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Abstract

In this paper, we propose and analyze a mathematical model representing the breast
cancer dynamics by considering the cancer treatment as combination of chemotherapy and
monoclonal antibody drugs. The stability analysis of the system is carried out extensively. The
Z-control technique is applied to compute a control which minimizes the growth of cancer cells
significantly. To substantiate our theoretical results, numerical computation is also carried out
and results are displayed graphically.

1. Introduction

Cancer is a condition, in which some cells in the body grow uncontrollably
and, in some cases, spread and invade organs in other parts of the body. This
abnormal growth is harmful because it does not just replace healthy cells in
organs, but also causes changes in our body’s biochemistry that can lead to
weight loss and a compromised immune system thereby, leading to death.
There are over 200 different types of cancers, some of which are far more
common worldwide that are lungs and breast cancer. Breast cancer is the
most prevalent form of cancer. This disease has become a major problem all
across the world, but it is one of the treatable form of cancer [13].

The goal of our paper is to introduce a system of non-linear ordinary
differential equations which shows competition between cancer cells and
Normal cells in present of the treatment of chemotherapy in combination
with monoclonal antibody drugs and keto diet. Few researches say that diet
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play effective role in cancer treatment. These diets have high digestible fat,
low or moderate protein and very low carbohydrates. These all are helpful to
burn fat in the body instead of glucose [7].

We focus on main treatment which is combination of chemotherapy and
monoclonal antibody drugs. Monoclonal antibodies are basically laboratory
produce molecules that mimic the immune system’s attack on cancer cells.
Monoclonal antibodies are attached to chemotherapeutic agent in order to
deliver the treatment directly to the cancer cells instead of healthy cells [11].

2. Mathematical Model

We propose following mathematical model, representing competition
between cancer cells (C), normal cells (N) and combine effect of chemotherapy
and monoclonal anti-body drugs (M). In the model, we also consider effect of

keto diet on existing cells and birth rate of cancer cells [1].

N _aN (1—%— d.nc - &M

dt b, f+N’
dC _ _C) _eCM
= aZC(d 52) uNC - 2575 — uC, 1)
v _ v - WM CM
dt f+N f,+C’

where N, C and M are positive.

The detailed description of each term is given below.

° alN(l—ﬁj: represents logistic growth of normal cells. It shows

by

natural in-crease in normal cells with division rate a@; and carrying capacity
b.
e d;NC : represents rivalry between cancer cells and normal cells with

rate d;.
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et NM
f1+ N : This term is holling type-II term which shows absorption of
1

normal cells due to combination of chemotherapy and monoclonal antibody

drugs at rate e;.

. aZC[d—bijz represents logistic growth of cancer cells. It shows
2

natural increase in cancer cells with division rate ag and carrying capacity

by. Here cancer cells growth is also affected by kito diet at constant rate d.

e dyNC : represents rivalry between cancer cells and Normal cells at rate
dy.

€QCM

° m: represents holling type-II term which show absorption of
2

Cancer cells due to combination of chemotherapy and monoclonal antibody
drugs at rate eg.

e uC : represents cancer cells death due to kito diet effect.

e g : Infusion rate of Chemotherapy agent and Monoclonal antibody
drugs.

o hM : represents washout rate of Monoclonal antibody drugs and

Chemotherapy agent at rate h.

i NM . . .
. ]]Cl N This term represents absorption of monoclonal antibody drug
1

and chemo-therapy agent due to normal cells at rate j; which is also
represented by holling type-II term and f; be Without competition and

absorption normal cells reaches at carrying capacity.

. J2CM
f2+C'

chemotherapy agent due to cancer cells at rate jy which is also of holling

represents absorption of monoclonal antibody drugs and

type-II term and f2 be Without competition and absorption cancer cells

reaches at carrying capacity.
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3. Stability Analysis

Basic (Treatment free) Model 3.1. The treatments free model (i.e. No
chemotherapy and monoclonal antibody drugs, No Kito diet are not present)

is represented by following system of nonlinear differential equations.

dN-—@N(LmﬂJ—QNC,

dt b,
dc C
—~ —aC|1-—=|-d,NC. 2
dt 2( @J 2 @

Equilibrium Points

The following equilibrium points of above system (2) are obtained.

