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Abstract

The aim of this paper is to propose a notion of fuzzy neutrosophic Bi-ideal of BCK-algebras
and explore some of their properties.

1. Introduction

L. A. Zadeh [1], a professor of computer science at the University of
California, introduced the concept of fuzzy set (FS) in 1965. Fuzzy sets
analyzed the degree of membership of members of set and Xi [2] applied this
concept to the ideals of BCK/BCI algebras. In 1986 Atanassove [3]
generalized a fuzzy set to an intuitionistic fuzzy set (IFS) by including
another function called a non-membership function and Jun and Kim [4]
introduced intuitionistic fuzzy ideals of BCK-algebras. In 1995 Smarandache
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([5], [6]) introduced the neutrosophic set (NS), which discuss the degree of
uncertainty. In [7], Arockiarani et al. introduced the concept of fuzzy
neutrosophic set (FNS). In [8] E. V. Sindhu add M. H. Jaleela Begum given
the idea of intuitionistic fuzzy Bi-ideals of BCK-algebras. This article
introduces the fuzzy neutrosophic Bi-ideals of BCK-algebras and its
properties.

2. Preliminaries

Definition 2.1[4]. Let K be a non-empty set with a binary operation “0”
and a constant “0”. Then (X, ¢, 0) is called BCK-algebra if it follows the
following axioms for all py, 1y, ug € K

@) (o 979) ¢ (po 9 10 )) ¢ (ug O19) = 0

(i) (po ¢(po 01))079 =0

(i) po ¥ po =0

@iv) 00py =0

V) poOrp =0 and 1y O pg = 0 = py = 1p.

Definition 2.2[1]. We can define a binary operation “<” on K by assuming
Py < 1y if and only if py Oy = 0.

Definition 2.3[4]. A non-empty subset J of a BCK-algebra X is called sub
algebra of K, if for any py, 1y € I = pg Oy € J.

Definition 2.4[4]. A non-empty subset J of a BCK-algebra X is called an

ideal, if it satisfies
I-1)0€ed
(I-2) pgOrpeJand iy € I = py €7 forall py, ny € K.

Definition 2.5[1]. Let X be a non-empty set. A fuzzy set in a set X is a
mapping Ny : K — [0, 1]

Definition 2.6[1]. The complement of a fuzzy set Ny denoted by (Np)°

is also a fuzzy set defined as (Ng)° =1 - Np, for all p, € K.
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Definition 2.7[9]. A fuzzy set Ny : KX — [0, 1] is called fuzzy sub-algebra

of K, if Np(pg 0 19) = min {Np(pg), Np(rp)} for all pg, ry € K.

Definition 2.8[9]. A fuzzy set (X, Np) in a BCK-algebra X, is said to be
a fuzzy ideal of X if

(F-1) Np(0) = Ny (po)-

(F-2) Np(pg) = min {Np(pg 0 1), Np(rp)}, for all py, ry € K.

Definition 2.9[3]. An intuitionistic fuzzy set N in a non-empty set X is

an object having the form N = {(py, Ny(po), Nr(pg))/po € X} where the
functions Np : XK —[0,1] and Ng:XK —[0,1] denote the grade of
membership and non-membership of each element pj e X to the set N

respectively and 0 < Ny(pg) + Ng(pg) <1 for all py € K.

Definition 2.10[3]. An IFS N = (X, Ny, Nr) of X is IFSA of X if it

follows the conditions
(IFSA-1) Np(po ¢ 1) = min {Np(po ), Nr(rp)}
(IFSA-2) Np(po 019) < max {Np(po), Np ()} for all py, 1y € K.

Proposition 2.11. Every IFSA N = (X, Ny, Nr) of a BCK-algebra X
satisfies the inequalities Np(0) > Np(pyg) and Ng(0) > Ng(py) for all
Po € X.

