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Abstract

A function f is called a two modulo three graceful labeling of a graph G if
f:V(G) > 1{2,5 811,14, ..., 3¢ + 8} is injective and the induced function f* : E(G)
—{3,6,9,12, ..., 3q} defined as f*(wv) =| f(u) - f(v)| is bijective. A graph which admits two

modulo three graceful labeling is called two modulo three graceful graph. In this paper, we have

proved comb graph P,,® K; the connected graph P, +mS,,, for n = 2, 3, 4, star graph S,, are

two modulo three graceful graphs.

1. Introduction

The graph G(p, q) considered here will be finite, undirected, and simple
graph with p vertices and g edges. V(G) and E(G) will denote the vertex set

and edge set of the graph. For all detailed survey of graph labeling we refer to
J. A. Gallian [5]. For all other standard terminology and notations we follow
F. Haray [2].

Sekar [2002] introduced one modulo three graceful labeling.
Ramachandran and Sekar [2013] introduced the concept of one modulo N

graceful where N is a positive integer and showed that the graphs like Paths,
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Caterpillars, Stars and S2, Lobsters, Banana trees and Rooted tree of height
two, cycles and stars, every regular bamboo tree, coconut tree, the cycle
related graphs, Ladder, Subdivision of ladder, the Super subdivision of

ladder, Complete bipartite graph K,, ,, the crowns, armed crowns and chain

of even cycles etc. are satisfied one modulo N graceful labeling. Velmurgan
and Ramachandran [5] defined the M modulo N graceful labeling of path and
star [4].

In this paper, we investigate the two modulo three graceful labeling of

some graphs such as Comb graph B,® K the connected graph P,, + mS,, for
n =234 andstar S,,.

2. Basic Definitions
Definition 2.1. A function f is called a graceful labeling of a graph G if
f:V(G) —>1{0,1,2,3,...,q} is injective and the induced function

fFEG) > {1,238, ..., q} defined as f*(e = uv) = | f(u) - f(v)] is bijective.
This type of graph labeling first introduced by Rosa in 1967 as a B-valuation
[1], later on Solomon W. Golomb called as graceful labeling [1].

Definition 2.2. A graph G is said to be M modulo N graceful labeling
[where N is a positive integer and M is defined to be 1 to N] if there is a
function f from the vertex set of G to {0, M, N, (N + M), 2N, (2N + M), ...,

N(q —1), N(g —1)+ M} in such a way that

@ fis 1-1.

(ii) f induces a bijection f* from the edge set of G to {M, N + M, 2N
+M, ..., N(g-1)+ M} where f*(w) =| f(u) - f(v)|G, u, v e V.

Definition 2.3. A function f is called a two modulo three graceful labeling
of a graph G if f:V(G) - {2, 5, 8,11, 14, ..., 3q + 8} is injective and the

induced function f*: E(G) — {3,6,9,12,15, ..., 3q} defined as [ (uv)
=| f(u)— f(v)| is bijective. A graph which admits two modulo three graceful

labeling is called two modulo three graceful graph.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



TWO MODULO THREE GRACEFUL LABELING OF SOME ... 3107

Example 2.1.

Figure 1. Two modulo three graceful labeling of Cs.

Definition 2.4. The graph obtained by joining a single pendant edge to
each vertex of a path is called as comb graph.

Definition 2.5. A star S,, of order n, sometimes simply known as an “n-

star” is a tree on n nodes with one vertex having vertex degree n —1 and the

other n —1 vertices having vertex degree 1.
3. Main Results

Theorem 3.1. The comb graph P,® K; is two modulo three graceful
graph for m > 3.

Proof.

Case (i): When m is odd.

Then the graph is P,,3 © Ky when r =0, 1, 2, ..., 4n + 5.

Let {v, vg, ..., Us,6} be the vertices and {e;, eq, ..., e, } be the edges.
We define the vertex labeling

f:V(Py,360K)—>1{25,8 ...,3¢ +8} as
fv;))=8i-1i=1,2,3,...,4n +6.