(i) E(0, 0)— Shows that there is no cancer cell and normal cell exist in
body

(i) En(b;, 0)— Represents that only normal cells exist and its amount is
by, which are its maximum carrying capacity and cancer cells are absent.

(i) Ec(0, by)— Represents only cancer cells exist and its amount is by

which is its maximum carrying capacity and normal cells are absent.
(iv) Enc(N*, C*)— Represents that there exist N* amount of normal
cells and C* amount of cancer cells in the body which is not of much interest.

Local stability of Equilibrium Points 3.1.1.

In this section, we derive sufficient conditions for existence of cancer. The
Jacobian matrix for system (2) is computed as follows.

(11(1 - %j - le
J =

— dQC GQ(l - E) — d2N
by

Evaluating the value of Jacobian at each of the above-mentioned

equilibrium points, following results regarding the stability are obtained.

At Ey(0, 0), Jacobian matrix is given by
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Jy = (“1 O].
0 (e2)

We see that the Eigen values of J, are
Mo =a; >0
Aog = ag > 0.
Hence E; is not stable.

For the equilibrium point Epn(b;, 0) and Jacobian matrix about it is,

[ —dib
JN‘(O az—dzblj'

The Eigen values of Jp are,
My =—a <0
hon = ag —dgby.
Hence if Agp =ag —doby >0 then Epn(b,0) is unstable and if
AoN = a9 —dob; < O then En (b, 0) is stable.
Similarly for the equilibrium point Ex(0, by) and Jacobian matrix about
it is,

_ a; — d]_b2 0
Jo = (‘ daby - azj'

The Eigen values of J are,

Mc = o —diby
7\.2C = —Qg9 < 0.

Hence if Mg =a; —diby >0 then E,.(0,by) is unstable and if
Mc =a; —diby <0 then E,(0, by) is stable Hence we state the following
theorem.

Theorem 1. For basic model (2), the sufficient conditions for the existence

of cancer are a; < dibg and ay < doby.
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Complete Model (Including Treatments) 3.2. The similar stability
analysis for complete model is carried out and conditions for cancer and
cancer free states are obtained. We denote equilibrium points by G. Some
equilibrium points are non-practicable. The equilibrium points of above

system are obtained and listed as follows:
@) Gy(0, 0, gh™1): represents existence no cancer cells and no normal

cells but only gh_l amount of monoclonal antibody drug and chemotherapy

drug agent present in the body.

(i) Gy(N*, 0, M) : This point represents no cancer cells but only N*
amount of normal cells and M* amount of treatment agent present.

(iii) G¢(0, C*, M™): This type of point says that there are no normal

cells but there exists only C* amount of cancer cells and M* amount of

treatment agent.

(iv) Gnc(N*, C, M*): Represents the state where all the three
components are present.

Consider the points Gpn(N*,0, M*) and Ge(0,C*, M*). The
equilibrium Gp exists provided that the following algebraic system has

positive solutions.

%N*L;Eq_ﬂﬁﬂgzo
b ) f+N
g —hm — AV M M* =0 (3)
L+ N
By solving system (3) we get quadratic equation,
(h+ )N + [hfy = by(h+ 1)IN™ + bi(a1 ' gey — h) = O, @

Above equation has a positive solution if,

by(ar'ge; — hfy)
Gy

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



STABILITY ANALYSIS AND Z-CONTROL OF BREAST CANCER ... 349

b
S

= al_lgel —hfl <0 (

= ay'ge; < hfy. (5)

The equation (4) has two positive solutions if

[nfi + b+ )P ger
4(h + j1 )by g a ©
Ly (7
a

Now combining equations (6) and (7) we get,

ge1 M +b(h+ )P
< < b ®

Theorem 2. If al_lgel < hf; admit then Gn(N™, 0, M™) exists uniquely

admit, then there exists two distinct

: ger _ (hfy +bi(h+ jy))
and if hfi < = < 2k + )by

equilibria of type Gy .

