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Abstract

In this article, the model of measles transmission is proposed with nonlinear saturated
incidence terms on a susceptible population and a time delay depicting the latent period of the
infection. The system can be destabilized by a delay in the transmission period and the periodic
solution can be obtained through Hopf bifurcation, while the delay is chosen as the bifurcating
parameter. The non-linear incidence rate preserves to turn out the complex dynamics models
and transform the models more realistic and convenient. The article also examines the essential
parameters such as the recruitment rate of susceptible people using sensitivity indices analysis.
The numerical simulation reveals that the recruitment rate can change the system dynamics
from a limit cycle to a stable focus as its value decreases using MATLAB.

Introduction

Measles can be transmitted directly through contact with an infected
person or throat secretions or through the coughing and sneezing of infected
individuals. It was estimated that 122,000 children died of measles by the

2020 Mathematics Subject Classification: 34A34, 34D20, 34E05.
Keywords: nonlinear saturated incidence, time delay, Hopf bifurcation.
Received July 7, 2022; Accepted December 22, 2022



1336 M. RADHA and P. V. JEYAKARTHIKEYAN

World Health Organization (WHO) in 2012. It is an extremely transmitted
infectious disease by person-to-person mode with an attack rate of over 90%
between susceptible persons and infected persons [1, 2]. It is a viral infection
that affects the immune system. If an outbreak has an epidemic, it is
important to control the epidemic’s social effects by inhibitory effects and
different restrictions on treatment approaches. In 1987, Liu et al., [3]
proposed the nonlinear incidence rate. If two types of incidence which are

saturated with susceptible or infection used in the epidemiological model

BSI( + aS), BSI/(1 + ol) [4, 11].

The current dynamics of state variables can be applied in many real life
systems, especially in many biological phenomena, depend not only upon the
current process state but also upon the past values of the state variables
called delay [5]. The models qualitative behavior can be changed since the
system will be destabilized by a delay and therefore periodic solutions can be
obtained through a Hopf bifurcation [6, 7]. Momoh A et al., [8] investigated
the measles model by including an exposed class and analyzing the stability.
Recently the work was extended by Muhammad Farman by using numerical
solutions using the Laplace Adomian decomposition method and non-integer
time-fractional derivatives. In this article, Momoh A et al. measles model
reinvestigated by incorporating the time delay effect on a saturated incidence
rate.

The mathematical model

The time delay effect on a saturated incidence rate with saturated terms
on the susceptible of the measles model is formulated as in equation (1). Let
A is the recruitment rate or immigration rate, PB; is the transmission rate,
death rate, &; developing infectivity rate, A; measles therapy rate, y; rate of
recovery, rate that quantifies the inhibitory effect. A susceptible person is
presumed to be exposed in the time ¢ —1(t > 0) and become infectious,

sometimes after adequate contact with an infective person. Schematic

diagram is shown in figure 1.
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Figure 1. Biological representation of the parameters and mechanisms of the
model (1).

Boundedness and positivity

The primary conditions of the system (1) are defined by
S(6) = ¢1(6), E(0) = 92(6), 1(6) = ¢3(6) and R(6) = ¢4(0), ¢;(6) > 0, for all
0 e[-1,0] and ¢;(0)> 0@ =1, 2, 3, 4) here ¢ = (¢1, dg, ¢3, ¢4)T € C where

C = C([-r, 0], R}), the continuous function in Banach space mapping the

interval [-t, 0] into R%. Tt can be seen that every system solution is defined
at [0, + ) and remains positive for all. Likewise it can be seen that
E(t), I(t), and R(t) are all positive for ¢ > 0. System (1) is examined

biologically in the feasible are

Q= {S(@t), E®), I(¢), R¢)/S() > 0, E(t) = 0, I(t) > 0, R(t) > 0; S(¢)
+E(t)+ I(t) + R(t) < 21y,
01

Reproduction number and equilibrium points:

To compute the basic reproduction number R by next generation matrix

method.
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_ Aqe
R — o(FV-1) = P1A18 '
0 =l ) (g +y1) (g + 2 +81)(ug +myAy)

The system (1) has following disease free equilibrium E; = (%, 0, 0, 0).
1

Endemic equilibrium E;(S,, E,, L., R.) here

S, = L[Al (g e ) (uy + Vl)l*}

T €
E, = (“1 +Y1)I*, R, = pen + (ul +YI)I* 2)
€ M1 €11
I, = P31 A _ a1l

aj—ag b pser - ma
with
Q1 = P1PaPs3, Qg = Y1€1P1 = W€ + MPg = WP3 = 1y + V1.

