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Abstract

The aim of this paper is to propose RK_Fehlberg method for solving intuitionistic fuzzy
differential equations (IFDEs). Convergence analysis of RK_Fehlberg method has been carried
out. The applicability of RK_Fehlberg method is illustrated by solving fuzzy differential
equations with triangular intuitionistic fuzzy numbers. Comparison of the numerical solution
with exact solution shows good accuracy.

1. Introduction

The concept of fuzzy number and fuzzy arithmetic are introduced by
Zadeh [13], Dubois and Parade [3]. The fuzzy sets theory is considered to be
one of Intuitionistic fuzzy set (IFS) theory. Atanassov [2] was first proposed
Intuitionistic fuzzy set and found to be suitable to deal with unexplored
areas. Now-a-days, IFSs are being studied widely and being used in different
fields of biology, engineering, physics as well as among other field of science.

Numerical solution of FDE by Runge-Kutta method with intuitionistic
treatment treated by Abbasbandy and Allahviranloo [1]. Jayakumar and
Kanagarajan, have discussed the numerical solution for hybrid fuzzy
differential equations by Ruge-Kutta Fehlberg method. Melliani et al. [7, 8]
have discussed differential and partial differential equations under
intuitionistic fuzzy environment. Sneh Lata and Amit Kumar [12] have

introduced time dependent intuitionistic fuzzy linear differential equation.
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The strong and weak solution of intuitionistic fuzzy ordinary differential
equation and introduced second order linear differential equations using the
fuzzy boundary value by Sankar Prasad Mondal and Tapan Kumar Roy in [6,
11]. The convergence and stability of fuzzy initial value problems discussed
by Kelava [5], Ma et al. [9]. Nirmala and chenthur Pandian [10] proposed for
solving IFDE under the differentiability. System of fuzzy differential
equation (SFDE) is the one of the most important differential equation for

uncertainty modeling.

In this his paper presents Runge-Kutta Fe methods based AM, and CeM
and CoM for solving intuitionistic fuzzy IVPs. The efficiency of these methods

has been illustrated by numerical example. The RK methods compared with
AM, CeM and CoM.

2. Preliminaries

Definition 2.1. A fuzzy set A is defined by
A= {(X, nz():x e A puy(x)e[0,1]}. In the pair (x, pz(x)) the first
element x € A and second element px(x)e[0,1] called membership
function.

Definition 2.2. Intuitionistic Fuzzy set IFS):

Let a set X be fixed. An IFS A in X is an object having the form
A={{x, pg(x)pa(x)>0:x e X} where the py(x):X —[0,1] and

54(x): X - [0,1] define the degree of membership and degree of non-

membership respectively, of the element x € X to the set A which is a subset

of X, for every element of x € X, 0 < py(x)+ p4(x) <1.

Definition 2.3. An intuitionistic fuzzy set A = {x, py(x), p4(x)\x € X}
such that py(x) and (1 -4 (x) =1-p4(x), Vx € R are fuzzy numbers, is

called an intuitionistic fuzzy number.
Therefore IFS A = {x, u4(x), 9 4(x)\x € X} is a conjecture of two fuzzy
numbers, A" with a membership function p 4t (x) =pg(x) and A~ with a

membership function p (%) =1-g4(x).

Advances and Applications in Mathematical Sciences, Volume 18, Issue 11, September 2019



NUMERICAL SOLUTION OF INTUITIONISTIC FUZZY ... 1297

Definition 2.4. The a-cut of an IFN A = {x, uy(x), p4(x)\x € X} 1is
defined as follows:

A ={x, pg(x), pale\x € X, py(x) > o and p4(x) <1-a}vx € [0, 1].
The o-cut representation of IFN A generates the following pair of
intervals and is denoted by [A], = {[Af(a), Ajj(a)], [AL (), Ajj(a)]

Definition 2.5. A (Triangular Intuitionistic Fuzzy Number A is an
intuitionistic fuzzy set in R with the following membership function p4(x)

and non-membership function ¢ 4(x) given as follows:

X —ap Qg — X ,
——,0] £x < Q9 —=—,a] £x < Qg
ag — a1 ag — a1
ag — X X — Qg
X)=9——, a9 <x <a X)=9—F/———,a9 < x<qa
pa(x) a3 —ag 2 2 0alx) as —ag’ 2 3>
0, otherwise 1, otherwise

Where @] < a; < ag < ag < aj and triangular intuitionistic fuzzy number is

denoted by A = (a;, a9, as; ai, ay, ajs).

