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Abstract

In this research article, a new approach to find EOQ/EPQ inventory models with shortages
involving the manufacturing defects by using Arithmetic geometric mean (AGM) inequality and
Cauchy-Bunyakovsky-Schwarz (CBS) inequality under fuzzy environment. Usually we all are
assuming that there is no defect in all types of inventory models but everyone knows that, no one
is 100% perfect. Therefore, we included the defects herewith. This paper solicited to find the
optimal lot size, optimal shortage level, and the optimal total relevant cost per unit time without
using any derivatives. Both the demand rate and shortage cost are not stable so here we take
these two as a trapezoidal fuzzy number. An example is taken into consideration with this
method and results are calculated using this systematic process.

1. Introduction

When talking about deterministic inventory models, the highest valuable

findings have concerned the economic and production order quantity models
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with and without shortages. The best solution can be achieved using
differential calculus for these models and the same has been discussed in
several previous articles. But many students lack of knowledge in differential
calculus and in past many authors have given attempts to derive the best
solution for the EOQ/EPQ models without differential calculus, and one
suitable way is using algebraic approach. First, Grubbstrom [9] used
algebraic method and gave a standard EOQ formula and was extended by
Grubbstrom [8] to arrive at the EOQ model with shortages. Cardenas Barron
[4] enhanced this method to EPQ model with shortages, [15] tried to improve
the algebraic method to solve the EOQ and EPQ models with shortages and
Chang [5] enhanced the method of Ronald [15], by replacing their experienced
algebraic skill, to determine the optimal solution for these models. Recently,
an optimization approach: the arithmetic geometric mean inequality and
Cauchy-Bunyakovsky-Schwarz inequality, which proposed by Cardenas
Barron [3]. This approach is simpler than the algebraic approach, presented
by Grubbstrom [8] and Cardenas Barron [4], for driving the EOQ and EPQ
models with shortages. The EOQ and EPQ models with shortages assume
that units purchased or produced are of 100% good quality. But in a real
world scenario, it’s not possible to produce or purchase 100% good quality
products and it’s the fact 100% inspection policy was assumed by Huang [10]
and known percentages of defective items were removed prior to store or use
at the end of the screening process. Additionally, he applied the algebraic
method from Grubbstrom [8] and Cardenas Barron [4] to drive the best
optimal lot size and optimal shortage level for the EOQ and EPQ models with
shortages and defective items. However, Tu et al. [17] noticed that this
algebraic method had the same problem as Grubbstrom [8] and Cardenas
Barron [4]. They later used the simple method in Cardenas Barron [3], the
AGM and CBS inequalities, to get the optimal solutions for the semodels.
Although the method is simpler than the algebraic methods in Grubbstrom
[8] and Cardenas Barron [4], but it is difficult to set the expected variables to
satisfy the CBS inequality. In this paper, we use the algebraic method and
the AGM inequality to derive the optimal lot size and the optimal shortage
level for the EOQ and EPQ models with shortages and defective items.
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2. Preliminaries

Definition 2.1. A fuzzy set A is defined by
A={x, ps(x):x e A pslx)e[0,1]}. In the pair (x, ps(x)), the first
element x belong to the classical set A, the second element p4(x) belong to

the closed interval [0, 1] called Membership function.

2.2. Trapezoidal Fuzzy Number. A trapezoidal fuzzy number A is

denoted as, A= (a1, ag, as, a,) and is defined by the member ship function

as,
x-a) for a; £ x < ay
(az - a)
1 for ag < x < ag
pglx) = ( )
4 = Y) poy ag < x < ay
(ay - ag)
0, otherwise
;4,((\4)
1
o a a a X

2.3 The Fuzzy Arithmetic Operations on Trapezoidal Fuzzy

Number under Function Principle. Let A = (q, ay, ag, a;) and

B = (b1, by, b3, by) are two trapezoidal fuzzy numbers with the condition
that o <ag <ag <ay and b <by <b3<by. If @1 =ay =a3 =a4 and

b = by = by = b, then A and B are crisp numbers.

Then the fuzzy arithmetic operations under function principle is given by,
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Addition

A-FE:((I]_ +b1,(12 +b2,a3 +b3,a4 +b4), where a1, Q9, A3, Qy, bl? bz, bg

and b, are all any real numbers.

Subtraction
A-B=(ay—by,as—by,a3—by,as—b;), where a;, ag, as, a4, by, by, by and
b, are all any real numbers.

Multiplication

Z . E = (rmn (albl’ a1b4, a4b1, Ct4b4), min (Clzbg, a2b3, a3b2, Cl3b3),
max (agby, agbs, aghy, agbs), max (aby, a1by, asby, asby)). If

ai, Qg, A3, A4, by, by, by and b, are all nonzero positive real numbers, then
A-B=(a-b,ay-by, ag-bs, ay-by)

Scalar Multiplication:

Let, A e R, then AA = (\ay, hag, hag, Aag ), A = 0
AA = (May, hag, Aag, Aag ); A < 0.