Definition 2.12[4]. An IFS N = (X, Ny, Nf) of a BCK-algebra X is IFI
of X if it follows the conditions

(IFI-1) Np(0) = Np(po) and Ng(0) = Np(po)
(IF1-2) Nr(po) = min {Nr(po 0 19), Ny (r0)}
(IFI-3) Ng(pg) < max {Ng(pg 019), Np(rp)} for all pg, ry € K.

Definition 2.13[8]. A fuzzy subset (X, Ny) in a BCK-algebra X is called
a fuzzy Bi-ideal if (FBi-I 1) Np(0) = Nyp(pg)

(FBi-1 2) Np(pg) = min{Np(py 019 O ug), Np(ug)} for all pg, 1y, ug € K.
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Definition 2.14[8]. An IFS N = (X, Ny, Ny) of a BCK-algebra X is

called intuitionistic fuzzy Bi-ideal of X if
(IFBi-1 1) Ny (0) 2 Ny (po) and Ng(0) 2 Np(po)
(IFBi-I 2) Np(po ©19) = min {Np(po © 15 0 ug), N(uo)}
(IFBi-1 3) Ng(po 0rp)<max{Ng(pg 01y Oug ), Np(ug )} for all pg,ry,ug e XK.

Definition 2.15[7]. A fuzzy neutrosophic set (FNS) in a non-empty set X
is a structure of the form N = {(py, Ny (pg), N7(po), Ne(po))/po € K}

Where Np : K —[0,1], N7 : X — [0, 1] and Ng : K — [0, 1] represents
grade of belongingness, grade of indeterminacy and grade of non-

belongingness of each element py € X to the set N respectively and

0 < Np(po) + Nz(po) + Np(po) < 3.

We shall use the symbol N =Ny, N7, Np) for the FNS
N = {(po, Nr(po), N1(po), Nr(po))/ po € K.

Definition 2.16[10]. A FNS N =Np, N7, Ng) in X is fuzzy
neutrosophic sub-algebra (FNSA) of X if it follows the conditions

(FNSA-1) Ny (po 91p) = min {N7(po), Nr (1)}
(FNSA-2) Ny(po ¢ 1) = min{N7(po), Ny (o)}
(FNSA-3) Ng(po 919) < max {Ng(pg), Ng(ry)} for all pg, ry € K.

Definition 2.17. A FNS N = (Np, N7, Ng) in X is fuzzy neutrosophic
ideal (FNI) of X if it follows the conditions

(FNI-1) Np(0) = Np(po), N7(0) = Nz(pg) and Ng(0) < Ng(po)
(FNI-2) Np(po) = min {Ny(pg ¢ 1), N (o)}
(FNT -3) Nz(po) = min {Nz(py 0 19), N7 ()}

(FNI-4) Ng(po) < max {Np(po 0 1), Np(r)} for all py, 1y € XK.
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3. Fuzzy Neutrosophic Bi-Ideals of BCK-algebras
Definition 3.1. A FNS N = (Np, Ny, Ng) is called a fuzzy neutrosophic
Bi-ideal (FNBi-]I) of X if it satisfies
(FNBi-I 1) Np(0) = Ny(po), N7(0) = Ny(po) and Np(0) < Np(po)
(FNBi-I 2) Np(pg 019) = min {Np(pg 019 O ug), Np(ug )}
(FNBi-I 3) N7(pg 019) = min {N7(pg 015 O 1), Nr(ug)}

(FNBi-I 4) Ng(pg ¢rp) < max {Ng(pg 019 Qug), Np(ug)p for all pg, n,

Up e XK.

Example 3.2. Consider a BCK-algebra X = {0, 1, 2, 3} with the Cayley

table as shown in following Figure 3.1

0 0 1 2 3

0 0 0 0 0

1 1 0 0 1

2 2 1 0 2

3 3 3 3 0
Figure 3.1.

