Main Result 

Theorem 2.1. Let SJI ,,  and T be four self mappings of a complete 

fuzzy 2-normed linear space   tNX ,,,   satisfying 

   XTXI   and    .XSXJ   (2.1) 

For A  and for all Xuyx ,,  

        .,,,,,,,,,, tuJyTyNtuIxSxNtuTySxNtuJyIxN   (2.2) 

If one of SJI ,,  and T is continuous and if I and J weakly commute with 

S and T respectively, then SJI ,,  and T have a unique common fixed point z 

in X. 

Proof. Let 0x  be an arbitrary element of X. We define ,2212   nn yIx  

nn yTx 2  and .,2,1,, 1212122   nySxyJx nnnn  Taking 12  nxx  

and nxy 2  in (2.2) we have 

      ,,,,,,,, 121212212 tuIxSxNtuTxSxNtuJxIxN nnnnnn    
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 tuJxTxN nn ,,22   

or 

      ,,,,,,,, 2212121222 tuyyNtuyyNtuyyN nnnnnn    

 .,,122 tuyyN nn   

So by axiom (1) of function , 

   tuyyNatuyyN nnnn ,,,, 1222212    where  1,0k  (2.3) 

Similarly by putting 12  nxx  and nxy 2  in (2.2) we get 

      ,,,,,,,, 12122122212 tuIxSxNtuTxSxNtuJxIxN nnnnnn    

 tuJxTxN nn ,,212   

or 

      ,,,,,,,, 221212122 tuyyNtuyyNtuyyN nnnnnn    

 .,,122 tuyyN nn   

So by axiom (2) of function , 

   tuyyNatuyyN nnnn ,,,, 1222212    where  1,0k    (2.4) 

So by (2.3) and (2.4) we get 

     .,,,,,, 212
2

1222212 tuyyNatuyyNatuyyN nnnnnn    

Proceeding in this way 

   tuyyNatuyyN n
nn ,,,, 10

12
2212  

  

and 

   tuyyNatuyyN n
nn ,,,, 10

2
122    

So in general 

   tuyyNatuyyN n
nn ,,,, 101     (2.5) 

Then using property (4) of fuzzy 2-normed linear space we get 
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     tuyyNtyyyNtuyyN nnnnnnn ,,,,,, 1121    

 tuyyN nn ,,21    (2.6) 

    .,,,, 112

1

0
tuyyNtyyyN rnrnnnn

r



  (2.7) 

Here we consider two possible cases to show that 

  .0,, 12   tyyyN nnn  

Case I 

mn 2even   (say), therefore 

   tyyyNtyyyN mmmnnn ,,,, 1222212    

 tyyyN mmm ,, 21222    

 tyJxIxN mmm ,, 2212    

  tyTxSxN mmm ,, 2212    

   tyJxTxNtyIxSxN mmmmmm ,,,,, 2222212   

    ,,,,,, 22122212 tyyyNtyyyN mmmmmm    

 tyyyN mmm ,, 2122   

   .0,,,,0 2212 tyyyN mmm    

So by axiom (1) of function , 

    0,,,, 1222212   atyyyNtyyyN mmmnnn  where  1,0k  

which implies   .0,, 12   tyyyN nnn  

Case II 

12odd  mn  (say), therefore 

   tyyyNtyyyN mmmnnn ,,,, 22321212    

 tyyyN mmm ,, 122232    

 tyIxJxN mmm ,, 121222    
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    ,,,,,, 121212122212 tyIxSxNtyTxSxN mmmmmm    

 tyJxTxN mmm ,, 122222    

    ,,,,,, 122212122212 tyyyNtyyyN mmmmmm    

 tyyyN mmm ,, 123222    

  .,,,0,0 123222 tyyyN mmm    

So by axiom (1) of function , 

    0,,,, 22321212   atyyyNtyyyN mmmnnn  where  1,0k  

So in either cases   .0,, 12   tyyyN nnn  Therefore from (2.6) we 

have 

   .,,,, 1

1

0
2 tuyyNtuyyN rnrn

r
nn 


   

Proceeding in the same fashion we have for any ,0p  

   .,,,, 1

1

0
tuyyNtuyyN rnrn

p

r
pnn 




   

Then by (2.5) we get 

    0,,,, 10   tuyyNktuyyN n
pnn  as 0,  pn  and 

 .1,0
1





a

a
k

n
n  

Hence  ny  is a fuzzy Cauchy sequence. Then by completeness of  nyX,  

converges to a point Xz   i.e. Xzyn   as .n  

Since  ny  is a fuzzy Cauchy sequence and taking limit as ,n  we get 

zSxJxzTxIx nnnn   212122 ,  and also .12 zJx n   Next suppose 

that S is continuous. Then  nSIx2  converges to .Sz  Then by property (4) of 

fuzzy 2-normed linear space, we have 

     tuSIxISxNtSIxSzISxNtuSzISxN nnnnn ,,,,,, 22222   
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 tuSzSIxN n ,,2   

     tuSzSIxNtuIxSxNtSIxSzSIxN nnnnn ,,,,,, 22222   

since I and S weakly commute. 