Similarly, the equilibrium Gq(0, C*, M™) exists provided that the

following algebraic system has positive solutions.

b2 fz + C*
fz + C*

By solving system (9) we get quadratic equation,

ag(h + j2)C™2 + [fsas — by(asd — u)(h + j2)IC" + bolges - hfy(axd - w)]. (10)
Above equation has a positive solution if,

by[gey — hfs(agd — u)

- <0
ag(h + jg)
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. b
1.e. geg — hfz(azd - u) <0 ( aZ(h—im > O)

1.e. geg < hfz(azd - u) (11)

And equation (10) has two positive solutions so for that condition is,

[hfaag — by(agd — u) (A + jo I
= 46212(’21 + Jo)bo > g (12)
ge2 > ]’sz(aZd — u) (13)

Now combining equations (12) and (13) we get,

[hfaay — by(asd — w) (h + jo) ‘

4ag(h + jo )bo (14)

hfs(aod — u) < geg <

Theorem 3. If gey < hfy(asd —u) admit then Go(0, C*, M™) exists

((hfaas — by(agd — ) (h + jo))*
4ag(h + jo )by

then there exists two distinct equilibria of type Ge.

uniquely and if hfy(asd —u) < geg < admit

The equilibrium point Gyo(N*, C*, M*) may exist but it is difficult to
explain analytically.

Local stability of Equilibrium Points 3.2.1. In this section we study
the stability of the points Gy and Ge. The Jacobian matrix related to
system (1) 1s

_ _—aN
/n N (A )
—eoC
J =|-dyC J 2,
? 22_ (fo +C)
- hhM — JofoM J
33

(i + NP (fp+C)

2Nj—dlc— elflM

where oJ- :a(l——
11 1 by (f1+N)2
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oy = az(d_gj_dzjv_%_
by (fo +C)
aN JoC

J33 = —(h+ )

h+N) (h+0

Analysis at point Gy (N*,0, M*): The Jacobian matrix at this point is as

follows:
b ) (fi+N*) (h+N")
Jy=|0 azd—dzN*—u—eZ;w 0
2
-hAM® —joM” —(h+ AN” J
(A+N*)? f2 (A+N%)

Out of three eigen values of J;, one eigen value is

ezM*

7\,2 =a2d—d2N*—u—
fo

Now for sign of remaining two eigen values (A andA3) we use Routh-

Hurwitz (R-H) criteria [12]. For that we consider the following matrix

58
Gy G

where

Co _a1(1—2N J_ et iM :
b (fi + N7)

_ —elN*

1=~

(i +N7)

AN

(f+ NP
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C3 = —{h + L*]
(A+N7)

According to R-H criteria, if Trace(A)<0 and det(A)> 0. then remaining

two eigen values (A, and A3) are negative. Here

Trace(A)=cq +c3

oON* e iM* JN*
— |1 - he
‘“[ le (h+ NP ( +(f1+N*)]

So we can easily say that

2N™
1- B 0
ie. by —2N" <0
ie. N >b1 (15)
And det(A)=—| A AN [1 2N*J e hM } e il N*M*
d dettd) ( +f1+N*MOL1 b ) (R+N*?] (fi+N*)

heif1g
(A +N*NhA +(h+ )N

e, det(A)= | ny N ( ZN*J hehM
e deta) (+f1+ J b (f1+N)2

ie. det(A):-(th ﬁjiNN*J 1[ 22\/1

( vt 8GN ]
[Afy + (b + f)N']

So from above we can say that

2N*
by

ie. b —2N" <0

1- <0

ie. N* > % (16)
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by

Theorem 4. If N* > > then the real parts of eigen values (A; and L3)

are negative.

