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Abstract 

Given a graph  EVG ,  a labeling  kEV ,,2,1:    is called an edge irregular 

total k-labeling if for every pair of distinct edges uv  and          xyxvuvuxy ,  

 .y  The minimum k for which G has an edge irregular total k-labeling is called the total 

edge irregularity strength of G. The total edge irregularity strength of G is denoted by  .Gtes  

In our current study, we took into account the plane graph and calculated its total edge 

irregularity strength. 

1. Introduction 

One of the exciting subfields of graph theory is graph labeling. Rosa first 

used graph labeling in 1967. With certain restrictions, graph labeling involves 

assigning integers to vertices, edges or both. Over 200 methods for labeling 

graphs have been explored in numerous research papers, resulting in the 

researcher’s involvement during the previous 60 years. Labeled graphs are 

practical models with a variety of uses such as astro studies, exchange of 

secret messages, circuit design, radar detection etc [7], network addressing, 

X-ray crystallography, coding theory, rulers, radar and missile guidance, 

radio antenna problems, dental arch problem, database management 

problem, communication networks, secret sharing scheme, information 

security scheme [1]. Measuring irregular strength of a network 
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mathematically is a problem of concern in communication networks. This can 

be achieved by establishing edge irregular total k-labeling of graph of the 

corresponding network [11]. For a dynamic survey of various graph labelings 

along with an extensive bibliography, one may refer to Gallian [6]. 

Baca, Jendrol’, Miller and Ryan [9] introduced the total edge irregularity 

strength of a graph. Total edge irregularity strength has been well studied for 

honeycomb mesh networks [5], hexagonal networks [8], butterfly networks [2, 

4], benes networks [2] and series compositions of uniform theta graphs [3], 

generalized uniform theta graph and the lower bound has been determined 

[12]. Syed Ahtshma Ul Haq Bokhary et al., [13], proved the total irregularity 

strength of convex polytope graphs .,, nnn UTS  

We now begin with some known results on  Gtes  and basic definitions. 

Theorem 1.1 [9]. Let G be a graph with m edges. Then 

    .32 mGtes  

Theorem 1.2 [9]. Let G be a graph with maximum degree Δ. Then 

    .32Gtes  

Definition 1.1 [6]. Given a graph  EVG ,  a labeling 

 kEV ,,2,1:    is called an edge irregular total k-labeling if for 

every pair of distinct edges uv  and          xyxvuvuxy ,  

 .y  The minimum k for which G has an edge irregular total k-labeling is 

called the total edge irregularity strength of G. The total edge irregularity 

strength of G is denoted by  .Gtes  

In our study, we have considered some plane graphs. Our results on edge 

irregular total k-labeling applied to these graphs are presented in this paper. 

Further we have proved that a bound on tes  is sharp as given in Theorem 

1.1. In our discussion we call the weight of the edges as edge sums. 

2. Main Results 

2.1 The plane graph p
mS  

Definition 2.1 [10]. A pendant edge is attached to each vertex of the 
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outer cycle of the convex polytope mS  to create the plane graph .p
mS  For our 

necessity, we call the vertices of the inner cycle as ,iu  the vertices of the cycle 

between the inner and the alternating band of triangle as ,iv  the vertices of 

the middle cycle as ,iw  then the vertices of the outer cycle as iy  followed by 

the vertices of the pendant edge as .iz  The number of vertices of p
mS  is m5  

and the number of edges of p
mS  is .9m  

Notation. 

The vertex set and edge set of p
mS  are defined as follows: 

     mizSVSV im
p
m  1:  and      .1: mizySESE iim

p
m    

See Figure 1. 

 

Figure 1. The plane graph .p
mS  

Theorem 2.1. For every 3m  the total edge irregularity strength of 

plane graph p
mS  is      .13329  mmStes p

m  

Proof. The vertices and edges of p
mS  are traversed in the anticlockwise 

direction. First we label the vertices of the inner cycle, the vertices of the 
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cycle between the inner and the middle cycle, the vertices of the middle cycle 

which is connected with the alternating triangle, then the vertices of the 

outer cycle followed by the vertices of the pendant edge. The edges are also 

labeled in the same sequence so that the edge sums are consecutive. 