Define a FNS N = (N, N7, Ng) in X as follows in Figure 3.2

X Np Ny Np

0 0.7 0.6 0.2

1 0.7 0.5 0.3

2 0.3 0.1 0.5

3 0.4 0.2 0.7

Figure 3.2.
Then by routine calculation N = (N7, N7, Ng) is a FNBi-I of K.
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Lemma 3.3. Let a FNS N = (Np, N7, Ng) in X be a FNBi-I of X. If the
inequality po 01y < ug holds in X then

(®) Np(po ©19) = min {N7(po), Nr(uo)}

(i) Nz(po ©19) = min {N7(po), N1(uo)}

(il)) Np(po 01) < max {(Ng(po), Np(up)} for all py, 1y, up € K.
Proof. Let po, 1, g € K be such that py 01y < ug
(i) Now Np(pg 019) = min {Np(po 019 ©ug ), N(uo)}
= min {N7(0), Ny (up)}

> min {min {N7(po ), Ny (o)}, Nr(uo)}

= min {N(po), Nr(uo)}

Therefore, Np(pg © 19) = min {Np(pg), Np(ug)}

(i) Nz(po ©19) = min {N7(pg 070 0 up), Nr(uo)}

= min {N;(0), N7(x)}

> min {min {N(po), Ny (u0)}, N(uo)}

= min {N7(po), N7 (o)}

Therefore, N7(pg 079) = min {N7(pg), N7(uo)}

(iii) Np(po 0 1p) < max {Ng(po 010 O ug), Np(uo);

= max {Np(0), Np(uo)}

> max {max {Ng(po), Nr(uo )}, Np(uo)}

= max {Np(pg), Np(up)}

Therefore, Np(po 0 1) < max (Ng(po ), N (o )}
Hence Np(pg 079) = min {Np(po), Nr(uo)}

N1(po 919) 2 min {N7(po), Nz(wo)}

Ng(pg 0 1) < max (Ng(pg), Np(ug)} for all pg, rp, ug € K.
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Lemma 3.4. Let a FNS N = (Np, N7, Ni) be a FNBi-I of X. If the
inequality  poOry <ug holds in K then  Np(pyOr)= Np(yg),
Ni(pg 019) = Np(vg) and Np(pg 019) < Np(ug) that is Np, Ny are order-

reversing and Ny is order-preserving.

Proof. Let pg, 1m,ugeX be such that pygOry <y, Then
Po 019 Qug = 0 and so

1) Np(po 919) = min {Np(pg 01 Qug ), Np(ug)}
= min {N7(0), Np(uo)}
= Nr(u)
Therefore, Ny(pgy 075) = Np(ug)
(i) Nz(po ©7p) = min {Ny(po 01 O o), Ny (o)}
= min {N7(0), N7(up)}
= Nr(u)
Therefore, Ny(pg 0 1) = Ny(ug)
(iil) Np(po ¢ 1p) < max {(Ng(po 019 O 1), Np(uo )}
= max {Np(0), Np(ug)}
= Np(uo)
Therefore, Ng(pg 019) < Nr(ug)
Hence Ny, N7 are order-reserving and N is order-preserving.

Theorem 3.5. If a FNS N = (Np, N7, Ng) be a FNBi-I of X then for any
Do 01y, a1, A, A3, ...y, € K, (..((pg 079 0 a1)0a9)0...)0a, =0 implies
Nr(po 979) 2 min {Np(a1), Nr(ag)... Nr(ay,)}

N1(po ¢ 1p) 2 min {N7(a), Ny(ag)...Ny(a,)} and

Nr(po 019) < max {Np(a), Np(ag)... Np(a,))-
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Proof. Using induction on n and Lemma 3.3, Lemma 3.4, the proof is

straightforward.
Theorem 3.6. Every FNBi-I of X is FNSA of XK.
Proof. Let N = (Np, N7, Nf) be a FNBi-I of X.