Theorem 5. Suppose that N* > % and agd > dyN™ +u + 82;‘4 then
2
Gy is unstable and if N* > % and asd < doN™ +u + eZ;VI then it is
2
asymptotically stable.
Now for G¢(0, C*, M™), the Jacobian matrix about it is as follows:
~aM gt o 0
ap
JC = _dZC* GQ(d— zbc J— e2M ff —-Uu ——QQC -
2 (fo+C7) (fz +C7)
—h M’ ~ oM [y, _iC ]
“ (f+C")? (fo+C7)

One of the eigen value of J is

elM*

)\.1 =a — - dlc*

Again the signs of remaining two eigen values (A; andA3) are decided by

Routh-Hurwitz (R-H) criteria as follows. Consider the matrix

d
B:( 0 d1j
dy ds

where

dO — CLQ[d— 2C J_ erZM 5~
by (fo +C*)

—QQC*

t (fo+C")
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d, = _j2f2M*
2 = *
(fo +C7)

According to R-H criteria, if Trace(B)<0 and det(B)>0 then remaining

two eigen values (A9 andA3) are negative. Here

Trace(B)=d +d3

:az[d—ZC*J— eafpM” -—u- h+£
by ) (fy +C*) (f + C*)
2C*
If d - <0
by

ie. dby —2C* <0

bod an

ile. C >T.

Jj2C” Ma [d ~ ZC*J _ ehM" u:l _ eafajoC"M”

And det(B) = —| A

d detl®) ( "heC by ) (fy+CP (fy + C°F
ie. d B _ _ h ﬁ d— 2C*J hezsz*
e det(B) [ +f2+C*Ja2( by +(f2+C*)2

ie. det(B) = —{h + L**J az[d - 2C*J + . hesfog .
f+C b ) (fo + CYhfy + (h+ K)C']
( M* — g(fZ + C*) .

[Afy + (h + f5)C"]

So from above we can say that
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ie. dby —2C* <0

ie. C* > dby

: (s)
Theorem 6. If C* > dby

3 then the real parts of eigen values (g and3)
are negative.

Theorem 7. If C* > by

52 and @ > dC" + el?/" then G is unstable
1

*

and if C* > % and a; <d;C* +# then it is asymptotically stable.
1

Theorem 8. Conditions for existence of cancer are

(@ C* > % and a; <d;C* + oM

7 or (19)

1

(b) N* >ﬁ,ifa2d>d2N*+u+e2M*. (20)
2 fa

Now for the Jacobian matrix about Gy(0, 0, h7'g) the eigen values are
=a—(hh) " erg

ho = agd — (foh) esg

}\.3=—h<0.

Theorem 9. If a; < (fih) ‘ejg and agd < (fyh) tesg then Go(0, 0, h~'g)

is asymptotically stable and if any of the eigen value i.e. a; >(f1h)71e1g or

asd > (foh) Leqg then Gy(0, 0, h1g) is unstable.

Global stability 3.2.2. We study the global stability of the equilibrium
point Gy (N, 0, M™) using Lyapunov function defined as follows:

2
L*(t):%(N—N*) +le+%k2(M—M*)2.
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Where k; and k; are positive constants.

So,
dt oON dt oM dt oM dt
. dl _ N _aNM
1.e. di —(N N )|:GIN(1 E) leC m:l
C esCM
+ kl[aZC(d - Ej - dzNC - fz T C - uC}

At B _ ANM  joCM
+ ko(M M)[g hM FAN L+C

According to LaSalle’s invariant principle, the Gy(N*, 0, M™)
equilibrium point is globally stable if

d;; <0
.. . N ey NM
i.e. if the conditions alN(l EJ < dINC + m,
C 620M
aQC[d E) < dyINC + 50 - uC, (21)
_hNM  joCM
g<hM-4—N~f,+C

are satisfied. The conditions described in (21) are sufficient for cancer Free
State.

