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Abstract 

The aim of the present paper is to prove a generalization of the Banach contraction 

principle in digital metric space. Also, a common fixed-point theorem for a class  and -

contractive type mapping is proved. Further a common fixed-point theorem using implicit 

relation of integral type in digital metric space has been proved. An example and an application 

for image processing in digital metric space is also given in our support. 

1. Introduction 

Digital topology is the study of the topological properties of images 

arrays. The results provide a sound mathematical basis for image processing 

operations such as image thinning, border following, contour filling and object 

counting. In metric spaces, this theory begins with Banach contraction. There 

are various applications of fixed point theory in Mathematics, computer 

science, game theory, engineering, image processing. Fixed point theory 

consists of many fields of mathematics such as mathematical analysis, 

general topology and functional analysis.  

Banach contraction mapping principle was firstly given in [1]. Its 

structure is so simple and useful so it is used in existence problems in various 

fields of mathematical analysis, computer science, image processing, game 

theory etc. In recent time, many authors [10, 11, 15, 16] using the Banach 

contraction principle for important Studies. 
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First Rosenfeld [17] studied and introduced the concept of digital 

topology. Then Kong [12] introduce the digital fundamental group of discrete 

objects. Boxer [3] gives the digital version of several notions from topology 

and [4] defined variety of digital continuous functions. Ege and Karaca [5] 

construct Lefschetz fixed point theory for digital image and study the fixed-

point properties of digital images. They also calculate degree of the antipodal 

map for sphere-like digital images using fixed point properties. 

This paper is organized as follows. In first part, the required background 

about the digital topology and fixed-point theory are given. In the next 

section, state and prove main result on common fixed point theorems to 

digital images illustrate by examples also applying fuzzy logics on image 

processing. 

2. Motivations 

Let X be a subset of n  for a positive integer n where n  is the set of 

lattice points in n-dimensional Euclidean space and   represent an adjacency 

relation for the members of X. A digital image consists of  ., X  

Definition 2.1 [2]. Let nl ,  be positive integers, nl 1  and two 

distinct points 

   
n

nn qqqqpppp  ,,,,,,, 2121   

p and q are - adjacent if there are at most   indices i such that 

1 ii qp  and for all other indices j such that .,1 jjii qpqp    

There are some statements which can be obtained from definition 2.1: 

 Two points p and q in   are 2-adjacent if 1 qp  

 

Figure 1. 2-adjacent. 

 Two points p and q in 2  are 8-adjacent if they are distinct and differ 

by at most 1 in each coordinate. 
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 Two points p and q in 2  are 4-adjacent if they are 8-adjacent and 

differ in exactly one coordinate (see Figure 2). 

 

Figure 2. 4-adjacent and 8-adjacent. 

 Two points p and q in 3  are 26-adjacent if they are distinct and differ 

by at most 1 in each coordinate. 

 Two points p and q in 3  are 18-adjacent if they are 26-adjacent and 

differ at most two coordinates. 

 Two points p and q in 3  are 6-adjacent if they are 18-adjacent and 

differ in exactly one coordinate (see Figure 3). 

 

Figure 3. 6-adjacent, 18-adjacent, 26-adjacent. 

A - neighbor [2] of n
p   is a point of n  that is - adjacent to p where 

 26,18,8,4,2  and .3,2,1n  The set 

   pqqpN toadjacent-is|    

is called the - neighbourhood of p. A digital interval [3] is defined by 

   bzazba  |,   

Where ba ,  and .ba   
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A digital image n
X   is - connected [9] if and only if for every pair of 

different points ,, Xyx   there is a set  rxxx ,,, 10   of points of a digital 

image X such that rxyxx  ,0  and rx  and 1rx  are - neighbours where 

.1,,2,1  ri   

Note that the coordination number of Na in a crystal structure of NaCl is 

6 which is equal to adjacency relation in digital image of given figure 

 

Definition 2.2 [6]. Let     10
10 ,,,

nn
YX     be a digital image 

and YXf :  be a function. 