Since pg 91y < py it follows from Lemma 3.4 Np(pg¢ry) = Np(po),
Ni(po ©19) = Ni(po) and Np(po ¢7p) < Np(po)

Now Np(po ¢79) 2 Np(po) 2 min {N7(pg 0 1p), N(rp)}
> min {Nz(po), Nr(ro)}

Therefore, Ny(pg 0 1) = min {Np(pg), Np(rp)}

Ni(po ©19) = Nr(po) 2 min {N7(pg 0 70), N7 (o)}

> min {N7(po ), N7 (rp)}

Therefore, Ny7(pg 0 1y) = min {N7(pg), N7(p)}

Np(po ©19) < Np(po) < max {Ng(po ), Np(ro)}

< max {Nz(po), Np(1)}

Therefore, Ng(pg 0 19) < max {Ng(pg), Ng(rp)}-

Thus N = (N7, N7, Ng) is a FNSA of X.

Lemma 3.7. A FNS N = (Np, N7, Ng) is a FNBi-I of X iff the fuzzy sets
Ny, Ny and N§ are fuzzy Bi-ideals of X.

Proof. Let N =(Np, N;, Ng) be a FNBi-I of X then for every
Do, Ty, Ug € K we have N7(0) = Np(pg), N7(0) = Ny(po) and
NF(0) < Np(po)

Nr(po 019) = min {(Np(pg 015 Qug ), Np(up)},
Ni(po ¢ 19) = min {Nz(pg © 1 O ug), Nr(up)} and

Nr(po 019) < max (Np(pg 019 0 ug), Np(up)),

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023



FUZZY NEUTROSOPHIC BI-IDEALS OF BCK-ALGEBRAS 1053
Clearly Np, N; are fuzzy Bi-ideals of X.
NE(0) =1~ Np(0) > 1 Np(po) = Nf:(pp). Therefore N§:(0) > Ni(pp).
Ni(po 019) =1 =Np(po 015) = 1 — max {Np(po 01 O ug), Np(uo)}
= min {l - Np(po 07 Oug), 1 = Nr(uo)j
= min {N(po 970 O ), Nfr(uo )}
Therefore, N%(pg ¢ 15) = min {N%(pg © 1 0 ug), N (ug)}-
Hence N§ fuzzy Bi-ideals of X.
Conversely assume that Np, N; and N§ are fuzzy Bi-ideals of XK.
For every pg, 1y, ug € X we have Np(0) > Np(pg), N7(0) = N7(pg) and
Nf#(0) = N (po)-
Now 1-Np(0) = Ni(0) 2 Nr(po) = 1= Np(po) = Np(0) < Np(po).
Since Np, Ny and Nf are fuzzy Bi-ideals of X we have
Nr(po © 1) = min {N7(po ¢ 1 O ug ), Nr(uo)},
N1(po ¢79) 2 min {N7(pg 019 ©up ), Ni(up)} and
Ni(po 919) = min {N(po © 10 9 g), N (p)}-
Now 1 -Np(po ¢79) = Nf(po ©10)
> min {Nf(po ¢ 79 9 o), Nfr(uo )}
= min {1 - Nr(po 979 O o), 1 - Np (o)}
=1-max {Np(po 019 O up), Np(uo)}
1= Np(po 019) 21— max {Np(pg 01 9 ug), Np(uo)y = Np(po ©10)

< max {Np(pg 019 0 up), Np(up)}
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Hence N = (Np, N7, Nr) is a FNBi-I of XK.

Theorem 3.8. Let N=Np,N;,Ng) is a FNS in X then
N =(Np, N;, Np) is a FNBi-I of X iff oN=Np, N;, N&) and
*N = (N%, N7, Ng) are FNBi-Is of XK.

Proof. If N = (N, N7, Nf) is a FNBi-I of K, then Np, N; and N§ are

fuzzy Bi-ideals of X from Lemma 3.7 also Np = (N )°.
Hence o N = (Np, N7, Nf) and *N = (N%, N7, N ) are FNBi-Is of X.

Conversely oN = (Np, N7, Nf) and *N = (Nf, N7, Np) are FNBi-Is of

X then the fuzzy sets Np, N7 and N% are fuzzy Bi-ideals of X are fuzzy
Bi-ideals of X.