Letting ,n  it follows that  nSIx2  converges to .Sz  Again by using 

(2.2) 

we have 

     tuSIxISxNtSIxSzISxNtuJxISxN nnnnnn ,,,,,, 2222122    

 tuSzSIxN n ,,2   

    tuISxxSNtuTxxSN nnnn ,,,, 22
2

122
2    

 .,,1212 tuJxTxN nn    

Since  is continuous, taking limit as n  we get 

        tuzzNtuSzSzNtuzSzNtuzSzN ,,,,,,,,,,   

implies 

    0,0,,,,, tuzSzNtuzSzN   

So by axiom (1) of function , 

  00,,  atuzSzN  which gives .zSz   (2.8) 

Again using the inequality (2.2) we have 

      ,,,,,,,, 1212 tuIzSzNtuTxSzNtuJxIzN nn    

 .,,1212 tuJxTxN nn    

Passing limit as n  we get 

        tuzzNtuIzzNtuzSzNtuzIzN ,,,,,,,,,,   

implies 

    .0,,,,0,, tuIzzNtuzIzN   

Then by axiom (1) of function , 
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  00,,  atuzSzN  which gives .zIz   (2.9) 

Since    ,XTXI   there exists a point X  such that ,Izz   so by 

(2.2) we have 

   tuJzzNtuJzzN ,,,,   

      tuJzTzNtuIzSzNtuTzSzN ,,,,,,,,   

      tuJzzNtuzzNtuzzN ,,,,,,,,   

  tuJzzN ,,,0,0   

Then by axiom (1) of function , 

  00,,  atuJzzN  which implies .zJz   

As J and T weakly commute 

   tuJzTzNtuTJzJTzN ,,,,   

which gives TJzJTz   implies 

TzTJzJTzJz     (2.10) 

   tuJzIzNtuTzzN ,,,,   

      tuJzTzNtuIzSzNtuTzSzN ,,,,,,,,   

  .0,0,,, tuTzzN   

Then by axiom (1) of function , 

  00,,  atuTzzN  which implies .zTz    (2.11) 

So by (2.8), (2.9), (2.10) and (2.11) we conclude that z is a common fixed 

point of SJI ,,  and T. 

For uniqueness, Let w be another common fixed point in X such that 

zTzSzJzIz   and .wTwSwJwIw   

Then by (2.2) we have 

   tuJzIwNtuzwN ,,,,   
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      tuJzTzNtuIwSwNtuTzSwN ,,,,,,,,   

  .0,0,,, tuzwN   

Then by axiom (1) of function , 

  00,,  atuTzzN  which implies .zw   

So uniqueness of z is proved. The same result holds if any one of JI ,  and 

T is continuous. □ 

Corollary 2.2. Let ITS ,,  and J be four self mappings of a complete 

fuzzy 2-normed linear space   tNX ,,,   satisfying 

   XTXI   and    XSXJ   (2.12) 

        .,,,,,,,,max,, tuJyTyNtuIxSxNtuJyIxNctuJyIxN   

(2.13) 

for all uyx ,,  in X, where .10  c  If one of ITS ,,  and J is continuous 

and if I and J weakly commute with S and T respectively, then SJI ,,  and T 

have a unique common fixed point z in X. 

Lemma 2.3. Let SJI ,,  and T be four self mappings of a complete fuzzy 

2-normed linear space   .,,, tNX   If the inequality (2.2) holds for A  

and for all .,, Xuyx   

Then     .JTSITS FFFFFF   

Proof. Let   .ITS FFFx   Then by (2.2) 

   tuJxIxNtuJxxN ,,,,   

      tuJxTxNtuIxSxNtuTxSxN ,,,,,,,,   

  .,,,0,0 tuJxxN   

Then by axiom (1) of function , 

  00,,  atuJxxN  implies Jxx   

thus 
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    .JTSITS FFFFFF   

Similarly we have 

    .ITSJTS FFFFFF   

and so     .JTSITS FFFFFF   □ 

Theorem 2.4. Let TS,  and   NnnI   be mappings from a complete fuzzy 

2-normed space   tNX ,,,   into itself satisfying 

   XTXI 1  and    XSXI  2   (2.14) 

For A  and for all ,,, Xuyx   

      ,,,,,,,,1 tuxISxNtuJyIxNtuyIxIN nnn    

 .,,1 tuyITyN n   (2.15) 

holds for all .Nn   If one of 1,, ITS  and 2I  is continuous and if 1I  and 2I  

weakly commute with S and T respectively, then TS,  and   NI nn   have a 

unique common fixed point z in X. 

Proof. By Theorem (2.1), 1,, ITS  and 2I  have a unique common fixed 

point z in X. Now z is a unique common fixed point of 1,, ITS  and also by 

Lemma (2.3),     zFFFFFF ITSITS ,
21

  is a common fixed point 

of .,, 2ITS  Also z is unique common fixed point of .,, 2ITS  If not, let w be 

another common fixed point of .,, 2ITS  Then by (2.15) 

   tuwIzINtuwzN ,,,, 21   

      tuwITwNtuzISzNtuTwSzN ,,,,,,,, 21   

      tuwwNtuzzNtuwzN ,,,,,,,,   

  0,0,,, tuwzN   

Then by axiom (1) of function , 

  00,,  atuwzN  implies wz   
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In the similar manner we can show that z is a unique common fixed point 

of TS,  and .2I  Continuing in this way, we arrive at desired result. □ 
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