Definition 2.6. Let mapping f : I — W" for some interval I be an

intuitionistic fuzzy function. The o, cut of f 1is

[f(t)]a,ﬁ = {[fl(t; OL), f2(t7 OL)], [f3(t; B)5 f4(t7 B)]}’ where

given by

A o) =min {f*( a)lt € I, 0 < o <1,
folt; o) = max {f*(t; )|t € I,0 < o < 1},
f3(t; o) = min {f7(¢; B)It € I, 0 < B <1},

fat; o) = max {f (& B)lt € I, 0 < B <1}.
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3. Intuitionistic Fuzzy Cauchy Problem

A first order intuitionistic fuzzy differential equation is a differential

equation of the form

{y’(t)_ f(ty y(t))’ te [a7 b]

¥(to) = o

where y is an intuitionistic fuzzy function of the crisp variable ¢, f(¢, y(y)) is

an intuitionistic fuzzy function of the crisp variable t and the intuitionistic
fuzzy variable y and y’ is the intuitionistic fuzzy derivative. If an initial value

y(tg) = yo {intuitionistic fuzzy number}, we get an intuitionistic fuzzy
Cauchy problem of first order y'(¢) = f(¢, ¥()), () = yo- As each

intuitionistic fuzzy number is a conjecture two fuzzy numbers and above

equation can be replaced by an equivalent system as follows:

y'() = n @ ) y2 &5 o), [ys(& B), y4(& B} 1)
where

¥ o) = A y7) = min {4 wlu < [y, yl}

= F(t, 51, y2), y1(to) = 1,0 (2
¥ot; o) = folt, ¥7) = max {fo(t, w)lu € [y1, o}

= G(t, y1, ¥2) ¥2(to) = ¥2,0 3)
y3(t o) = f3(¢, y7) = min {f3(¢, w)lu € [y3, y4]}

= H(t, y3, y4) ¥3(to) = ¥3.0 (4)
yalt; ) = f4(t, y7) = max {f4 ¢, w)lu € [y3, y4]}

= I(t, y3, ¥4), Ya(to) = ¥a,0- (5)

The system of equations given in (2) and (3) will have unique solution

[y1, ¥9] € B = ¢[0, 1] x [0, 1] and the system of equations given in (4) and (5)
will have unique solution [ys, y4] € B = ¢[0, 1] x ¢[0, 1].
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4. Runge-Kutta-Fehlberg Method for Solving Intutionistic Fuzzy
Differential Equation

Consider the fuzzy initial value problem
[ro=fe0) telio <11 )
¥(to) = Yo
where y is a fuzzy function of f(¢, ¥) is a fuzzy operation of the crisp variable
t and the fuzzy variable y, y' is the fuzzy derivative of y and y(¢y) = y¢ is a
fuzzy number.

The general form of RK for intuitionistic fuzzy initial value problems

S S
Yin+l = Yin + hz b K;yoni1 = Yon + hz b;L;

i=1 =1
s s
Yan+1 = Y3n + hz biMiy4n+1 = Y4an + hz biNi (4.2a)
i=1 i=1

where

S
Ki =F tn + Cih, Y1in + hz (IUK]J
j=1

S
Li =G tn + Cih, Yon t+ hz aiij},
j=1

S
Mi =H t, +Cih, Yn +h2aiijJ,
j=1

S
Ni =1 tn+Cih, y2”+hzaiijJ’i=1’ 2,...,8, (42b)
=1

where b;’s and c¢;’s are constants. By setting s = 6. Then
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16 6656 28561 9 2
where
Kl = hF(tn> yl(trw 0')+ yZ(tn’ OL)),
1 1 1
K2 = hF tn +Zh7 yl(tnr a)+ZK17 y2(tn7 a’)+ZL1 )
1932 7200 7296
Ky = hF(t” 13 T3l o)+ ez 2197 X1 ~ 3197 K2 * 5197
1932 7200 7296
K3, y2ltn, @) + 5797 In — 5797 L2 + 5797 L j
3680 845
K5—hF(tn+h,y1(tn,a)+216Kl 8K2+ 513 K3—4104K4
439 3680 845
Yoltn, o) + 57 Ln = 8Ly + S Ly — 47y L4j
8 3544 1859 11
K6 = hF(tn +h, yl(tn’ a)_ﬁKl +2K2 — 9565 L3 + 4104 K4 —4—0K5
3544 1859
yolty, o) - L1 2Ly —grer st Hoa e 3o L5)

