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Abstract 

The aim of this paper is to propose RK_Fehlberg method for solving intuitionistic fuzzy 

differential equations (IFDEs). Convergence analysis of RK_Fehlberg method has been carried 

out. The applicability of RK_Fehlberg method is illustrated by solving fuzzy differential 

equations with triangular intuitionistic fuzzy numbers. Comparison of the numerical solution 

with exact solution shows good accuracy. 

1. Introduction 

The concept of fuzzy number and fuzzy arithmetic are introduced by 

Zadeh [13], Dubois and Parade [3]. The fuzzy sets theory is considered to be 

one of Intuitionistic fuzzy set (IFS) theory. Atanassov [2] was first proposed 

Intuitionistic fuzzy set and found to be suitable to deal with unexplored 

areas. Now-a-days, IFSs are being studied widely and being used in different 

fields of biology, engineering, physics as well as among other field of science. 

Numerical solution of FDE by Runge-Kutta method with intuitionistic 

treatment treated by Abbasbandy and Allahviranloo [1]. Jayakumar and 

Kanagarajan, have discussed the numerical solution for hybrid fuzzy 

differential equations by Ruge-Kutta Fehlberg method. Melliani et al. [7, 8] 

have discussed differential and partial differential equations under 

intuitionistic fuzzy environment. Sneh Lata and Amit Kumar [12] have 

introduced time dependent intuitionistic fuzzy linear differential equation. 
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The strong and weak solution of intuitionistic fuzzy ordinary differential 

equation and introduced second order linear differential equations using the 

fuzzy boundary value by Sankar Prasad Mondal and Tapan Kumar Roy in [6, 

11]. The convergence and stability of fuzzy initial value problems discussed 

by Kelava [5], Ma et al. [9]. Nirmala and chenthur Pandian [10] proposed for 

solving IFDE under the differentiability. System of fuzzy differential 

equation (SFDE) is the one of the most important differential equation for 

uncertainty modeling. 

In this his paper presents Runge-Kutta Fe methods based AM, and CeM 

and CoM for solving intuitionistic fuzzy IVPs. The efficiency of these methods 

has been illustrated by numerical example. The RK methods compared with 

AM, CeM and CoM. 

2. Preliminaries 

Definition 2.1. A fuzzy set A
~

 is defined by 

      .1,0,:,
~

~~  xAxxXA
AA

 In the pair   xx
A
~,   the first 

element Ax   and second element    1,0~  x
A

 called membership 

function. 

Definition 2.2. Intuitionistic Fuzzy set (IFS): 

Let a set X be fixed. An IFS A in X is an object having the form 

     XxxxxA AA  :0,  where the    1,0:  XxA  and 

   1,0:  XxA  define the degree of membership and degree of non-

membership respectively, of the element Xx   to the set A which is a subset 

of X, for every element of     .10,  xxXx AA  

Definition 2.3. An intuitionistic fuzzy set      XxxxxA AA  \,,  

such that  xA  and      Rxxx AA  ,11  are fuzzy numbers, is 

called an intuitionistic fuzzy number. 

Therefore IFS      XxxxxA AA  \,,  is a conjecture of two fuzzy 

numbers, A  with a membership function    xx AA
   and A  with a 

membership function    .1 xx AA
   
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Definition 2.4. The -cut of an IFN      XxxxxA AA  \,,  is 

defined as follows: 

        xXxxxxA AAA ,\,,  and     .1,01  xxA  

The -cut representation of IFN A generates the following pair of 

intervals and is denoted by             
 ijLijL AAAAA ,,,  

Definition 2.5. A (Triangular Intuitionistic Fuzzy Number A is an 

intuitionistic fuzzy set in R with the following membership function  xA  

and non-membership function  xA  given as follows: 