Input. The graph of plane graph .3, mSp
m  

Algorithm. 

Step 1. For mi 1  

  1iuf  

  1 mvf i  

  mwf i 2  

  myf i 3  

  .13  mzf i  

Step 2.   11,1  miiuuf ii  

  .1 muuf m    

Thus the edge sums are .2,,4,3 m  

Step 3.   miivuf ii  1,  

Thus the edge sums are from 3m  to .22 m  

Step 4.   11,1  miivvf ii  

  .1 mvvf m   

Thus the edge sums are from 32 m  to .23 m  

Step 5.     .1,122 1 miiwvfiwvf iiii    

Thus the edge sums are 33 m  to .25 m  

Step 6.   11,21  miimwwf ii  

  .221  mwwf m  



TOTAL EDGE IRREGULARITY STRENGTH OF SOME … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 12, October 2022 

7205 

Thus the edge sums are 35 m  to .26 m  

Step 7.   .1,2 miimywf ii   

Thus the edge sums are 36 m  to .27 m  

Step 8.   11,21  miimyyf ii  

  .221  myyf m  

Thus the edge sums are 37 m  to .28 m  

Step 9.   .1,12 miimzyf ii   

Thus the edge sums are 38 m  to .29 m  

Output.      .13329  mmStes p
m  

Proof of Correctness. In the inner cycle from the above stepwise 

procedure   miuf i  1,1    11,1  miiuuf ii  we have the edge 

sums 1iiuu  and 1uum  consecutive since the labels received by the edges are 

consecutive. 

In the cycle between the inner and middle cycle from the above stepwise 

procedure       miivufmimvfuf iiii  1,1,1,1  we have 

the edge sums iivu  consecutive since the labels received by the edges are 

consecutive. 

In the alternating band of triangle between iv ’s and the middle cycle 

from the above stepwise procedure     mimwfmvf ii  1,2,1  

  miivvf ii  1,1  we have the edge sums ivv ii 1  consecutive since 

the labels received by the edges are consecutive. 

In the middle cycle from the above stepwise procedure   ,2mwf i   

  11,21 1   miimwwfmi ii  we have the edge sums 1iiww  

and 1wwm  consecutive since the labels received by the edges are consecutive. 

In the edge between the middle and the outer cycle from the above 

stepwise procedure       ,211,3,2 imywfmimyfmwf iiii   

mi 1  we have the edge sums iiyw  consecutive since the labels received 

by the edges are consecutive. 
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In the outer cycle from the above stepwise procedure   ,3myf i   

  11,21 1   miimyyfmi ii  we have the edge sums 1iiyy  

and 1yym  consecutive since the labels received by the edges are consecutive. 

In the pendant edge connected with the outer cycle from the above 

stepwise procedure     miimzyfmimzf iii  1,121,13  

we have the edge sums iizy  consecutive since the labels received by the edges 

are consecutive. Hence the above aforementioned edge sums are distinct. 

Thus p
mS  is total edge k-irregular. An illustration of  pStes 5  is shown in 

Figure 2. 

 

Figure 2.   .165 pStes  

2.2 The plane graph p
mT  

Definition 2.2 [10]. A pendant edge is attached to each vertex of the 

outer cycle of the convex polytope mT  to create the plane graph .p
mT  The 

number of vertices of p
mT  is m5  and the number of edges of p

mT  is .9m  

Notation. The vertex set and edge set of p
mT  are defined as follows: 

     mizTVTV im
p

m  1,  and      .1, mizyTETE iim
p

m    

See Figure 3. 
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Figure 3. The plane graph .p
mT  

Theorem 2.2. For every 3m  the total edge irregularity strength of 

plane graph p
mT  is      .13329  mmTtes p

m  

Proof. The vertices and edges of p
mT  are traversed in the anticlockwise 

direction. First we label the vertices of the inner cycle, vertices of the middle 

cycle, the vertices of an alternating band of triangle then the vertices of the 

outer cycle followed by the vertices of the pendant edge. The edges are also 

labeled in the same sequence so that the edge sums are consecutive. 