16 6656 28561 9 2
Yoltns1, @) = ¥olt,, o) + = 135 L + 19895 Ls + 6430 L4 —%LE) + %LG’

where

Ll = hG(tn’ ylyZ(tTM (X,), yZ(tn: (l)),

L2 = hG(tn + ih, yl(tn + OL)+%K1, yl(tn + (X)+%L1j,

L3 = hG(t h yl(t +OL)+ Kl Kz,

8 32
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yo(t, +a)+ S%Ll + 3%L2j,
L, = hG(tn +%h, y1 (8, +a)+%1{1 +%8(7)K2
“rg Ko 2l + @)+ 102 I~ gz Lo + Sren L |
Ls = hG(t Ry oyt + o)+ ‘21?2 K, - 8Ky + 3561830 Ky - 4814054 K,
yolt, + o)+ 3?3 L - 8L, + 3561830 Ls - 481%54 L5)
Lg = hG(tn Fhy oyt + o) - = Ky + 2K, — gg‘é‘; Ks + ﬁgi K, —%K5,
yolty +a) - %Iq + 2Ly - ggég Ly + 411??)?1 Ly - %L5j,
¥3(tni15 B) = y3(tn, B) + 11365 M + %M‘g + ggigé My -+ M5 * 55 M6’

where

Ml = hH(tnv yS(tn’ B)’ y4(tn’ B)):
1 1 1
M2 = hH(tn + Zha y3(tn7 B)+ ZMI’ y4(tn: B)+ ZNIJ

M, = hH(tn + 37 v3ln, 13)+ g M2+ o5 0 My,

12 1932 7200
My = hH(t” 15 dsltn B+ 577 M1 597
, 7296 1932 7200 . 7296
- 7296 N
* 2107 M3» Yalln, B)+ 5790 N1 = 5797 No + 5797 3)

M, = hH(t v hy yaty )+ 239 g, 4 3680 py, - 845

216 513 % 4104 Ms,
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429 3680 845
Yaltns B)+ 576 N1 =8Ny + 1= Ny — =7 N5j
3544 1859 11
MG —hH(t +h y3(tn,B) —M1+2M2 2565 M3 +mM4—4—0M5,
8 3544 1859 11
16 6656 28561 9 2
y (n+1’ B) y4(tn’ B)+135N +12825N3+56430N4_%NE)—F%NG’
where
Nl = hI(tn’ y3(tn’ B)7 y4(tn7 B))’
1 1 1
N2 = hI(tn +Zh7 y3(tn9 B)+ZM17 y4(tn> B)+ZN1)9
3
N3 = hl(tn + = 3 h yg(tn, B)+ Ml 32 Mz,
3 9
Ya(tn, B)+3—2N1 +§sz,
12 1932 7200
N4 = hI(tn +Eh, y3(tn, B)+ 9197 Ml — 9197 M2
7296 1932 7200 7296
+ 3197 Ma> Yaltns B+ 5757 N1~ 9797 N2 + 5957 N3)
439 3680 845
N5—h1(t +h y3(tn,B)+216M 8M2+ 513 M3—mM5,
429 3680 845
Yaltn, B) + 576 N1 = 8Np + 7 Ny = 7p N )
3544 1859 11
N6 —hl(t +h y3(tn,B) M1+2M2 2565M3 +mM4—4—0M5,
3544 1859 11
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5. Convergence of Fuzzy Runge-Kutta-Fehlberg Method
The solution is obtained by grid points at
b—a
a=tg<t <. <ty =band h="F =ty 1y (5.1)

We define

Fltn, ¥(tn; @)l = D biKi(t, ¥(t; @) Gltn, 3(ta; @l = D b:Lilty, ¥(ty; @)
i=1 i=1

Hlt, ¥t Bl = Y 0 M;ltn, (tns B) Iltn, ¥(tns B)]
i=1

= Zbi N;(t,, y(t,; B)). (5.2)
i=1

The exact and approximate solutions at ¢,,0<n < N are denoted

respectively by

Yt )op = [ (05 ) Y7 (605 o) Y- (b3 B, Y™ (15 B)]

and
V() = [ (a5 0 Y (b3 @), Yo (003 B Y (105 B
We have
Y (605 @) = Yo (g5 o)+ AP [t Yo (b3 o), Y (5 )]
Y (t; @) = Y7 (605 @)+ AG 1, Y (t; @), Y (15 ),
Y~ (603 B) = Y- (605 B) + AH [t, Y- (003 B). Y (25 B,
Y (ta; B) ~ Y (s B)+ Alltn, Yo(tn: B Y (6 B,
and
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Y (tps1s @) = ¥ (tns o)+ hF[t,, Y (ty; o), y7 (1t )],

