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Abstract

In this paper, we investigate the extended duplicate graph of quadrilateral snake
graph admits Pell labeling and mean square sum labeling.

1. Introduction

Most graph labeling methods trace their origin to one introduced by
Rosa [2] in 1967. E. Sampathkumar [3] introduced the concept of duplicate
graph. Shaima [5] introduced a new labeling technique called the Pell
labeling. The concept of mean square sum labeling was introduced by C.
Jayasekaran, S. Robinson Chellathurai and M. Jaslin Melbha [6] and they
investigated the mean square sum labeling of several standard graphs.
Thirusangu et al. [4], have introduced the concept of extended duplicate

graph.
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2. Preliminaries
We give the following definitions and examples which are useful for this
paper.
Definition 2.1. Quadrilateral snake graph:

A quadrilateral snake @S,, is obtained from a path uy,uq, us, ---u,
by joining u; and u;,; to two new vertex v; and w; respectively and then
joining v; and w;, 1 <i <n -1, where ‘m’ is the number of edges of the

path. In general, a quadrilateral snake has 3m +1 vertices and 4m edges.

QUADRILATERAL SNAKE GRAPH
1 4 E 10

Definition 2.2. Duplicate graph:

Let G be a simple graph with vertex set V and edge set E. The duplicate
graph of G is DG = (V;, E;) where the vertex set V; is the union of Vand V'

and the intersection of Vand V' is ¢ and f :V — V' is bijective. The edge
set E; of DG is defined as the edge ab € E if and only if both edges abd’ and

a'b arein Ej.
Definition 2.3. Extended duplicate graph of Quadrilateral snake:

Let DG = (V;, E;) be a duplicate graph of the quadrilateral snake graph
G(V, E) Extended duplicate graph of quadrilateral snake graph is obtained
by adding the edge wvyvy to the duplicate graph and it is denoted by
EDG(QS,,). Clearly it has 6m + 2 vertices and 8m + 1 edges, where ‘m’is
the number of edges.

Definition 2.4. Pell labeling:

Let G be a graph with p vertices. If there exist a mapping
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f:V(G) > 1{0,1,2,8 ---,p-1} such that the induced function

f*: E(G) > N given by f*(uv) = f(u) + 2f(v), for every uv € E(G) are all
distinct, where u, v > 0, then the function fis called a Pell labeling. A graph
which admits Pell labeling is called Pell graph.

Definition 2.5. Mean square sum labeling:

Let G(V, E) be a graph. A bijection f:V — {0,1, 2, 3, ..., p—1}. Then

G is said to be a mean square sum labeling if the induced function
f*: E(G) > N given by f*(wv) = [(f))? + (f©))%]/2, for every uv e E(G)

is injective.
3. Main Results

3.1. Pell Labeling

In this section we present an algorithm and prove the existence of Pell
labeling for the EDG of quadrilateral snake @S,,, m > 1.

Algorithm: 3.1.1.
Procedure: (Pell labeling for EDG(QS,,,), m > 1)

V < {v1, U9, ooes Usims Usmads V15 V'9 s oovs U'sm » U'smad )
E < {e], €9, ..., €ams Camsl> €1 €95 --vs €am |
v <~ 0,0« 1
for i =0 to (m —1)/2
for j=0tol
U2 6ivej € 3+4j+12:
v'2+6i+2j<— 2+4j+12;

end for

end for
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for i = 0 to (m —2)/2
for j=0tol

Us,girgj < S+120+4]
U'si6ivej < 9+12i +4j

end for
end for

for i =0 to (m —1)/2

Ug,e < 4+12i

U3, < D +120

end for

for i = 0 to (m - 2)/2
Ugsgi < 11 +120
Vgy6i < 10 +128

end for

end procedure

Theorem 3.1.2. The extended duplicate graph of quadrilateral snake
QS,,, m > 1 admits Pell labeling.

Proof. Let @®S,,, be the quadrilateral snake graph. Let EDG(QS,,) be

the extended duplicate graph of quadrilateral snake and has 6m + 2 vertices

and 8m +1 edges.

Using the algorithm 3.1.1, the vertices function f:G —{0,1,2,3,...(p-1)}

as follows:

The vertices v; receive the label 0 and v;' receive the label 1;

For 0 <i<(m-1)/2 and 0 < j <1, the vertices vg,gj,4 receive the
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label 3+4j+12i and v'g,9;.6; the vertices v'g,9;.4; receive the label
2+4j+12

For 0<i<(m-2)/2 and 0 < j <1, the vertices v5,9;.¢; receive the

label 8 + 4; +12: and the vertices v'5.9;.6; Treceive the label 9 + 4j +12i;

For 0 <i < (m —1)/2 the vertices vs,q receive the label 4 +12i and the

vertices v's,q; receive the label 5 + 12i;

For 0 <i < (m —2)/2 the vertices vg,q receive the label 11 +12i and

the vertices v'g g; receive the label 10 + 121.

Thus, the entire 6m + 2 vertices are labeled.