 If for every -0 connected subset U of  UfX ,  is -1 connected subset of 

Y, then f is said to be  -, 10  connected. 

 If  -, 10  continuous for every -0 adjacent points  10 , xx  of X, either 

   10 xfxf   or  0xf  and  1xf  are a -1 adjacent in Y. 

 If  -, 10  continuous, bijective and 1
f  is  -, 10  continuous, then f is 

called  -, 10  isomorphism and denoted by   .-, 10
YX   

Definition 2.3 [6]. Suppose  ,, XZm


  is a digital image in .
n  A 

 -,2  continuous function   Xmf ,0:  such that   xf 0  and   ymf   

is called digital - path from x to y. And X is called - path connected. 

A simple closed - curve of 4m  points in a digital image X is a 
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sequence       1,,1,0 mfff   of images of the - path   Xmf  1,0:  

such that  if  and  jf  are - adjacent if and only if .mod mij   

Example 2.1 [6].         ,0,0,0,0,1,1,0,2,0,0,1,1 3210  ccccSMS  

   
3

54 1,1,0,1,1,0  cc  is a minimal closed 18-surface. 

 

Definition 2.4 [7]. Let dX
n

,  be the Euclidean metric on  dX
n

,  

is metric space. Suppose  ,X  is digital image with - adjacency then 

 d,X,   is called digital metric space. 

Definition 2.5 [7]. A sequence  nx  of points of digital metric space 

 d,X,   is a Cauchy sequence if there is a M  such that,   1, mn xxd  

for all ., Mmn   

Definition 2.6 [7]. For a digital metric space  ,d,X,   if a sequence 

 
n

n Xx   is a Cauchy sequence if there is a M  such that for all 

Mnn ,  we have .mn xx   

Definition 2.7 [6]. A sequence  nx  of points of digital metric space 

 d,X,    converges to a limit Xa   if for all ,0  there exists   such 

that for all ,n  then   ., axd n  

Definition 2.8 [6]. A digital metric space  dX ,,   is complete of digital 

metric space if any Cauchy sequence  nx  of points of  dX ,,   converges to 

a point a of  .,, dX   

Now we define  AE ,  property in digital metric space. 



AARTI SUGANTHI 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021 

2356 

Definition 2.9. A pair of self digital mappings  SA ,  in digital metric 

space  dX ,,   is said to satisfy the property  AE ,  if there exists a 

sequence  nx  in X such that zSxAx nnnn   limlim  for some 

.Xz   

Definition 2.10. Two pairs of self digital mappings  SA ,  and  TB ,   in 

digital metric space  dX ,,   is said to satisfy the property  AE ,  if there 

exists two  sequences  nx   and  ny  in X such that   nnn Ax limlim  

zTyBySx nnnnn   limlim  for some .Xz   

Definition 2.11 [17]. Two self digital mappings f and g of a digital metric 

space  dX ,,   are said to be occasionally weakly compatible iff there is a 

point Xx   which is coincidence point of f and g at which f and g commute. 

Notation.  Let      ,0,0:  be such that  is increasing. 

  tt   for 0t  and   0 t  if .0t  

Definition 2.12 [14]. Let  dX ,,   be a digital metric space. A self digital 

map XXT :  be a digital - contractive type mapping if there 

exists three functions   ,0: XX  and  ,  such that for all 

,, Xyx   

          .,,,, TyTxdTyTxdTyTxdyx   

Definition 2.13 [14]. Let X be a non-empty set and XXT :  and 

 .,0:  XX  We say T is -admissible if for all Xyx ,  

We have     .1,1,  TyTxyx  

Definition 2.14 [6]. Let  dX ,,   be a digital metric space and 

   dXdXf ,,,,:    be a self digital map. If there exists  1,0  such 

that for all ,, Xyx   

      yxdyfxfd ,  

then f is called digital contraction map. 