. . . . P,
Vin+6 vy Vin+4 Vy Vins2 Van Vin+ Vin+4
€4n+s5|  Cans3 C4n+1 €4p. €4n3 €5 €3 €1
Vi V. ; Ay

4n+5 Vi Vian-3 5 Vanel Van+s Vons+3

Figure 2. Two modulo three graceful labeling of P, ® K; when m is odd.
We define the edge labeling
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i EPy s0K) > {36,912, ..., 3q} as
fle)=385;1=1,23,...,4n +5.
Case (ii): When m is even.
Then the graphis P, © K; when r =1, 2, 3, ..., 4n + 4.

Let {vy, vg, ..., Ugp1a} be the vertices and {e;, eq, ..., 3, } be the edges.
We define the vertex labeling
f: V(B 0K)—>1{25,8,...,3q+8} as

f)=38i-1i=1,23, ..., 4n + 4.

Can+2 Can Can2 4 €2

Vaus
Figure 3. Two modulo three graceful labeling of P, ® K; when m is even.
We define the edge labeling
f i EP, ©K;) > {3,6,9,12, ..., 3q} as
fle;)=3i;1=1,2,3,..., 4n + 3.
Hence, the graph G if f : V(G) — {2, 5, 8, ..., 3q + 8} is injective and the

induced function f*:E(G)— {3,6,9,12,...,3q} defined as ["(u)
=| f(u) — f(v)] is bijective.

Hence in both the cases P, ® K; admits two modulo three graceful

labeling. Hence the graph P,, ® Kj is two modulo three graceful graph.

Example 3.1. The comb graph Py ©® K; and Bj©®K; is two modulo
three graceful graph.
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Figure 4. Two modulo three graceful labeling of Py © Kj.

54 48 42 36 30 24 18 12 6

599 b 53¢ T LA 7 7Y JE) SR pick
5 51 45 3 33 27 21 15 9 3
2 5 3 50 4 14 20 58 b B

56

Figure 5. Two modulo three graceful labeling of Py ® Kj.
Theorem 3.2. The connected graph P, +mSy is two modulo three
graceful graph.
Proof.
Case (i): When m is odd.

Then the graphis Py, ,q +(2r +1)Sy when r = 0,1, 2, ..., 4n + 5.
Let {vy, vg, ..., Ugn43} be the vertices and {e;, eq, ..., 3, } be the edges.

We define the vertex labeling
f : V(P2r+1 +(27‘+1)Sz) - {2, 5, 8, ey 3(.] +8}
as

flv;)=8i-1i=123, ..., 6n+3.

€6n C6n-3 €606 €3

Figure 6. Two modulo three graceful labeling of P,, + mSs when m is odd.
Hence the induced edge labeling
f* i EPy,q +(2r+1)Sy) - {3,6,9,12, ..., 3q}
will be defined as
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fle;)=38i;1=1,23,...,6n+1.
Case (ii): When m is even.
Then the graph is P, + 2rSy when r =1, 2, 3, 6n.
Let {v, vg, ..., Ug, | be the vertices and {e;, eg, ..., es,} be the edges.
We define the vertex labeling
f: V(B +2rSy) —> {2, 5,8, ..., 3¢ + 8} as

f)=38i-1i=1,23, ..., 6n.

Figure 7. Two modulo three graceful labeling of P,, + mSy when m is even.
We define the edge labeling
fr i ER, +2rsy) —> {3,6,9,12, ..., 3q} as
fle)=38;;1=123,...,6n-1.

Hence, the graph f:V(G) — {2, 5,8, ..., 3¢ + 8} is injective and the

induced function f*: E(G) - {3,6,9,12,...,3q} defined as f'(u)
=| f(u) - f(v)] is bijective.

Hence in both the cases P, + mSy admits two modulo three graceful

labeling. Hence the graph P,, + mSy is two modulo three graceful graph.

Example 3.2. The connected graph P; +7Ss and Ps +8Sy is two

modulo three graceful graphs.

Figure 8. Two modulo three graceful labeling of P, + 78S,.
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Figure 9. Two modulo three graceful labeling of Py + 8Ss.

Theorem 3.3. The connected graph P, +mSs is two modulo three

graceful labeling.
Proof.
Case (i): When m is odd.