Strength Number. In the last decades, the concept of reproductive has
been employed intensively in epidemiological modeling as it has been
recognized as a useful mathematical formula to evaluate reproduction in
some given infections disease. As the theory suggested one will find two

components Fy and V, then (FAV_1 —AI) = 0 will be used to reproduce the

reproductive  number. At the disease-free  equilibrium  point,
—2B1A18

det(F,V1 —AI) =0 leads to Ay = 3 <
(g +myAg ) (g + Aqe) (g +71)

ki

means there is no strength.
Stability analysis of E; equilibrium (Disease-free):

If Ry <1, the delayed system (disease-free) E; equilibrium is completely

stable on 7 > 0.

Proof. Jacobian matrix of the equation (1) at E, the determinant J(E)
gives the eigenvalues A; = —l1, Ay = —Ag = —{4A3, Ay

A(0) =2+ 02w +ep +71)+ (w +e) (g +v1) (0 — Roe’) = 0 3)
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Put t=0 A()=2%+A2u +ep +71)+ (g +2) (g +71)1 - Ry) = 0.

If Ry >1, then the equations have other roots are negative real parts
and E| is locally asymptotically stable for T = 0. If t > O, then equation (3)
has purely imaginary roots. Substitute A =iw(w; > 0) in equation (3),

Fo) = o + (2 +81 +11)% =20y +&1) (i +711) + (y + 1) (g +71)°
0-R)=0

2 2 2
If Ry <1 then ( +& ) (uy +71)° — (i +&1)%(y —v1)*Bg > 0. Then E
is locally asymptotically stable for t > 0

If Ry <1, then (w +&)(w +v1) < (g +¢)(w —v1)Ry and the equation

(3) has a positive root. Moreover % = 4032w + & +77)

—2(u; +&)(w; +7v1)) >0 and by several authors like such as cook and Van
den Driessche and Freedman and Kuang [9, 10] E; is unstable for t > 0.
Local stability of the endemic equilibrium and Hopf bifurcation

In many epidemic models, bifurcation behavior exists. Such behavior is
generally deleterious to biological systems and often causes a disease to
spread gradually or in certain regions suddenly.

Then the system gets the linearization, let consider S;(¢) = S(¢)— S.,
E\(t) = E(t) - E., I,(¢t) = I(¢) — L., R,(¢) = R(¢) — R., then

ds; (t)
dt

= S (t) + b8y (t — 1) + ¢ 1 (¢ — 1),

dlfilt(t) = a9S;(t — 1) + boEy(t) + co 1 (t — ),

dg(t) = a3 Ey(t) + ba Iy (2),
t
d}filt(t) = asE@t)+ byI(t) + c4R(t), @
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mutd B Pl
here =, =—"——,0 =- , Qg = )
! ! @+ mSy ! L+mS)” ™ (1 +mS)
I
by = (g +& +2), ¢y = (1+B+S)2’ as = g1, b3 = (g +v1), Y1, €4 = 1,
my

ay = M. Thus the characteristic equation of the above system (4) can be

obtained as
Ay +23As + 224y + MA; + A + € 7 (B322 + ABy + AB; + By)
+e 2 (Cy + 1) = 0, (5)
Here
Ap = agarbsey, Ay = {aabs + aragey + aresbs + bagey],
Ag = —{bgey + aghs + agey + areyby + byaas] Ag = oy +ag + by + 4l
By = [aghbscy — arcaases] By = [~ arcoas — aghyb — agbiey — bybsey]
By = aghy +bicy +biby + ageg, By = G = —c1byag — bicobs,
Co = —coblagey + bycragey
Casel. 1=0

Equation (5) becomes,

A+ A + A + AL+ Ay = 0, (6)
Ay 1
det; = A3 > 0, dety = A? A >0
A; 1 0 0
A4 10 A A 1]7O0h @
1 2 3
det3 = Al A2 A3 > 0, det4 = 0 A A A
0 A, A 0 1 1

0 0 0 A

If the conditions (7) hold, then E; (endemic equilibrium) is locally

asymptotically stable for t = O by using Routh-Hurwitz criterion.

CaseIl. t=0.
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For © = 0, equation (5) becomes
(OF + A3 + A2 + AL + Ap)
+ (By2® + BgdZ + Bi\ + By)e 2 (cq + ¢1) = 0. ©)
Multiplying equation (8) by e™ then it becomes,
(0% + A3 + A2 + A + Ay)e™™ + (Bgh? + Box? + Bjd + By)
+e™(co + ¢1)) = 0. ©))

Let A = io(ow > 0) be the root of equation (9), then we have

ki

M, costo+ o+ Mg sintolMg
Mg sinto— M, costaMg
— nd 2 _ 3 _ _ .4 2

M; = 0 — Ay0” + Ay, My = A30” — Ao, M3 = o, M3 = 0~ — Ayn” — Ay,

M4 = A3(’33 - Alw’ M5 = BQ(DZ — BO’ M6 = B30)3 — Bl(,)_
6 4 2
It follows that, COST® = heo” + hyo” + hoo™ + ho