Proposition 2.1 [6]. Every digital contraction map is continuous. 



COMMON FIXED-POINT THEOREMS IN DIGITAL … 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021 

2357 

3. Main Results 

Theorem 3.1. Let  dX ,,   be a digital metric space and BA ,  are self 

digital mappings of  .,, dX   Let      .XAXB  be a right continuous real 

function such that 

  aa   (3.1) 

if  ,0a  for all ,, Xyx   

    .,, AyAxdByBxd   (3.2) 

Then A and B have a unique common fixed point. 

Proof of Theorem 3.1. Since    ,XAXB   then there exists a 

sequence  nx  in X such that 

.11   nnn BxAxx  

Now to prove  nx  is Cauchy sequence. For each ,0  we can choose 0n  

such that   1, nn xxd  for all ,0nn   by using triangle inequality 

     mnnnmn xxdxxdxxd ,,, 11    

since   0,1  nn xxd  as ,n  so we conclude that 

     mnnnmn xxdxxdxxd ,,, 11    

     mnnnnn xxdxxdxxd ,,, 2211    

     mmnnnn xxdxxdxxd ,,, 1211     

 nm    times 

.  

Hence  nx  is a Cauchy sequence in X and since  dX ,,   is a complete 

digital metric space, nx  converse to a point in X. 

Now define the following sequence   ., 1 nnn xxda  Using inequality 

(3.1) and (3.2) 
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      212111 ,,,   nnnnnnn AxAxdBxBxdxxda  

  1,  nn xxd  

  nnn axxd  1,  

for all .Nn   Thus the sequence na  is decreasing and so it has a limit a. If 

we assume that ,0a  we have  nn aa 1  since  is right continuous, 

therefore  aa   but it contradicts of (3.1). 

As a result, 0na  as ,n  therefore, A and B have a common fixed 

point. 

To prove the uniqueness. Let u and v be two fixed point of A and B. 

By using (3.1) and (3.2) 

          .,,,, vuvudAvAudBvBudvud   

Hence A and B have a unique common fixed point. 

Example 3.1. Let   XXBA
Z

:,,1,0  be given by 

5

3

5

2
,

3

1

3

2 22
 xBxxAx  

and 

  ., xyyxd   

By using inequality (3.2) 

    AyAxdByxBd ,,   




















3

1

3

2

3

1

3

2

5

3

5

2

5

3

5

2 2222
xyxy  

    









2222

3

2

5

2
xyxy  

    









2222

3

2

5

2
xyxy  

Which is hold, also A and B have a common fixed point. 
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Theorem 3.2. Let  dX ,,   be a digital metric space and BATS ,,,  are 

  type self digital mappings of  .,, dX   Let the pairs  SA ,  and 

 TB ,  be occasionally weakly compatible. For all ,, Xyx   

          .,,,, yxMyxMByAxdyx   (3.3) 

Where 

        ,,,,,,max, AxSxdSxBydTySxdyxM   

   
 

 
 .

,1

,2
,,,, 









 TyByd

AxSxd
TyAxdTyByd  

Then there is a unique fixed point of .,,, BATS  

Proof of Theorem 3.2. Since BA ,  are -admissible then for all 

Xyx ,  

  .1,  yx  

As the pairs  SA ,  and  TB ,  are occasionally weakly compatible, so 

AxSx   and .TyBy   Now to prove ,ByAx   by inequality (3.3) 

             yxMyxMByAxdyxByAxd ,,,,,   

where 

        ,,,,,,max, AxSxdSxBydTySxdyxM   

   
 

 









 TyByd

AxSxd
TyAxdTyByd

,1

,2
,,,,  

            ,,,,,,max,, AxSxdSxBydTySxdByAxdyx   

   
 

 