Division:

A ( ( (1]_ ay j . (az az (13 as j
= = | min min max
B by " by’ by by " b3’ by by
@ a9 a4 Qg
max G 51 52 51
If are oy, a9, as, ay, by, by, bg and b, all nonzero positive real numbers,

Z a1 Qg Cl3 a4j
then :z(—,—,—,— .
B \by b3 by’ b

2.4. Graded Mean Integration Representation Method

Qg ag Gag
by " b3’ b3 )’

Defuzzification is a process of transforming fuzzy values to crisp values.
Defuzzification method shave been widely studied for some years and were
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applied to fuzzy systems. The major idea behind these methods was to obtain
a typical value from a given set according to some specified characters.
Defuzzification method provides a correspondence from the set of all fuzzy

sets into the set of all real numbers.

Let A =(a, ag, a3, ay) be a trapezoidal fuzzy number, then the

defuzzified value A using the graded mean integration representation
a + 2a9 + 2a3 + ay
A .

method [4] is given by P(A) =

This method is also used to ranking the triangular fuzzy numbers to
choose which is minimum and maximum.

3. Derivation of the Optimal Lot Size and the Shortage Level for
EOQ/EPQ Models with Shortages with Manufacturing Defects

This section provided a method to derive both the optimal lot size and the
optimal shortage level for the EOQ/EPQ models with shortages including the
manufacturing defects discussed. Taking into two inequalities the Arithmetic
Geometric Mean (AGM) inequality and Cauchy-Bunyakovsky-Schwarz (CBS)
inequality.

The AGM inequality: Let the positive real numbers be a;, a9, as, ..., @,
+ag +ag +...+ .
such that, L "92 C:L?’ In > (q, a9, as ...an)l/n the equation holds
onlyif gy = a9 =a3 =... = q,.

The CBS inequality: Let a; +ag +ag +...+a, and b; + by +b3 +...+ b,

be any two sets of real numbers, then (a12+a%+a§+...+a,2l)

2402 +b2 +...+b2)=(ahy +agby +asgby +...+a,b, )’ with equality if and
3 n 3Y3 n¥n

G _% _%B_ _%

only if the two sets of numbers proportional

R S iy
Notations: The following notations are used throughout the entire
paper.

qg Lot size per order (Production rate) inclusive of defective items
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q; Inventory level including defective items
g9 Shortage level including defective items

D Demand rate per unit time for perfect items

K Production rate for perfect items per unit time (k > D)
C; Inventory carrying cost (holding cost) per order

C, Shortage cost per item

C3 Setup cost (ordering cost) per order

E The fixed inspection cost incurred with each lot

e Unit inspection cost

r The known percentage of defective items in ¢(0 < r < 1).

3.1. The EOQ model with shortages and defects

According to Huang [10], we know the total relevant cost per unit time

can be written as

(1-rPefC , <1—r>2q%62} @
2D

TC(qq, = Co+E+(q; +q9)e+ =
(91,92) ( ){ 3 (¢1+92) 5

Db
1-7)(q1 +q2

Where IN) = (dl’ dz, d3, d4) and 62 = (021, 022, 023, C24).

Let Substitute g = g; + g9 sub in (1) we get,

~

D
TC(q, q2) = (l_—r)q{cg + E + ge +

g -a)°Cr | @ -r)g3Cy } @
2D 2D

Here we should apply the CBS inequality, so we to change the equation (2) as

(Cs+E)D  De  (1-1)(g-92)°C  1-1)g3Cy

TClg, 42) = l-r)g 1-r 2q 2q
~ 2 2
) (% - r]? c)zD e - _2r)q {[1 ) %2) ot (%2) Cz}
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Cemp B ool n)] (G ()]

l-r)qg 1-r 2

ELVE
Ve + Gy )\ + Gy

Applying the CBS inequality in (3) we get,

~ = = 2
_ (C3+E)+ De +(1—7')q \/C]_Cz (1_(]_2)_’_ \/C]_Cz (q_zj (4)
(l_r)q 1-r 2 \/Cl +52 q \,CI +52 q .

Since (al2 +a§ )(blz +b§ ) > (aqdy +a2b2)2 with equality if and only if
a _ay
a@p-g) el
- Ay 5)
Forallcorrd
G+ 52 C + 52

If and only if, the two sets of numbers are proportional by CBS inequality.

Thus equation (4) becomes

~ ~ = 2
TC(q) = (C(i’ jg;D + 1lzer e _zr)q L/CV flféz (1 %2, qiﬂ .