(,08 + gGmG + g4m4 + g2co2 + 80

. h/7037 + h50)5 + h30)3 + h]_(,O
SINTW =

6 4 2 ’
0 + g0 + 40" + o0 + g

with

g0 = AF, 82 = AT 2454, g4 = A3 +24) — 24, A;,

g6 = A3 — 245, hy = —-ByAg, by = (A +1)By — (Ay + 1)By,

hg = AgB3 + Bg + AoBy — Bo Ay — By — A3By, h;
= A3By — B3Agy — By, hy = Bs.
Then,

w'® + e7w14 + eew12 + e5w10 + e8w8 + e3w6 + ezw4 + ele +e =0, (10)
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e3 = 28086 + 28284 — Zhohg — h3 — 2hhs — 2hohy, ey = g3 + 28286
+ 28y — 2hohg — h% — 2hihy — 2hghs,

es = 28486 + 282 — 2hyhg — h3 — 2hshy, eg = g§ — h2

+ 284, e7 = 28¢ —h;?.

2

Let w? =v, then the equation (2.10) becomes v° +e7v7 + 661}6 + e5w5

+ e4w4 + e3w3 + e2w2 + elw1 +ey =0,
It must be proved that the condition for Hopf bifurcation (C;), “equation
(11) has at least one real positive root”.

If this condition (Cj) is preserved, then equation (11) has such a positive

equilibrium. Equation (10) has a simple imaginary pair of roots * iw = +iv

related to the critical value of time delay and is given by,

Om

6 4 2
Lo S—{ heor 2 hyoxy +4 haoi +2ho N Znnjl,
07 + 8601 + 8401 + 82001 + 8o

m=123n=0,12 ..

Here,

6 1 2
7y = minft}, ¢ = icos‘l{ Shﬁwl o) haor Hhy 2nn}
(Y]

6 4 2
1 + 860 + 8401 + §2001 + 8

Differentiate both sides of equation (9) with respect to 1; and note that A

is a function of 1,

[@T: fo)+ i)™ o
il BT - i) A

Here fy(L) = 3B3)2 + 2Bok + By, (1) = 423 + 34302 + 2451
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+ A7, f3(0) = 22C; + 0Cy, ¢, (1) = 2 + 3 Ag + 134y + 224, + 2A,.

-1 AT
sign{di?k} = sign{Re{ o)+ h(1)e™ s }}
A=iwy

h=iwy fs(RM)e M — (A A
Now
Re[@}_l _ BrGor + P16y
dr | _.. 2 2
h=iwy @R + @31
where

Pyp = [207 — 40f]cos oy + [A10 — 30} Ag]sin g1y + 2Bow?,
Py = [(o; — 303:13A3]cos o7y + [0t — 20 A5 ]sin o1y + 33303%,
Q =[6_ 4A 2] [5A_3A]'

bR = 0] — o1 Ay + Agor |cos o1y + (07 A3 — o7 Ap [sin o1y,

Qor = [A307 — Ajo}]cos oy1y + [0f — of Ay + Agof]sin o).

It is clear that if the condition (C))Pyp@sapr + Poy@or # O satisfies, then

-1
we have Re[@} #0
dt h=iwy

If (Cy) holds, then the requirement of transversality is fulfilled. Based on
the theorem in Hopf bifurcation, then it has the subsequent Preposition 1 for
the system (1).

Preposition 1. The asymptotical stability of (endemic equilibrium) E; is
obtained when the conditions (Cy)—(Cy) are held for t € [0, 1;). System (3)
endures a Hopf bifurcation at E(S, E., L., R.) at © =1 and a periodical
solutions family bifurcate from E;(Si, E., I, R,) near t = 14.

Sensitivity parameters analysis:

The essential parameter must be identified which might be a critical

threshold for disease management.
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oRy BiA1

- - ,
%1 (g +myAy) (i + eih )Py +71)

6R0 _ 81A1

By (g +myAy) (g +ehy) (g +v1)’
oRy _ B1A1y

OAL (g + myAy) (i + 812 )Py +11)
ORy _ g1/

B (g +m APy +eh) (g +71)

It is determined that all partial derivatives are positive, and that
increasing any of the above factors increases the basic reproductive number

Ry. The proportionate reaction to the proportional perturbation is used to

estimate the elasticity.

g1 ORy B+ M B oRy
=& 0o =097, By, = 2L 2% _ g
R N () PL = Ry B,
_ A ORy _ W _
Eay = Ry oAy (ug + mAy) 0.67.
_moRy 0m _
By = Ry omy — (w +mAy) 0.32.

From the above E’Sl, Eﬁ1’ E A expressions, it seems that they are positive
and E,, is negative. This indicates that increasing the &1, B; and A; tends

to increase the value of R and increasing the value of m; tends to decrease
the value of Rjy. The smallest alteration in these parameters can result in a

large variation in Rj.