 TyByd

AxSxd
TyAxdTyByd

,1

,2
,,,,  

       ,,,,,,max AxSxdSxBydTySxd  

   
 

 









 TyByd

AxSxd
TyAxdTyByd

,1

,2
,,,,  

       ,,,,,,max AxAxdAxBydByAxd  
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 ByByd

AxAxd
ByAxdByByd

,1

,2
,,,,  

       ,,,,,,max AxAxdAxBydByAxd  

   
 

 









 ByByd

AxAxd
ByAxdByByd

,1

,2
,,,,  

        0,,,0,0,,,,max ByAxdAxBydByAxd  

        0,,,0,0,,,,max ByAxdAxBydByAxd  

     ByAxdByAxd ,,   

or 

        ByAxdByAxdByAxd ,,,   

or 

   0,  ByAxd  

  0,  ByAxd  

.ByAx   

Therefore .TyBySxAx   

Suppose that there is another point z such that SzAz   then by 

inequality (3.3) 

          BzAwzwBzAwzwd ,,,,   

     zwMzwM ,,   

       ,,,,,,max AwSwdSwBzdTzSwd  

   
 

 









 TzBzd

AwSwd
TzAwdTzBzd

,1

,2
,,,,  

       ,,,,,,max AwSwdSwBzdTzSwd  

   
 

 









 TzBzd

AwSwd
TzAwdTzBzd

,1

,2
,,,,  
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         ,,,,,,,,max zzdwwdwzdzwd  

 
 

 









 zzd

wwd
zwd

,1

,2
,,  

       ,,,,,,max wwdwzdzwd  

   
 

 









 zzd

wwd
zwdzzd

,1

,2
,,,,  

        0,,,0,0,,,,max zwdwzdzwd  

        0,,,0,0,,,,max zwdwzdzwd  

     zwdzwd ,,   

or 

        zwdzwdzwd ,,,   

or 

   0,  zwd  

or 

  .0, zwd  

Therefore .zw   Hence z is common fixed point of .,,, TSBA  

Uniqueness. Let u be another common fixed point of  .,,, TSBA  Then 

by inequality (3.3) 

                uzMuzMBuAzduzBuAzduzd ,,,,,,   

       ,,,,,,max AzSzdSzBudTuSzd  

   
 

 









 TuBud

AzSzd
TuAzdTuBud

,1

,2
,,,,  

       ,,,,,,max AzSzdSzBudTuSzd  

   
 

 









 TuBud

AzSzd
TuAzdTuBud

,1

,2
,,,,  
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       ,,,,,,max zzdzuduzd  

   
 

 









 uud

zzd
uzduud

,1

,2
,,,,  

       ,,,,,,max zzdzuduzd  

   
 

 









 uud

zzd
uzduud

,1

,2
,,,,  

        0,,,0,0,,,,max uzdzuduzd  

        0,,,0,0,,,,max uzdzuduzd  

     uzduzd ,,   

or 

        uzduzduzd ,,,   

or 

   0,  uzd  

or 

  .0, uzd  

Therefore .uz   Hence z is unique common fixed point of .,,, TSBA  

Example 3.2. Let  ,3,2,1X  and   xyyxd ,  and  4,, dX   

is a digital metric space in   with 4-adjacency and SBA ,,  and T have 

common fixed point define by .1,1,1,1  yTyxsxyByxAx  

By inequality (3.3) 

             yxMyxMByAxdyxByAxd ,,,,,   

where  

        ,,,,,,max, AxSxdSxBydTySxdyxM   

   
 

 
 .

,1

,2
,,,, 









 TyByd

AxSxd
TyAxdTyByd  
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Therefore 

   ,11,11,11max,  xxyxxyyxM  















111

112
,11,11

yy

xx
xyyy  

   2,,0,2,2,max, xyxyxyyxM   

.xy   

Therefore inequality (3.3) hold.  

And TSBA ,,,  have a common fixed point. 

Implicit Relation. 