Then the graphis Py, ,; +(2r +1)Ss when r =0, 1, 2, ..., 8n + 3.
Let {v, vg, ..., Ug,.4} be the vertices and the edges are {e;, ey, ..., e, }.

We define the vertex labeling
f: V(P +(@2r+1)S3) > {2,5,8, ..., 3¢ + 8} as

f)=8-1i=1,223, ..., 8n+4.

€gn Vi €sn-4 Vsn n- Vi . €y Vipsa

€sn-1 €gn-3

€4n-2

Figure 10. Two modulo three graceful labeling of P,, + mSs when m is odd.
We define the edge labeling
ff i E(Py,q +@2r+1)S3) — {3,6,9,12, ..., 3q}

as

fle))=3ii=1,23, ..., 8n+3.

Case (ii): When m is even.

Then the graph is P, + 2rSg when r =1, 2, 3, ..., 8n - 1.

Let {vy, vg, ..., g, } be the vertices and {ej, e, ..., e3,} be the edges.
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We define the vertex labeling
f: V(P +2rS3) > {2, 5,8, ..., 3¢ + 8} as
fv)=8-1i=123,...,82-1.

Van €gn-4 V4 €ns  Vsnd @1z Vs Vi € Vi

€gn-: €307 €sng[\€n-11  €sn1y | \€suls €771 \es

(5% g6 -1 egh 14 3 e

V1 2 Vi Vsn1Vsn2 Vsn3 Vs V6 V7 Vens Vsn6 Vsn7 Vin3Vin2Vinl Vins3 Vins2 Vinsl

Figure 11. Two modulo three graceful labeling of P,, + mS3s when m is even

We define the edge labeling
f* i EPy, +2rS;) > {3,6,9,12, ..., 3q} as
fle)=385;1=1,2,8,...,8n— 1.

Hence, the graph G if f:V(G)—{3,6,9,12,...,3q+8} is injective and the

induced function f*: E(G) - {3,6,9,12,...,3q} defined as f"(u)

=| f(w) - f(v)| is bijective.

Hence both cases P,, + mS3 admits two modulo three graceful labeling.

Hence the graph P,, + mSs is two modulo three graceful graph.

Example 3.3. The connected graph P;+5S3 and F; +6S3 is two
modulo three graceful labeling.

50 14 17 20 44 41 38 26 29 32

Figure 12. Two modulo three graceful labeling of Py + 6S3.

25 8 68 65 6214 1720 56 53 50

26 29 32 44 41 38

Figure 13. Two modulo three graceful labeling of Py + 6Ss.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



TWO MODULO THREE GRACEFUL LABELING OF SOME ... 3113

Theorem 3.4. The connected graph P, +msS, is two modulo three

graceful labeling.
Proof.
Case (i): When m is odd.
Then the graph is P, ,; +(2r +1)S; when r =0, 1, 2, ..., 10n + 4.
Let {v, vg, ..., Ujon45) be the vertices and {e;, eg, ..., es,} be the edges.
We define the vertex labeling
f:V(Pyq +(2r+1)Sy) > {2,5,8, ..., 3¢ + 8} as

fl)=8i-1Li=1223, ...,10n+5.

Vion+s €100 Vs ©100-5 Vion €10n-10
* & Py

Figure 14. Two modulo three graceful labeling of P,, + mS, when m is odd.
Hence the induced edge labeling
i EPy. +(2r+1)S,) —>1{3,6,9,...,3q}
will be defined as
fle)=38i;1=1,2,3,...,10n + 4.}
Case (ii): When m 1s even.
Then the graph is P, + 2rSy; when r =1, 2, 3, ..., 10n - 1.
Let {v, vg, ..., Vg, } be the vertices and {e;, ey, ..., e3,} be the edges.
We define the vertex labeling
f:V(BR,)—>1{25,8,...,3q+8} as

flv)=38i-1i=1,23,...,10n - 1.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



3114 C. VIMALA and V. POOVILA

Vs

€10n-10 V10n-5 €10n-15 V1o

Figure 15. Two modulo three graceful labeling of P,, + mS,; when m is even.

