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Abstract

Let G be a graph with p vertices and ¢ edges. A square difference labeling of a graph G is
bijection f : V(G) - {0, 1, 2, ..., (p — 1)}, such that the induced function f*: E(G) - N defined

by f*(wv)=|[f WP - [f)P | for every edge uv € E(G) are all distinct. A graph which admits
square difference labeling is called a square difference labeling graph. In a graph G, the cube
difference labeling is bijection f:V(G) - {0,1, 2, ..., (p —1)}, such that the incite function
f* 1 E(G) > N defined by f*(uv)=| [f(u)]3 - [f(v)]3 | for every distinct edge wv € E(G) in a

graph G. A graph G which admits cube difference labeling is called a cube difference labeling
graph. In this paper we analyze square difference and cube difference labeling for extended
Kusudama flower graph.

I. Introduction

Graph labeling is the assignment of integers to the vertices and edges or
both of a graph subject to certain conditions. The origin of graph labeling can
be attributed to Rosa [2]. Graphs serves as mathematical models of many
concrete real-world problems and it can be used to represent any physical
situations involving discrete objects and relationships among them. In this

paper, we consider only simple, finite, undirected and non-trivial graph
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G = (V(G), E(G)) with the vertex set V(G) and the edge set E(G). Gallian
[1] regularly updates a dynamic survey on graph labeling and it is published

by Electronic Journal of Combinatory. The square difference labeling and
cube difference labeling was first introduced by J. Shiama. The square and
cube difference labeling for cycle cactus, special tree and a new key graphs
was proved by V. Sharon Philomena and K. Thirusangu [3]. J. Shiama [4] has
obtained square difference labeling for many standard graphs like complete
graphs, ladder, lattice grids and quadrilateral snakes. J. Shiama [5] has
proved that cube difference labeling for some graphs like cycles, fan graphs,

wheel graphs, crown graphs, helm graphs, dragon graph and shell graphs.

We define a graph as a binary relation on a set of objects. The study of
graphs has recently emerged as one of the most important areas of research.
Labeled graphs serve as useful models for a broad range of applications such
as coding theory, circuit design, mobile telecommunication, medical field and
database management. The application of square difference labeling is
automatic channel allocation and used to represent global data structure.

Definition 1.1. The Helm graph H, is a graph obtained from a wheel
graph by attaching a pendant edge at each vertex of the n-cycle.

Definition 1.2. A flower graph F, is the graph obtained from a helm

graph by joining each pendant vertex to the central vertex the graph H,,.

Definition 1.3. Let vy be the apex vertex and vy, vg, Ug, ..., Ug,_1, Vay,
be consecutive 2n rim vertices of wheel graph wsy,,, n > 3. Subdivide spoke

edge vgug;_1 With vertex w; and at each w;, join two copies of path of length
2 P} = v, ug;_1, w; and P§ =uvy, ug;, w;, for each i e[n] The resulting

graph is called Kusudama flower graph KF,,.

II. Main Result
Theorem 2.1. The extended Kusudama flower graph, KF,n > 3 admits

square difference labeling.

Proof. Let KF,n > 3 extended Kusudama flower graph be formed with n

copies of F,. Let p and g be the number of vertices and the number of edges
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in the Kusudama flower graph KF, respectively. The graph KF, is
described as follows: Denote the vertices of Kusudama flower graph KF,, as
{vo, U1, Vg, ...Ugy, U, Uy, Ug, ..., Uy, ). The edges between the vertices v; and
U,+; are represented as E| for 1 <i < n. The edges lies between the vertices
Upy; and v, are denoted as Ey for 1 <i <n—1. The edge between the
vertex v; and v; are represented as FEs. The edges between the vertices v

and vy,,; are expressed as I, for 1 < i < n. The edges between the vertices

vp and u; are mentioned as Ey for 1 <1< n%. The edges between the

vertices v; and Uy;(,.1) are defined as Eg for 1 < i < n. The edges between
the vertices v; and () are represented as E; for 1<i<n,

2 < j < n—1. The edges between the vertices v; and u,; are denoted as Eg

for 1 <i < n. The edges between the vertices u; and u; are denoted as Eg
forlSi£n2—1,2§j£n2.

The total number of vertices in Kusudama flower graph
KF, = n(n+2)+1.

The total number of edges in Kusudama flower graph KF,, = n(3n + 2).

Without loss of generality we initiate the labeling from the apex vertex
vp and proceed in the clockwise direction.

Define the vertex labels as follows,
Let V(KF,) = vt Ufy; :1<i<2nU{y; :1<i<n?
Define the edge labels as follows,

Let

E(KE,) = {vju,.; :1<i<ntU{v,,0i1 :1<i <n-1U {0}
U {vor :1£iSnz}U{viuj/lsiSn,lstnZ}
U{uiuj/1£i3n2—1,2£j§n2}.

The vertex labeling for the graph Kusudama flower graph KF,, is defined

as follows,
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fvo) = n(n + 2).
fv)=20-2 1<i<n.
fi)=21-1 1<i<n
fly)=i-1+2n 1<i<n?
We know clearly the vertex labels are distinct.

The edge labels are derived as follows, f is called square difference

labeling if f*(uv) = | [f@)P - [f@)F | for every distinct edge uv € E(G) in a
graph G, where u, v > 0.

The Kusudama flower graph KZF), is shown in figure 1.

Vi

LR g
E n(n-/I)/.l// ES
L 7

Figure 1. Kusudama flower graph KF,,.

Define the edge labels be

El ={vl-vn+i 01 SiSl’L}

E2 = {Un_ivi+1 1< < n—l}
E3 = {v,u;}

Ey = {vounyi/1 <i<n}

E5 = {vp./1 < i < n?}
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Eg = Wittni(n-1)/1 < i < nj

By = Vttyin-j)/1<i<n,2< j<n-1}

Eg = {vju,; /1 <i < n}

Eg = {wu/1<i<n?®-1,2<j<n?