Let 6M  denotes the set of all real valued continuous function 

  R
6

1,0:  satisfying the following conditions: 

(A)  
 






uuuu

dtt

,,0,0,,

0

0  implies .0u  

(B)  
 






0,,0,0,,

0

0

uuu

dtt  implies .0u  

(C)  
 






uuuuu

dtt

,,,,,0

0

0  implies .0u  

Example 3.3. Define   R
6

1,0:  as 

    ,,,,,max,,,,, 6543211654321 tttttttttttt   

where    1,01,0:1   is continuous function such that   kk 1  for all 

 .1,0k  

Clearly  satisfying conditions (A) and (B). Therefore .6M  

Theorem 3.3. Let  dX ,,   be a digital metric space and BATS ,,,  are 

self digital mappings of  dX ,,   satisfying following conditions: 

   XTXA   and    XSXB   (3.4) 
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TyAxdTyAxdByAxdTySxd

SxBydTySxd

SxBydTySxd
TyAxdSxBydTyBydSxAxd

dtt,,,,
2

1
,,

,
,,1

,,,
,,,,,,

0

.0  (3.5) 

For all Xyx ,  and 
 RRM :,6  is a Lebesgue-integrable 

mapping which is summable, nonnegative and such that  



0

0dtt  for 

each .0  

Suppose that  SA ,  or  TB ,  satisfies property  AE ,  and the pairs 

 SA ,  and  TB ,  are weakly compatible. If one of the      XAXTXS ,,  

and  XB  is closed subset of X, then there is a unique common fixed point of 

.,,, BATS  

Proof of Theorem 3.3. Suppose that  TB ,  satisfies property  ,, AE  

then there exists a sequence  nx  in X such that 

zTxBx nnnn   limlim  for some ,Xz   therefore, we have 

  .0,lim  nnn TxBxd  Since    ,XSXB   there exists a sequence  ny  

such that .nn SxBx   Hence .lim zSy nn   

Let us show that .lim zAy nn   

By using inequality (3.5) 

 

           

    

    
        



















nnnnnnnn

nnnn

nnnn

nnnnnnnn

TxAydTxAydBxAydTxSyd
SyBxdTxSyd

SyBxdTxSyd

TxAydSyBxdTxBxdSyAyd

dtt
,,,,

2

1
,,,

,,1

,,

,,,,,,

0

.0  

Suppose that   .,inflim uBxAyd nnn   Taking limit n  we get 

 
 






uuuu

dtt

,,0,0,,

0

.0  

And it is a contradiction of (A). so 0u  and .lim zAy nn   

Suppose  XS  is closed subset of X, then Suz   for some .Xu   If 

.Auz   

By inequality (3.5) 
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nnnn

nn

nn
nnnn

TxAudTxAudBxAudTxSud

SuBxdTxSud

SuBxdTxSud
TxAudSuBxdTxBxdSuAud

dtt,,,,
2

1
,,

,
,,1

,,
,,,,,,

0

.0  

Taking limit ,n  we have 

 
        






zAudzAudzAudzAud

dtt

,,,,0,0,,,,

0

.0  

Which is a contradiction of (A). hence   0, zAud  therefore 

.SuzAu   Since   ,TXA   there exists Xv   such that .TvAuz   

If .Bvz   

By using inequality (3.5) we obtain 

 

        
   

   

         














TvAudTvAudBvAudTvSud

suBvdTvSud

SuBvdTvSud
TvAudSuBvdTvBvdsuAud

dtt,,,,
2

1
,,

,
,,1

,,
,,,,,,

0

0  

 
      






















0,,
2

1
0,0,,,,

0

.0

BvzdzBvdzBvd

dtt  

Which is contradiction of (B), and therefore .BvTvzSuAu   

Since the pair  SA ,  is weakly compatible, we have SAuASu   i.e. 