To obtain the labels for edges, we define the induced function

f (wv) = f(u) + 2f(v), for every uv € E(G) is bijective.
The induced function yields the label 7 for the edge es,.1;

For 0 <i<(m-1)/2 and 0 < j <1, the edges e;,3j.g; receive the label
4 +12j + 36i; the edges e 3j,g; receive the label 5+12j + 36: the edges
e, j+g; receive the label 12+ j+ 36/ and the edges e's, ;. g; receive the

label 9 — j + 36i;
For 0 <i<[(m-2)/2] and 0 < j <1, the edges e;5,3j,5 receive the
label 25 +12j + 361; the edges eg, j,g; receive label 33 —5j + 36i; the edges

e's.3j+8i receive label 20 +12j + 361 and the edges e'g, j.g; receive label

24 + 5j + 36i.

Thus the entire 8m +1 edges are labeled and satisfied the required

condition.

Hence the extended duplicate graph of quadrilateral snake graph
QS,,, m > 1 admits Pell labeling.

Example 3.1.3. A graph and its Pell labeling is shown in figure 1 and
figure 2
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PELL LABELING IN EXTENDED DUPLICATE GRAPH OF
QUADRILATERAL SNAKE EDG(QS,)

FIG.1:EDG(QS,)
PELL LABELING IN EXTENDED DUPLICATE GRAPH OF
QUADRILATERAL SNAKE EDG(QS 5)
FIG.2:EDG(QSs)

3.2. Mean Square Sum Labeling

Here we present an algorithm and prove the existence of mean Square
sum labeling for the EDG of Quadrilateral snake @S,,, m > 1.

Algorithm 3.2.1.
Procedure: (Mean square sum labeling for EDG(QS,,), m > 1)
Vo« {or, U2, -0, Uy U3ma1s V15 V25 -os U'sim s Vgt )
E < {e], e9, ..., €4, Capmst1r €15 €9, ooy €upm}

U1 (—O,U'l(—l
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for i =0 to (m —1)/2

for j=0tol

Vor6iv2j < 3+4j+121

Vg givgj < 2+ 4j+121

end for
end for
for i = 0 to (m - 2)/2

for j=0tol

Usi6iv2j < 8+12i +4j

Usigivej < 9+ 127 + 4j
end for
end for
for i =0 to (m —1)/2
Ug,e < 4+12i
U3,6; < D+120
end for
for i =0 to (m - 2)/2
Ugrgi < 11+121
Ugig; < 10 +12;

end for
end procedure

Theorem 3.2.2. The extended duplicate graph of quadrilateral snake
QS,,, m 21 admits mean square sum labeling.
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Proof. Let @S,,, be the quadrilateral snake graph. Let EDG(QS,,) be

the extended duplicate graph of quadrilateral snake and has 6m + 2 vertices
and 8m +1 edges.

Defining the set of vertices and edges are
V(G) = {Uh U2, U35 --+5 Usms Usm+1> le ’ v'2 [IREEN} U’3m ’ U'3m+1}
E(G) ={e1, €9, €3, ...y €am» Cami1s €1 €95 -orr €am}-

Using the algorithm 3.2.1, the vertices function f:G —{0,1,2,3,...,(p-1)}

as follows: The vertices v; receive the label 0 and v'; receive the label 1;

For 0<i<(m-1)/2 and 0 < j <1, the vertices vg,9j,¢; receive the label

3+4j+12 and the vertices v'y 9j,6; receive the label 2 + 4j +12i;

For 0<i<(m-2)/2 and 0<j <1, the vertices vs,9j,6; receive the

label 8 + 4j +12: and the vertices v'5.9;.6; receive the label 9+4;+12;;

For 0<i<(m-1)/2 the vertices v3,q; receive the label 4 +12i and the

vertices v's,g; receive the label 5 +12i;

For 0<i<(m-2)/2 the vertices vg,q; receive the label 11 +12i and the

vertices vU'g,q; receive the label 10 + 12i.

Thus, the entire 6m + 2 vertices are labeled.

To obtain the labels for edges, we define the induced function
f*: E(G) > N given by f*(wv)=([f@)? +[f(v)[?)/2, for every uv e E(G) is

bijective.

The induced function yields the label 7 for the edge ey4,,,.1;
G) (v, V1) = 222 -2 +1) fori=1,85--(2n-1),neN.
() F*;, v;pq) = 22i% =2 +1) for i =2,4,6--(2n), n e N.

(i) f*(v;, v;,1) = 4i2+1 fori=1,35,...,(2n—-1), n e N.
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(v) f*(v;, Vjag) =42 +1  fori=24,6...2n),neN.
™) [ (0359, Ugir1) = 18(2i% =21 +1) fori=1,3,5---(2n—1), n € N.
i) f*(V'gi 2, Usje1) = 18(212 =21 +1) fori=2,4,6,8...2n), n e N.
(vii) f*(U'si g, Usjsq ) = 36i% —24i+13 fori=1,3,5,7...2n-1),ne N.
(vii) f*(vs;_g, U'3j1) = 36i% —24i +13  fori=2,4,6--2n, n € N.

Thus the entire 8m +1 edges are labeled and satisfied the required
condition.

Hence the extended duplicate graph of quadrilateral snake graph
®S,,, m >1 admits mean square sum labeling.

Example 3.2.3. A graph and its Mean square sum labeling is shown in

figure 3.

MEAN SQUARE SUM LABELING FOR THE GRAPH EDG (QS

s)

Figure 3.
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4. Conclusion

In this paper, we have presented algorithms and investigate the

extended duplicate graph of quadrilateral snake graph (@S,,, m >1) admits

Pell labeling and mean square sum labeling.
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