Y+(tn+1; 0“) = y+(tn; OL)"’ hG[tn’ i(tn; OL), y+(tn; OL)],

K(tn; B) = i(tn; B) + hH[tn’ i(tn; ﬁ)a F(tn; B)],

Y (tn: B) =Y (63 B) + RI[ty, y” (a3 B), v (tas B,
We need the following lemmas to show the convergence of these
approximates, that is, ¥y (f,; a), y (6, @), ¥ (t; @), and  y (¢, @)

converges to Y (¢,; a), Y (t,; a), Y (¢t,; o), and Y (¢,; a) respectively

whenever A — O.
Lemma 5.1. Let the sequence of numbers (W, nN:o, W, }nN:o satisfy
| Wy | < AW, |+B0<n<N-1
for some given positive constants A and B. Then

A" -1
A-1"

| W, | < A" Wy | + B

Lemma 5.2. Let the sequence of numbers {W,, }nNZO, {V, }nNzo, satisfy
| Wit | <[ Wy [+ Amax {{ W, ||V, [} + B,
|Vn+1 | S|Vn |+A.max{| Wn || Vn |}+B’
for some given positive constants A and B and denote
U, =|W,|++V,]|,0<n<N.

Then

— _ n_ _ _
UnSA”U0+BAZ 11,0£nSN where A =1+ 2A and B = 2B.

Let F(t, u, v) and G(t, u, v) are obtained by substituting [y(¢)], = [, v]
in (5.2).
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The domain where F and G are defined is therefore
K={tuv))0<t<T,—o0<v<ow —o0<u<<uv}
Theorem 5.1. Let F(, u,v), G(¢t, u,v), Ht, u',v') and I(t, u', V')

belonging to cP(K) and let the partial derivatives of F, G, H and I be
bounded over K. Then for arbitrary fixed o, B, 0 < o, B <1, the approximate

solution of (5.1), [y"(t,; o), F(tn; a), y (tn; B), ;(tn; B)] converge to the

exact solution [Y(t,; o), Y*(t,; o), Y_(¢,; B), Y™ (¢,; B)].
6. Numerical Examples

Example 6.1. Consider the fuzzy ordinary differential equations y’ =y
with y(to) = (3, 5, 7; 1.5, 5, 8).

Solution. The solution is given by
(o) = (B+20)e"  yo(t; o) = (7 - 2a)e’

yat; @) = (5-35)"  y4(t; o) = (5+3p)e.

The Error results at ¢ =1 are shown in the Table 1. The solution graph is

given in Figure 1.

Table 1
o, B Absolute Error for IFRK6 at ¢t =1
¥ (8 a) yo(t; @) y3(t; B) y4(t; B)

0.00 1.105e-08 | 2.579e-08 | 5.526e-09 2.947e-08
0.20 1.253e-08 | 2.431e-08 | 8.105e-09 2.726e-08
0.40 1.400e-08 | 2.284e-08 | 1.068e-08 2.505e-08
0.60 1.547e-08 | 2.137e-08 | 1.326e-08 2.284e-08
0.80 1.695e-08 | 1.989e-08 | 1.584e-08 2.063e-08
1.00 1.842e-08 | 1.842e-08 | 1.842e-08 1.842e-08
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1% Comparision of IFRK6 Solution and Exact Solution at t=1

T T T T T P
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c
@
@ 0.4 1
<
=
< 0.3f i
0.2r 1
0.1 1
0 L ! L
4 6 8 10 12 14 16 18 20 22

Numerical Values

Figure 1

7. Conclusion

In this paper, the Runge Kutta Felhberg method has been presented to

solve the intuitionistic fuzzy IVPs. The efficiency of the method has been

illustrated through the numerical examples of Triangular type. The

numerical results obtained agree well with the corresponding exact solutions.

This shows that RK Fehlberg method much applicable to solve intuitionistic
fuzzy IVPs.
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