.SzAz   If ,zAz   using (3.5) 

 

        
   

   

         














TvAzdTvAzdBvAzdTvSzd

SzBvdTvSzd

SzBvdTvSzd
TvAzdSzBvdTvBvdszAzd

dtt,,,,
2

1
,,

,
,,1

,,
,,,,,,

0

0  

 
 

   

 
     


















zAzdzAzdzAzd
AzdzAzd

AzzdzAzd
Azzd

dtt

,,,,,,
,,1

,,
,,2,0

0

.0  

Which is contradiction of (C), therefore   ,0, zAzd  hence zAz   or 

.zSzAz   Since the pair  TB ,  is weakly compatible, we have 

TBvBTv   i.e. .TzBz   If ,zBz   using (3.5) 
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TzAzdTzAzdBzAzdTzSzd

SzBzdTzSzd

SzBzdTzSzd
TzAzdSzBzdTzBzdSzAzd

dtt,,,,
2

1
,,

,
,,1

,,
,,,,,,

0

0  

 
   

   

   
     









zBzdzBzdBzzd
SzBzdTzSzd

zBzdBzzd
zBzd

dtt

,,,,,,
,,1

,,
,,2,0

0

.0  

Which is again contradiction of (C) therefore   ,0, zBzd  

Hence .zTzSzBzAz   

Therefore, z is common fixed point of .,,, TSBA  

To prove uniqueness of z let w be another common fixed point of 

.,,, TSBA  Then, using (3.5) 

 

        
   

   

         














TwAzdTwAzdBwAzdTwSzd

SzBwdTwSzd

SzBwdTwSzd
TwAzdSzBwdTwBwdSzAzd

dtt,,,,
2

1
,,

,
,,1

,,
,,,,,,

0

0  

 
     

   

 
     









wzdwzdwzd
wzd

zwdwzd
wzdzwdd

dtt

,,,,,,
,21

,,
,,,,0

0

.0  

Which is contradiction of (C), therefore .wz   

Hence z is a unique common fixed point of .,,, TSBA  

Corollary 3.1. Let  dX ,,   be a digital metric space and BATS ,,,  are 

self digital mappings of  dX ,,   satisfying following conditions: 

   XTXA   and    XSXB   (3.6) 

         
   

   
,

,,1

,,
,,,,,,

SxBydTySxd

SxBydTySxd
TyAxdSxBydTyBydSxAxd




  

         .0,,,,
2

1
,, 








 TyAxdTyAxdByAxdTySxd  (3.7) 

For all Xyx ,  and .6M  

Suppose that  SA ,  or  TB ,  satisfies property  AE ,  and the pairs 
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 SA ,  and  TB ,  are weakly compatible. If one of the      XAXTXS ,,  

and  XB  is closed subset of X, then there is a unique common fixed point of 

.,,, BATS  

Proof. If we put   1 t  in theorem 3.3, the result follows. 

Applications 

In this section, 

1. an application of common fixed point theorem to image compression. 

The aim of image compression is to reduce redundant image information in 

the digital image. There are some problems in the storing an image. Memory 

data is usually too large and sometimes stored image has not more 

information than original image. It's known that the quality of compressed 

image can be poor. For this reason, we must pay attention to compress a 

digital image. Fixed point theorem can be used to image compression of a 

digital image. 

2. an application of common fixed point in digital metric space of integral 

type can be given by an example. 

 In image processing, we generally rely on features specific to certain 

regions of the entire image. Hence we need properties of those regions 

because integral image is an image we get by cumulative addition on 

subsequent pixels in both horizontal and vertical axis. 

Now, assume a matrix A of size 55   representing an image, as shown 

below. 

 

And its integral form is given by 
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For just hundred operations over a 55   matrix, using an integral image 

uses about 50% less computations, imagine the amount of difference it makes 

for large images and more such operations. 

Creation of integral image changes other sum difference operations 

almost O(1) time complexity, thereby decreasing the number of calculations. 
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