    ,

otherwise,1

,

,

otherwise,0

,

,

32
23

2

21
12

2

22
23

3

21
12

1



























































 axa
aa

ax

axa
aa

xa

xaxa
aa

xa

axa
aa

ax

x AA  

Where 33211 aaaaa   and triangular intuitionistic fuzzy number is 

denoted by  .,,;,, 321321 aaaaaaA   

Definition 2.6. Let mapping nWIf :  for some interval I be an 

intuitionistic fuzzy function. The ,  cut of f is given by 

            ,,,;,,,; 4321,  tftftftftf  where 

     ,10,|;min;1   Ittftf  

     ,10,|;max;2   Ittftf  

     ,10,|;min;3   Ittftf  

     .10,|;max;4   Ittftf  
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3. Intuitionistic Fuzzy Cauchy Problem 

A first order intuitionistic fuzzy differential equation is a differential 

equation of the form 

      

 







00

,,,

yty

battytfty
 

where y is an intuitionistic fuzzy function of the crisp variable   yytft ,,  is 

an intuitionistic fuzzy function of the crisp variable t and the intuitionistic 

fuzzy variable y and y’ is the intuitionistic fuzzy derivative. If an initial value 

  00 yty   {intuitionistic fuzzy number}, we get an intuitionistic fuzzy 

Cauchy problem of first order        .,, 00 ytytytfty   As each 

intuitionistic fuzzy number is a conjecture two fuzzy numbers and above 

equation can be replaced by an equivalent system as follows: 

           ,;,;,;,; 4321  tytytytyty  (1) 

where 

        21111 ,|,min,; yyuutfytfty    

    0,10121 ,,, ytyyytF   (2) 

        21222 ,|,max,; yyuutfytfty    

    0,20221 ,,, ytyyytG   (3) 

        43333 ,|,min,; yyuutfytfty    

    0,30343 ,,, ytyyytH   (4) 

        43444 ,|,max,; yyuutfytfty    

    .,,, 0,40443 ytyyytI   (5) 

The system of equations given in (2) and (3) will have unique solution 

     1,01,0, 21 ccByy   and the system of equations given in (4) and (5) 

will have unique solution      .1,01,0, 43 ccByy   
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4. Runge-Kutta-Fehlberg Method for Solving Intutionistic Fuzzy 

Differential Equation 

Consider the fuzzy initial value problem 

      

 







00

0,,

yty

Ttttytfty
 (4.1) 

where y is a fuzzy function of  ytf ,  is a fuzzy operation of the crisp variable 

t and the fuzzy variable yy ,  is the fuzzy derivative of y and   00 yty   is a 

fuzzy number. 

The general form of RK for intuitionistic fuzzy initial value problems 

 
 

 

s

i

s

i

iinniinn LbhyyKbhyy

1 1

212111  




 

s

i

ii

s

i

nniinn NbhyyMbhyy

11

414313  (4.2a) 

where 














 



s

j

jijnini KahyhctFK

1

1,  

,,

1

2













 



s

j

jijnini LahyhctGL  

,,

1

1













 



s

j

jijnini MahyhctHM  

,,,2,1,,

1

2 siNahyhctIN

s

j

jijnini 













 



 (4.2b) 

where ib ’s and ic ’s are constants. By setting .6s  Then 
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    ,
55

2
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9
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28561

12825

6656

135

16
,, 65431111 KKKKKtyty nn   

where 

    ,,,, 211  nnn tytythFK  

    ,
4
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1
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12112 
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
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2114 KKtyhthFK nn  

  


 32123 2197
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7200
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,, LLLtyK n  

  432115 4104

845

513

3680
8

216
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,, KKKKtyhthFK nn



   

  ,
4104
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513

3680
8

216
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, 43212 



 LLLLty n  

 


  5432116 40

11
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2
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8
,, KKLKKtyhthFK nn  

  ,
40

11

4104
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2

27

8
, 543212 



 LLLLLty n  
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55

2
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9

56430
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12825

6656

135

16
,, 65431212 LLLLLtyty nn   

where 

    ,,,,, 2211  nnn tytyythGL  

    ,
4

1
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1
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1
11112 





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 


  ,
32

9
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3
,

8

3
2113 KKtyhthGL nn  
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  ,
32

9

32

3
212 


 LLty n  

 

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5. Convergence of Fuzzy Runge-Kutta-Fehlberg Method 