Input. The graph of plane graph p
mT  for .3m  

Algorithm. 

Step 1. For mi 1  

  1iuf  

  1 mvf i  

  13  mwf i   

  myf i 3  
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  .13  mzf i  

Step 2.   11,1  miiuuf ii  

  .1 muuf m   

Thus the edge sums are .2,,4,3 m  

Step 3.   miivuf ii  1,12  

  11,21  miivuf ii  

  .21 mvuf m   

Thus the edge sums are .23,,3  mm   

Step 4.   11,1  miimvvf ii  

  .21 mvvf m   

Thus the edge sums are 33 m  to .24 m  

Step 5.   miiwvf ii  1,12  

  11,221  miiwvf ii  

  .221  mwvf m  

Thus the edge sums are from 34 m  to .26 m  

Step 6.   .1,3 miiywf ii   

Thus the edge sums are 36 m  to .27 m  

Step 7.   11,21  miimyyf ii  

  .221  myyf m  

Thus the edge sums are 37 m  to .28 m  

Step 8.   miimzyf ii  1,1  

Thus the edge sums are 38 m  to .29 m  

Output.      .13329  mmTtes p
m  
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Proof of Correctness. In the inner cycle from the above stepwise 

procedure     11,1,1 1   miiuufmiuf iii  we have the edge 

sums 1iiuu  and 1uum  consecutive since the labels received by the edges are 

consecutive. 

In the alternating band between the inner and the middle cycle from the 

above stepwise procedure       ,121,1,1  ivufmimvfuf iiii  

  11,11,2,1 1   mimiivufmi ii  we have the edge sums 

iiii vuvu 1,   and mvu1  consecutive since the labels received by the edges are 

consecutive. 

In the middle cycle from the above stepwise procedure   ,1 mvf i  

  11,1 1   miimvvfmi ii  we have the edge sums 1iivv  and 

1vvm  consecutive since the labels received by the edges are consecutive. 

In the alternating band of triangle between the middle cycle and iw  from 

the above stepwise procedure     mimwfmvf ii  1,13,1  

    11,22,1,12 1   miiwvfmiiwvf iiii  we have the edge 

sums iiii wvwv 1,   and mwv1  consecutive since the labels received by the 

edges are consecutive. 

In the edge between the from the iw ’s and the outer cycle from the above 

stepwise procedure       ,31,3,13  iywfmimyfmwf iiii  

mi 1  we have the edge sums iiyw  consecutive since the labels received 

by the edges are consecutive. 

In the outer cycle from the above stepwise procedure 

    11,21,3 1   miimyyfmimyf iii  we have the edge 

sums 1iiyy  and 1yym  consecutive since the labels received by the edges are 

consecutive. 

In the pendant edge between the outer cycle and iz ’s from the above 

stepwise procedure       ,11,13,3  imzyfmimzfmyf iiii  

11  mi  we have the edge sums iizy  consecutive since the labels 

received by the edges are consecutive. Hence the aforementioned stepwise 
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process are all different. Thus p
mT  is total edge k-irregular. An illustration of 

 pTtes 5  is shown in Figure 4. 

2.3 The plane graph p
mU  

Definition 2.3 [10]. A pendant edge is attached to each vertex of the 

outer cycle of the convex polytope mU  to create the plane graph .p
mU  The 

number of vertices of p
mU  are m6  and the number of edges of p

mU  is .9m  

Notation. The vertex set and edge set of p
mU  are defined as follows: 

     mizUVUV im
p
m  1,  and      .1, mizyUEUE iim

p
m    

See Figure 5. 