We define the edge labeling
i EP, +2rSy) — {3,6,9,12, ..., 3q} as
flv;)=38i-1i=1,23,...,10n - 1.

Hence, the graph G if f: V(G) — {2, 5, §, ..., 3¢ + 8} is injective and the

induced function f*: E(G)— {3,6,9,12, ..., 3q}

defined as f*(u)
=| f(w)— f(v)| is bijective.

Hence both cases P, + mS, admits two modulo three graceful labeling.

Hence the graph P,, + mS, is two modulo three graceful graph.

Example 3.4. The connected graph FP5 +5S, and Fg +6S; is two
modulo three graceful graphs.

Figure 17. Two modulo three graceful labeling of Fy + 6S,.

Theorem 3.5. The connected graph P, +mS, is two modulo three
graceful labeling.
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Proof.
Case (i): When m is odd.
Then the graph is Py,..q + (2r +1)S,, when r =0, 1, 2, ..., m(2n + 2) + n.
Let {v1, Vg, ..., Up(2n+2)+n+1) be the vertices and {ej,es,...,en0n12)in41}

be the edges.

We define the vertex labeling
f:V(Py +@r+1)S,) > {258, ...,3¢ + 8} as

fw)=38i-11=1,23,...,m2n+2)+n+1.

Vmo+2)yn+1 Vi1 Vim2n+2) Vinn+1) Vin(a+1)yn-1

Vg Vit Vagaetyns Va2V
Figure 18. Two modulo three graceful labeling of P,, + mS,, when m is odd.

Hence the induced edge labeling

i EPyq +@r+1)S,) > 1{3,6,9,...,3q}

will be defined as

fwi)=38;i=1,23, ..., m(2n + 2) + n.

Case (ii): When m is even.

Then the graph is P,, +2rS, when r =1, 2, 3, ..., m(2n + 2).

Let {vy, Vg, ..., Up(an+2)} be the vertices and {ejey, ..., ep(on42)-1} be the
edges.
We define the vertex labeling

f:V(B, +2rS,)) > 1{2,5,8, ..., 3¢ + 8} as

flo;)=38i-1Li=1,23 .., m2n+2)
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Ven(2+2)-n-1 Vafa-1pn+1 Vimin-1)

Vol Vae1)2 Vgl Vg1

Figure 19. Two modulo three graceful labeling of P,, + mS,, when m is even.
We define the edge labeling
f*:EP, +2rS,) —> {3,6,9,12, ..., 3q} as
fle;)=385;1=1,2138, ..., m2n+2)-1.

Hence, the graph G if V(G) - {2, 5, 8, ..., 3g + 8} is injective and the

induced function f*: E(G) - {3,6,9,12,...,3q} defined as f'(u)
=| f(w) - f(v) | is bijective.

Hence both cases P, + mS,, admits two modulo three graceful labeling.

Hence the graph P,, + mS,, is two modulo three graceful graph.

Theorem 3.6. The star S,, is two modulo three graceful labeling.

Proof. The star has n vertices denoted by {v;, v, ..., v,_;1, U,} be and

n —1 edges denoted by {e;, ey, €,,_1 }-
We define the vertex labeling
f:V(S,) > {25 8,...,3q +8} as

flv;)=8i-1,=1,2,3, ..., n

Figure 20. Two modulo three graceful labeling of S,,
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Hence the induced edge labeling
i ES,) —>1{3,6,9, ..., 3q}
will be defined as
fle;)=3i;1=1,2,3,...,n—1.
Hence, the graph G if V(G) — {2, 5, 8, ..., 3q + 8} is injective and the

induced function f*: E(G) - {3,6,9,12,...,3q} defined as f"(u)
=| f(w) - f(v)| is bijective.

Hence the graph S, admits two modulo three graceful labeling. Hence

the graph S,, is two modulo three graceful graph.

Example 3.5. The star graph Sg is two modulo three graceful graph.

Figure 21. Two modulo three graceful labeling of Sg.

4. Conclusion

In this paper we have proved that comb graph P, ® Kj, the connected
graph P, + mS,, for n = 2, 3, 4, star S,, two modulo three graceful graphs.
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