The solution is obtained by grid points at 

bttta N  10  and .1 nn tt
N

ab
h 


   (5.1) 

We define 

           




s

i

nniinn

s

i

nniinn atytLbatytGatytKbatytF

11

;,;,;,;,  

         


;,;,;,

1

nn

s

i

nniinn tytItytMbtytH  

  .;,

1






s

i

nnii tytNb  (5.2) 

The exact and approximate solutions at Nntn 0,  are denoted 

respectively by 

            
 ;,;,;,;, nnnnn tYtYtYtYtY  

and 

           .;,;,;,;,  
 nnnnn tYtYtYtYtY  

We have 

        ,;,;,;;  
nnnnn tYtYtFhtYtY  

        ,;,;,;;  
nnnnn tYtYtGhtYtY  

        ,;,;,;;  
nnnnn tYtYtHhtYtY  

        ,;,;,;;  
nnnnn tYtYtIhtYtY  

and 
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        ,;,;,;;1  



nnnnn tytytFhtyty  

        ,;,;,;;1  



nnnnn tytytGhtytY  

        ,;,;,;;  
nnnnn tYtytHhtytY  

        ,;,;,;;  
nnnnn tytytIhtYtY  

We need the following lemmas to show the convergence of these 

approximates, that is,      ,;,;,;  
nnn tytyty  and   ;nty  

converges to      ,;,;,;  
nnn tYtYtY  and   ;ntY  respectively 

whenever .0h  

Lemma 5.1. Let the sequence of numbers    N
nn

N
nn WW 00 , 





 satisfy 

101  NnBWAW nn  

for some given positive constants A and B. Then 

.
1

1
0 




A

A
BWAW

n
n

n  

Lemma 5.2. Let the sequence of numbers     ,, 00
N
nn

N
nn VW   satisfy 

  ,max.1 BVWAWW nnnn   

  ,max.1 BVWAVV nnnn   

for some given positive constants A and B and denote 

.0, NnVWU nnn   

Then 

Nn
A

A
BUAU

n
n

n 



 0,

1

1
0  where AA 21   and .2BB   

Let  vutF ,,  and  vutG ,,  are obtained by substituting     vuty r ,  

in (5.2). 
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The domain where F and G are defined is therefore 

  vuvTtvutK  ,,0,,  

Theorem 5.1. Let      vutHvutGvutF ,,,,,,,,  and  vutI ,,  

belonging to  KcP  and let the partial derivatives of HGF ,,  and I be 

bounded over K. Then for arbitrary fixed ,1,0,,   the approximate 

solution of (5.1),           ;,;,;,; nnnn tytytyty  converge to the 

exact solution         .;,;,;,;  
nnnn tYtYtYtY  

6. Numerical Examples 

Example 6.1. Consider the fuzzy ordinary differential equations yy   

with    .8,5,5.1;7,5,30 ty  

Solution. The solution is given by 

        tt etyety  27;23; 21  

        .35;5.35; 43
tt etyety   

The Error results at 1t  are shown in the Table 1. The solution graph is 

given in Figure 1. 

Table 1 

,  Absolute Error for IFRK6 at 1t  

  ;1 ty   ;2 ty   ;3 ty   ;4 ty  

0.00 1.105e-08 2.579e-08 5.526e-09 2.947e-08 

0.20 1.253e-08 2.431e-08 8.105e-09 2.726e-08 

0.40 1.400e-08 2.284e-08 1.068e-08 2.505e-08 

0.60 1.547e-08 2.137e-08 1.326e-08 2.284e-08 

0.80 1.695e-08 1.989e-08 1.584e-08 2.063e-08 

1.00 1.842e-08 1.842e-08 1.842e-08 1.842e-08 
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Figure 1 

7. Conclusion 

In this paper, the Runge Kutta Felhberg method has been presented to 

solve the intuitionistic fuzzy IVPs. The efficiency of the method has been 

illustrated through the numerical examples of Triangular type. The 

numerical results obtained agree well with the corresponding exact solutions. 

This shows that RK Fehlberg method much applicable to solve intuitionistic 

fuzzy IVPs. 
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