4. Numerical Simulations

For Basic model 4.1. Numerical simulations of system (2) are carried
out under following conditions.

(a) o <diby and a9 > dob; which are sufficient conditions for the

existence of cancer.

(b) b <bs.
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(© Ny > Cpy, where Ny and C are initial values of IV and C.

(d) Cancer cells grow faster than Normal cells.

357

Table 1.
Notations Description Parametric value Ref.

a Division rate of normal cells 1.5 [1]

as Division rate of Cancer cells 10.0 [1]

by Carrying capacity of normal cells 1460 [1]

by Carrying capacity of cancer cells 2100 [1]

dp Cancer cells kills normal cells 0.0075 [1]
(Competition rate)

dg Normal cells kills cancer cells 0.005 [1]
(Competition rate

Initial conditions are Ny = 1460 and Cy = 0.01.

W

Amount of Cancer cells (C)

15 .‘-: Z“': ]‘J
Time (t)

EY

0

Figure 1. Growth of Cancer cells

with time.

1500

|

1] |

Amount of Normal cells (M)

" Tmeft)

Figure 2. Growth of Normal cells

with time.

For Complete model 4.2. Numerical simulations of system (1) are

carried out under following conditions.

(a) Sufficient conditions described in equations (19) and (20) for the
existence of cancer.

(b) by <bs.

(C) NO > Co.
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(d) Cancer cells grow faster than Normal cells.

(e) The drug is more potent against the tumor cells than against the

normal cells.
® Jjo > i1

(8 a; 1ge1 < hfi which guarantees the existence of G as per theorem 2

and as per theorem 3, gey < hfy(asd — u) which guarantees the existence of

Ge.

The rates for a;, ag, b, by, d; and dy are taken from table 1.

Table 2.
Notations Description Parametri Ref.
¢ value
e Absorption rate of Normal cells due | 0.000384 Calculated
to combine effect of chemotherapy from [1], [9]
and monoclonal antibody drugs and [10]
e Absorption rate of Cancer cells due 0.1216 Calculated
to combine effect of chemotherapy from [1], [9]
and monoclonal antibody drugs and [10]
i Absorption rate of chemotherapy | 0.001152 Calculated
and monoclonal antibody due to from [1], [9]
drugs normal cells and [10]
Jo Absorption rate of chemotherapy 0.1152 Calculated
and monoclonal antibody due to from [1], [9]
drugs cancer cells and [10]
f Without competition and absorption 1 [1]
normal cells reaches at carrying
capacity
fo Without competition and absorption 1 [1]
cancer cells reaches at carrying
capacity
u Death rate of cancer cells due to kito 2.0 [6]
diet
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g Infusion rate of chemotherapy and 2450 Calculated
monoclonal antibody drugs from [8], [1]
h Washout rate of chemotherapy and 9.6 Calculated
monoclonal antibody drugs from [1], [9]
and [10]
d Constant rate of kito diet 0.5 [6]

With Initial conditions are Ny = 500 and C; =100 the following plots

are obtained.

8

Amount of Nermal cells (N}
Amount of Cancer cells (C}
[ =]

= E

[ iob » = w0

b 0
Time {t}

Figure 3. Growth of Normal cells with time.

With initial conditions are Ny = 500 and Cy = 131.

Boon @
Tirme (t)

cells with time.

Amount of Narmal cells (N}
T
A
Amount of Cancer cells (C)

I
Time [t}

Figure 5. Growth of Normal cells with time.

I
Tima (1)

cells with time.

Figure 4. Growth of Cancer

Figure 6. Growth of Cancer

We could see that in the present of medications with the infusion rate

mentioned in table 2, up to Cy =130, growth of cancer cells decrease with

time but when Cy =131, immediately the effect of medications is not seen.