Theorem 2.3. For every 3m  the total edge irregularity strength of 

plane graph p
mU  is      .13329  mmUtes p

m  

 

Figure 4.   .165 pTtes  

Proof. The vertices and edges of p
mU  are traversed in the anticlockwise 

direction. First we label the vertices of the inner cycle, the vertices of the 
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middle cycle, the vertices between the edge 1iixx  and one vertex between 

mxx1  then by the vertices of the outer cycle followed by the vertices of the 

pendant edge. The edges are also labeled in the same sequence so that the 

edge sums are consecutive. 

Input. The graph of convex polytope p
mU  for .3m  

Algorithm. 

Step 1. For mi 1  

  1iuf  

  1 mvf i  

  mwf i 2  

  22  mxf i  

  myf i 3  

  .13  mzf i  

Step 2.   11,1  miiuuf ii  

  .1 muuf m   

Thus the edge sums are .2,,4,3 m  

Step 3.   
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Figure 5. The plane graph .p
mU  

  .1,12 miivuf ii   

Thus the edge sums are 3m  to .22 m  

Step 4.   11,1  miivvf ii  

  .1 mvvf m   

Thus the edge sums are from 32 m  to .23 m  

Step 5.   .1,1 miiwvf ii   

Thus the edge sums are from 33 m  to .24 m  

Step 6.   miiwxf ii  1,12  

  11,21  miiwxf ii   

  .21 mwxf m    

Thus the edge sums are from 34 m  to .26 m  

Step 7.   miimyxf ii  1,  

Thus the edge sums 36 m  to .27 m  
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Step 8.   11,21  miimyyf ii  

  .221  myyf m  

Thus the edge sums are 37 m  to .28 m  

Step 9. For mi 1  

  .1,12 miimzyf ii   

Thus the edge sums are 38 m  to .29 m  

Output.      .13329  mmUtes p
m  

Proof of Correctness. In the inner cycle from the above stepwise 

procedure     11,1,1 1   miiuufmiuf iii  we have the edge 

sums 1iiuu  and 1uum  consecutive since the labels received by the edges are 

consecutive. 

In the edge between the inner and the middle cycle from the above 

stepwise procedure       iivufmimvfuf iiii  1,121,1,1  

1 m  we have the edge sums iivu  consecutive since the labels received by 

the edges are consecutive. 

In the middle cycle from the above stepwise procedure 

    11,1,1 1   miivvfmimvf iii  we have the edge sums 

1iivv  and 1vvm  consecutive since the labels received by the edges are 

consecutive. 

In the edge between the middle cycle and iw ’s from the above stepwise 

procedure       11,11,2,1  miiwvfmimwfmvf iiii  

we have the edge sums iiwv  consecutive since the labels received by the 

edges are consecutive. 

In the edge connecting iw ’s and ix ’s from the above stepwise procedure 

       1,1,121,22,2  iiiiii wxfmiiwxfmimxfmwf   

11,2  mii  we have the edge sums 11,, wxwxwx miiii   consecutive 

since the labels received by the edges are consecutive. 
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In the edge between the ix ’s and the outer cycle from the above stepwise 

procedure       11,1,3,22  miimyxfmimyfmxf iiii  

we have the edge sums iiyx  consecutive since the labels received by the edges 

are consecutive. 

In the outer cycle from the above stepwise procedure   ,3myf i   

  11,21 1   miimyyfmi ii  we have the edge sums 1iiyy  

and 1yym  consecutive since the labels received by the edges are consecutive. 

In the pendant edge between the outer cycle and iz ’s from the above 

stepwise procedure       ,121,13,3  imzyfmimzfmyf iiii   

11  mi  we have the edge sums iizy  consecutive since the labels 

received by the edges are consecutive. Hence the aforementioned stepwise 

process are all different. Thus p
mU  is total edge k-irregular. An Illustration of  

 pUtes 5  is shown in Figure 6. 

Conclusion 

We have demonstrated in this study that the plane graphs p
m

p
m

p
m UTS ,,  

satisfies edge irregular total k-labeling and have obtained its total edge 

irregularity strength. Our investigation will be expanded to other 

interconnection networks and applications of edge irregular total k-labeling. 
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Figure 6.   .165 pUtes  
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