Compute the edge labels of Kusudama flower graph KF,, as follows,
[ ©ivnsi) = | @) = [f0nsi)f | =4i-8 1<i<n

[ nsivinr) = | FOpei)F =) [ =4i-1 1<i<n-1
o) = | [fa)F = [F@)P | = @n—1)

1" @ovnsi) = | [F@o)P ~[f(0p0i)F | = [n(n + 2 ~[2i ~1F 1<i<n
1" Wottni(n-1)) =| [F o) ~[f)F | = [n(n+ 2)F ~[2i ~2 1<i<n
*ittni—(n-jy) =| [F©)F = [f i) | = [(ni+n+1)P
—[2i-2P1<i<n2<j<n-1

F*©teni) = | F©)F = [F i) |=[(ni+2n-DF -[2i-2F 1<i<n

) = [f@)F = [F@))f | =(@n-2)+i+jl<i<n®-1,2<j<n’

The edge labels of the graph Kusudama flower graph KF, are distinct.
Hence f admits square difference labeling.

Therefore Kusudama flower graph KF,, is a square difference graph.

Theorem 2.2. The extended Kusudama flower graph, KF,n >3 admits

cube difference labeling.

Proof. Let KF,n>3 extended Kusudama flower graph be a formed with
n copies of F,. Let p and g be the number of vertices and the number of

edges in the Kusudama flower graph KF,, respectively. The graph KF,, is
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described as follows: Denote the vertices of Kusudama flower graph KF,, as
{vo, V1, Vg, -, Vg, U, U, Usg, ..., Uy, ). The edges between the vertices v; and
U,,; are represented as [E; for 1 <i < n. The edges between the vertices
U,4; and v,,; are denoted as Ey for 1 < i < n. The edge between the vertex
v, and v; are expressed as K3 for 1 < i < n. The edges between the vertices

vo and v,,; are mentioned as E; for 1 <i <n. The edges between the

A

vertices vy and u; are defined as E5 for 1 <i < n%. The edges between the

vertices vy and u; are signified as Eg for 1 <i < n?. The edges between the
vertices v; and Uy;_(,-1) are defined as E; for 1<i<n,2<j<n-1 The
edges between the vertices v; and u,; are represented as Eg for 1 <i < n.

The edges between the vertices u; and u; are denoted as Eg for

1<i<n?-12<j<n’

The total number of vertices in Kusudama flower graph
KF, =n(n+2)+1.

The total number of edges in Kusudama flower graph KF,, = n(n +2) +1

Without loss of generality we initiate the labeling from the apex vertex

Up and proceed in the clockwise direction.
The vertex labels are determined as follows,
Let V(KF,) = oo} U{v; :1<i<2n)Ufy :1<i<n?)
Define the edge labels as follows,
Let

E(KE,)) = {vjv,.; :1<i<nfU{v, 00 :1<i<n-1}U {0}

A

U {vovna+i :1_iSn}U{viuj/lﬁiSn,lngn2}
Ulwu; /1 < i < n? -1, 2j <n?.

The vertex labeling for the graph Kusudama flower graph KF,, is defined

as follows,
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fl) = n(n +2)
flo)=21-1 1<i<n

flu))=2n+i-1 1<i<n?

fly)=2n+i-1 1<i<n?

The vertex labels are distinct.

The edge labels are given as follows, f is called cube difference labeling if

fAw) = | [f@P -[f@)F | for every wve E(G) are all distinct where

u,v=0.

The Kusudama flower graph KZF,, is shown in figure 2.

Figure 2. Kusudama flower graph KF.

Define the edge labels be

E ={vvyq :1<i<n}
Ey ={yv,,1:1<i<n-1}
E3 = {v,0}

Ey = {voupsi/1 < i < nj

Es = {vgun; /1 < i < n?}
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Eg = {illin—(n-1)/1 < i < n}
By = vty _(n-j/1<i<n,2<j<n-1j
Eg = {vju,;/1 <i < n}
Eg = {wu;/1<i<n®-12< j<n?
Compute the edge labels of Kusudama flower graph KF,, as follows,
Wonei) = | FeOP = pe)P | = @ -2 -@i-1) 1<i<n
fOnsivier) = | Fnad)P =) [ = @ -1 -@)P 1<i<n-1
f@pv1) = | F@,)F = [F@)F | = (2n-1)
f*©ovnsi) = )P = [fwne)F | = [rn+ 2P ~[2i-1P1<i < .
(o) = | [fwo)F = [f@)P | = [n(n + 2P —[2n+i-1F 1<i <n®
f* Wittni—n1)) = | @) = [ tni—u-ry)P | =[G+ )P ~[2i 2P 1<i<n
[ Oittni—nj)) = | [P = [ @i—nj))F’ | = [ni + n+1F
—Ri+2P1<i<n2<j<n-1
f Wittni—(n—j)) = | F@)F = @)’ | = [ni+n+1F =[2i -2 1 <i <n,
;) = | [f@)P -[f@)P |=@4n-2)+i+j1<i<n®-1,2<j<n?

The edge labels of the graph Kusudama flower graph KF, are distinct.

Hence f admits cube difference labeling.

Therefore Kusudama flower graph KF,, is a cube difference graph.

II1. Conclusion

It is very fascinating to study graphs which admit square difference and
cube difference labeling. In this paper the Kusudama flower graph KF,
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admits square difference and cube difference labeling. Square difference
labeling can be applied in areas of network security and channel assignment
process. The application of square difference labeling is automatic channel
allocation and used to represent global data structure.
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