Solving we get,

_(C+E)D | De  (1-r)g | GGy
TC(q) = Q-ng 1-r' 2 {Cl+52}. ”

Here we have to apply AGM inequality because the product of these two
functions is a constant function.

C,C
+(1- r)q[ 122

2(Cy + E)D J
G+ Gy + D > \/2(03 + E)E{—Clc‘i ]

1-r)

TC(q) =

2 1-r
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De
" 1-r ™
Since 28 > Jab with equality if and only if @ = b
2(03 + E).l~) C152
28 T EY (1) 22|, 8)
(1—7')q ( )[CI+C2

Holds 7C(q) has a minimum, on solving equation (8) we get the optimal

ordering quantity is given by

5 1 2Cs;+E)D (cl + ézj
a-rF G Cy

* 1 2(03 + E)B Cl + 52 (9)
1-r Cl 62 ’

q

And the required optimal shortage level is given by

q* _ 52(]* _ 1 \/2(03 + E)B 52
2 Cl+52 1-r Cl Cl+62

From (7), the optimal total inventory cost is given by

TC(q*) = \/2(03 + E)f)[ 015% ] + 159

C+Cy) 1-7
Where 5 = (d17 d2, d3, d4) and 62 = (C217 022, 023, C24).

The EPQ model with Shortages and Manufacturing Defects

According to Huang [10], we know the Total relevant cost per cycle is

5 2
(1_70)2{(1(1_?}_(12} G (- r)2q2C
TC =C3 + E +(q; +qg)e + + 92 2 . (10)

I

Then the total relevant cost per unit time is
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5 2
i (1_r)2{q(l_f}q2} G
TC((h,QZ):m C3+E+(q; +qz)e+ 25(1_éj
k

2 2~
+(1—’”) qu)CQ ' (11)
-2
Where 5 = (dl’ dz, d3, d4) and 62 = (021, C22, 023, 024).
: D
For convenience, Let p =1 — % then
~ 2
D
a-r) {c{l - ?] - qz} =(1-7)g
@1 = gp — qo then
q = q1 + Qg . (12)

p

Substitute in (11) we get,

~

D
TC(q, Q2) = m|:c?’ + F + qe +

(-rlap-a2)’C1 , (1-r)’¢3Cy | (13)
2Dp 2Dp

Equation (13) can be rewritten as

~ 2 ~
TC(q, q2)= (83;)? ffe, 4 _2r)q {(1 - Z_ij G+ (Z_ij 02}

(i-r)g 1-r 2 ap ap

:(03+E)13+ De L0-r)g m\/c_l(l—qlﬁ{\/@_z(qzjﬂ

)

\/C1+52 \/Cl +Cy
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Applying CBS inequality in equation (14) we get,

TC(q,q2)=

~ ~ = 2

(C3+E)D  De  (1-r)g| VCiCy (1_02)+ VG Gy (Q_zj
- - 2 ~ ~

A-r)g 1-r \/C1+Cz ) Jc, +C, \9P

Since (af +ad) (B + b3) > (ab, + agby)® with equality if and only if

&9 _ 92
)
ap-g) R
ar) _ ap) (15)
) JC
\/ G+ 52 \/ G+ 52
If and only if the two sets of numbers are proportional by CBS inequality
Thus equation (15) becomes,
~ ~ = 2
_(C3+E)D  De (1-r)g] NCiCy (. g3  q
TC(q) = il Tt s |1-2=2+2=
A-r)g -r Jo, + G, ap  ap
_ (C3 +E)D+ D +(1—7‘)q C1C% ' (16)
(l_r)q 1-r 2 C1+CZ

Here we have to apply the AGM inequality because the product of these two

function is constant.

2C3+E)D ) r)q[ G Cop J }
N De

(1-r)q C, +C.
TC(q)= 5 =25+
> \/2(03 )| &lep |, De (17)
Cl + C2 1-r
Since & b > +/ab with equality if and only if a = b
2C + E)D +(1-r) GGop. CZB . (18)
(1 - r)q C]_ + CZ
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Holds TC(q) has a minimum, on solving equation (18) we get, the optimal

production quantity is given by

s 1 2(C3+E)1~)[C1+52]
a-r?*  Gp Cy

* 1 \/2(C3+E)5(Clj52J

1-r Cip C,
And the optimal shortage level is given by

q* _ 62(]* _ 1 \/2(03 + E)ﬁp 62
2 Cl+62 1-r Cl C1+52 ‘

From equation (17), the optimal total inventory cost is given by

% ~ Cép 1~)€
TC(q*) = |2(C3 + E)D| —1=2T | +
(@") J(3 )(Cl"'CZJ T

Where 5 = (dl’ dz, d3, d4) and 62 = (C21’ C22, 023, 024).