Numerical Simulation

Analytical studies cannot be carried out in the outbreak model without
numerical results verification. Integrate the system (1) numerically with the
standard MATLAB. The parameters value used are A; =0.32, u; = 0.2,
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€ = 001, 7\.1 = 02, my = 03, }\.]_ = 025, B]_ =0.01 [16]

The time delay t (varied) demonstrates the dynamic behavior of a model
and its Hopf bifurcation phenomenon. For the parameter set with
B1 = 0.001, Ey 1is locally asymptotically stable with Rj; <1 but for

By = 0.01, there exists endemic equilibrium. This is because the number of
initial contacts (B) is very small and the basic reproductive number less than
unity, while the basic reproductive number is more than unity as p increases.

Let consider the initial conditions be S(0) = 600, E(0) = 250, I(0) = 100,
R(0)=50-1 <0 <0 used for all numerical simulations. Using the
parameter values, the disease-free equilibrium is given by E, = (50, 0, 0, 0),

if Ry <1 and the and the endemic equilibrium (282.9, 201.2, 201.8, 453.7) if
Ry<1. For t=0,det; =1.01 >0, dety =1.011 > 0, dets = 9.3x10™° > 0,

det, = 7.06x10°% > 0 are obtained and the conditions (7) holds which
provides the result that the locally asymptotically stability of endemic

equilibrium. From Proposition 1, the delay moderately increases from zero, at
that point E; is locally asymptotically stable for t € [0, t;) which is outlined
in figure 2. In any case, the delay crosses the critical value t; = 4.7698, the
endemic equilibrium losses stability and endure Hopf bifurcation which is

illustrated in Figure 3.
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Figure 2. The simulation curves for susceptible, infected and recovered
populations at T < 13.

If the condition is satisfied t < 1 =4.7698 then the stability of

susceptible, infected and recovered populations in the endemic equilibrium is

ensured. It is found that, when t < 11, the populations approach endemic

equilibrium and arrives at a locally asymptotically stable. It reveals that the
disease can be controlled effectively.
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Figure 3. The simulation curves for susceptible, infected and recovered

population at 1 < 1.

It is observed that endemic equilibrium point attains unstable and
periodic solution occurs at Hopf bifurcation. Moreover, our numerical
simulations also specify that the value of inhibitory effect increases which

states that endemic equilibrium remain stable even if t < 1y, observed in

Figure 4.
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Figure 5. The simulation curves for susceptible, infected and recovered
populations at different values inhibitory effect.

The figure 5 represents the different values of inhibitory effect rate
my = 0.4, 0.6, 0.65, then the endemic equilibrium of susceptible populations
preserves stability even t < 19, if increases in the inhibitory effect rate can

be shifted the system dynamics from limit cycle to stable focus, as seen in the
diagrams above. Eventually, maximizing the inhibitory effect results in a rise

in the value of the critical delay.
Results and Discussion

This study has the following outcomes are:
(1) Both the disease-free and endemic equilibrium of this model are
ascertained. It is pointed out that, when R, it is lower than one, the delayed

model becomes diseases free and locally asymptotically stable. The endemic

equilibrium is locally asymptotically stable when R values more than one,

for all, T > 0 in the absence of delay.

(1) This article analyzes the effect on the qualitative dynamics of delay
and the inhibitory effect of the susceptible individuals. Numerical
simulations prove the stability of equilibrium and show that the value of
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delay unsustainable for the disease is 4.76. If the delay crosses the critical
value 1y the endemic equilibrium is impacted by a Hopf bifurcation which

means that the system is unstable and cannot control the disease. The time
delay can affect the quantitative behavior of the model as a means of
destabilizing the equilibrium and therefore occurrence of the Hopf
bifurcation.

(iii) The sensitivity of the main parameters is calculated by numerical
simulation and the analytical findings are validated. Depending on the
sensitivity analysis value, lowering the recruitment rate can shift the
system’s dynamics from a limit cycle to a stable focus. The non-linear
incidence rate preserves to turn out the complex dynamics models and
transform the models more realistic and convenient.

Conclusion

In this study, the effect of the delay on the model dynamics system is
explored in addition to a detailed study of the model, includes the positivity of
solutions, local stability of equilibrium and the conditions associated with
Hopf bifurcation”. Further, the system can be destabilized by a delay in the
transmission period and the periodic solution can be obtained through Hopf
bifurcation, while the delay is chosen as the bifurcating parameter.
Significant steps may be done to lower the number of persons susceptible to
infection by boosting their immunity, quarantining infected persons, and
limiting their contact with susceptible people. Hence, this study provides
with greater transmission rates the infected population will increase, while
the infected population will decrease with an increasing inhibitory value.
Based on these impacts, societal inhibitions to control the disease must be
implemented.
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