We achieve this by applying Z-control to the system in the following section.
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5. Z-Control for Breast Cancer

Now the controllability of system (1) is studied using the approach of Z-
Control (ref. [2]-[5]). We introduce Z-Control u;(t) on the system (1) as

follows.
a alN(1 - %) ~ d,NC - lef%
% _ aZC[d_%)—dzNC—Z%—uC 22)
dé‘f: hM—%—?L]‘g— ()M

Where u;(t) is the indirect control variable for chemotherapy treatment
and monoclonal antibody drugs.
Z-Control method:

Z-Control method plays very important role to get the stability of the

model. It is very useful to reduce difference between actual output O(t) and
desired output Og(¢). This objective is achieved by forcing the error function
e(t) = O() — Oy4(t) to converge exponentially to zero when it satisfied the
following equation
e'(t) = —he(t) for A >0 (23)
Equation (23) is also known as the design formula and A i1s the design
parameter.

Now to compute Z-Control which exponentially reduces the cancer cells to
zero. For that we define first error function e;(t) = C(t) — C;(¢). Hence from

equation (23) we get
C'(t)- Cy(t)=-1[C({) - Ca(®)} 24

Since u;(t) cannot be derived explicitly from (24), we define second error

function as
eq =e] +re; =C'(t)—Cyt)+A[C()—Cy(2)] (25)

But according to (23),
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e5(t) =—hey(t)
Le. [C"(t)-Ca()]+ M C'(6) - Cy(®)]= M C'(6) - Cu() + MC(t) - Cy(2))]

eCM'  ey,C'M
fz + C f2 + C

l.e. [azC"(d - %) + (lzC(— g—zj - dZN’C - dzNC, -

€2C’CM
=
(fo +C)

= A[(C'(t) - Cy()) + MCE) — Cy(2))]

utC’ - C&(t)} +MC'(t) - Ca )]

. e2CM' B , _Q _g B -~ " QQCM’ 3 ezC’M
e fo+C _[GZC(d sz+a20( bz) BNC-dpNC fo+C fo+C
L A cgl(t)} +AC) - Cy )]

(fo +C)

+A[(C'(6)- Ca(e)+ MC(t) - Ca(@))]

3 r_ f2 + C) !( _ gj (_ g _ 1 _ r_ QZC'M
ie. M —( e2C [a2C d bz + GZC b2 dzNC dzNC fz T C

e, C'CM
+ 2
(fo +C)

+A[(C'(6)- Ca 1)+ M(C(e) - Ca@))]-

—uC' - Cyt)+ A[C'(t) - Cy(t)]

But from (22),

HWNM  joCM

M= g - hM -G - S w (M
M’_i_ _ ]1N _ -]20
Lo =M FiN f+c 1l

So, we get the Z-Controller as

. _ _f2+C , _Q _g _ " ,_QQC’M
l.e. ul(t)—( QZCM azC d b2 +a2C b2 dQNC dZNC f2+C
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L eCCM T -
L of UC e~ Cu]
+2[(C'0) - Cy(6) + MCE) - CaO)+ 22— - f1j1+NN _ fzfzfc .

This control u;(¢) reduces the cancer cells exponentially to zero. To

support this analytical result, we draw following plots by taking data from
table 1 and 2, with initial condition Ny = 500 and C, =131.

Amount of Normal cells N
Armount of Cancer cells C

5 10 s M npo 25 50 18 K 1S 150 1is  mw

w0 25 S0 78 10 125
Time t Time t

Figure 7. Control effect on normal cells. Figure 8. Control effect on cancer
cells.

We see the effect of u;(t) on both normal cells and cancer cells. We

observe that the cancer cells reduce to zero very rapidly.
6. Conclusion

The mathematical model for the breast cancer dynamics along with the
treatment of chemotherapy with monoclonal antibody drugs is proposed. The
stability analysis of treatment free model and with treatment model is
discussed extensively. Global stability of the equilibrium point is studied
using Lypaunov function. To control the growth of the cancer cells, Z-Control

approach is used. The control u;(¢) is computed analytically. To support the

analytical results, numerical computation is also carried out using python
programming language and results are displayed graphically.
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