4. Illustrate Examples
4.1. Problem on EOQ with shortages and defects:

A pen retailer purchases around 9000 pockets of pens per year. Each
pocket has 10 pens. The ordering cost per order Rs. 150 and the holding cost
is Rs. 30 per year. Assuming that the shortage cost is Rs.20 per pocket per
year also assuming that the manufacturing defects are 5% in purchasing
items. Provided the fixed inspection cost Rs. 200 and Rs. 2 for the unit
inspection cost. You have to suggest the retailer the optimal ordering
quantity, optimal shortage level and the optimal total inventory cost.

Solution:
Given that,
D= (8400,8800920096 00), C; = Rs. 30/item/ year, 52 = (14,18,22,26),
C3 = Rs.500/setup k = 3000units/ year, E = Rs. 300,
e = Rs.5/each defectiveitems, r = 5% = 0.05.
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1. The Optimal Ordering Quantity

* 1 2(C3 +E)5 Cl +52
q _1—7' Cl 52

1 \/ 2(150 + 200)(8400,8800,9200,9600) (30 + (14,18,22,26)
- 1-0.05 30 (14,18,22,26)

= (606.24, 704.56, 828.94, 996.39)

2(a2 + (13) + Qy

The defuzzified value is 6

606.24 + 2(704.56 + 828.94) + 996.39

= 778.27.
6

1. The optimal shortage level

q* _ 52(]* _ 1 \/2(03 + E)ﬁ[ 52 ]
2 Cl+62 1-r Cl Cl+62

1 \/2(150 +200)(8400,8800,9200,9600) [ (14,18,22,26)
~1-0.05 30 30 + (14,18,22,26)

= (233.01,280.63,330.18,382.97)

The defuzzified value is 2L +2(ag +ag)+ay

6
233.01 + 2(280.63(; 330.18) + 382.97 _ 306.97.
111. The optimal total inventory cost
TC(q") = |2(Cs + B)D| %2 |, De
1+ C2 1-r

= \/2(150 + 200)(8400,8800,9200,9600)(30)( (14,18,22,26) )

30 + (14,18,22,26)

N (8400,8800,9200,9600)2
1-0.05

= (2432.94,26524.40,28778.52,31125.07).
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The defuzzified value js 1+ 202 6* ag) + g

2432.94 + 2(26524.40é28778.52) +31125.07 _ 27695 .975.

4.2. Problem on EOQ with shortages and defects:

Consider the Inventory problem with demand rate 24000 units per year
and the production rate is 30000 units per year and the setup cost is Rs. 500
per setup the holding cost is Rs. 2 per unit per year and the shortage cost is
Rs. 30 per unit per year. Also consider the defects are involved, provided the
fixed inspection cost is Rs.300 and unit inspection cost is Rs. 5 per item.
Assuming that, 5% of defects are there. Find the optimal lot size and the

optimal total cost per year.
Solution:
Given that,
D= (21000,23000,25000,27000), C; = Rs.2/item/ year, 6’2 = (24,28,32,36),
Cs = Rs.500/seup, k = 30000unit/year, E = Rs. 300,
e = Rs.5/each defectiveitems, r = 5% = 0.05.
1. The Optimal Ordering Quantity

q* _ 1 \/2(03 + E)E (Cl + ézj

1-r Cip Cs,

1 \/2(500 +300) (21000, 23000, 25000, 27000) (2 + (24,28,32,36)
1-0.05 2(0.3, 0.2333, 0.1667, 0.1) (24,28,32,36)

= (11594.71, 10707.87, 10739.82, 11238.91)

The defuzzified value is L 2(a2g ag)+ ay

_ 11594.71 + 2(10707.876+ 10739.82) + 11238.91 — 10954 83.

i1. The optimal total inventory cost
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TC(q*) = |2(C5 + E)D| =122 | 4+
(@) \/(3 )(1+C2J 1-r

2(500 + 300) (21000, 23000, 25000, 27000)(2)(2 (24,28,32,36) )

+(24,28,32,36)
000, 25000, 27000)
1-0.05

(0.3, 0.2333, 0.1667, 0.1) + (21000, 23

= (121810.404,132943 .896,143506 .025,153042.784).

a; +2(ag +ag) +ay

The defuzzified value is 3

121810.404 + 2(132943.896 + 143506.025) + 153042784 — 137958 338.

6

5. Conclusion

In this paper, we offer both basic inequalities arithmetic geometric mean

inequality and Cauchy-Bunyakovsky-Schwarz inequality, to improve Huang’s

[10]

algebraic procedure to find the optimal ordering quantity and the

optimal production quantity with shortages and defective items. Using this

improved approach presented in this paper, we can find the optimal ordering

quantity and allowable optimal short a ges level without using any

derivatives and calculus functions. This should also mean that the simple

CBS and AGM methods are more accessible to ease the learning of basic

theories for younger students who lack the knowledge of calculus.
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