Hence N = (Np, N7, Nr) is a FNBi-I of K.

Definition 3.9. A mapping f:X — Y of BCK-algebras is called a
homomorphism if f(py 01y) = f(pg) ¢ f(rp) for all pgy, 1y € K.

Note that if f:X — Y is a homomorphism of BCK-algebras then
f(0) = 0.

Let f:X — Y be a homomorphism of BCK-algebras. For any FNS
N = Ny, N7, Ng) in Y. We define a new FNS N/ = (N/,, N{, NZ/:“) in X by

N%(po) = Np(f(po)), le (po) = N7(f(po)) and N{:(po) = Np(f(pg)) for all
pO (S fK

Theorem 3.10. Let f : X — Y be a homomorphism of BCK-algebras. If a
FNS N=Np,N;,Ng) in Y is a FNBi-I of Y, then a FNS

NI = (Nf., NF, NE) in K is a FNBi-I of X.

Proof. i. N}(po) = Nr(f(po)) < Nr(£(0)) = NA(0)

= NJ(po) < N4 (0).
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ii. Nf(po) = N1(f(po)) < Ny(£(0)) = Nf(0)
= NJ(po) < N}(0).
iti. Nf(po) = Np(f(po)) = Np(£(0)) = N},(0)
= NL(po) = NL(0).
Let pg, 7y, to € K. Then
min {NJ(po 0 1 0 tg), Nfi (o)} = min (N7 (F(po 0 75 9 ), Ner(F ()}
= min {N7(f(po) © f(r) 0 fuo)), Ny (f(uo))}
< Np(f(po) ¢ f(1)) = Np(f(po ¢ 1)) = Nf(po 0 70)
Therefore, NJ(po ¢1p) > min {(NA(po 0 1 0 g )y N (o)}
min {NJ(po 01 ¢ ug), Nf (o)} = min N7 (F(po 1o 0 ug)) Ny (f(uo))}
= min {N;(f(po) ¢ f(r) © f(u0)), Nr(f(u0))j
< N7(f(po) 9 () = Ny (f(po 9 19)) = NJ (po 0 70)
Therefore, Nf(pg 0 15) = min {NJ (pg 0 1 0 g ), N ()}
max {N}(po 0 1o 0 tg), Nf(ug)} = max (N (f(po 01 0 ug)), Np(F (o))}
= max {Np(f(po) ¢ f(10) ¢ f(uo)), Np(f(uo))}
> Np(f(po) 9 f(r0)) = Ne(f(po 070)) = N(po 0 70)
Therefore, NJ.(pg 0 1y) < max {(NL(po ¢ m 0 ), Nb(ug)}
Hence Ny = (Nj, Nf, N£) is a FNBi-I of K.

Theorem 3.11. Let f : X —> Y be an epimorphism of BCK-algebras and
let N = (Np, Ny, Np) be a FNS in Y. If Ny = (Nj, Nf, N£) is a FNBi-I of X,
then N = (Np, N7, Ng) is a FNBi-I of Y.
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Proof. For any py € Y there exists a € X such that f(a) = py then
Nr(po) = Nr(f(@)) = N (a) < NL(0) = Np(f(0)) = Ny (0)
= Nr(po) < Nr(0).
N1(po) = N7(f(@)) = Nf(a) < N} (0) = N7(£(0)) = N7(0)
= N1(pg) < N7(0).
Nr(po) = Np(f(@)) = Nj(a) 2 N£(0) = Np(£(0) = Np(0)
= Np(po) 2 Np(0).

Let pg, 19, up € Y, then f(a)=pg, f(b)=1y and f(c)=uy for some
a, b, ¢c € X. It follows that

Nr(po 0 19) = Nr(f(@) 9 £(b) = Np(f(a 0b))
= NJ(a0b) > min {NJ(a0boc), Nj(c)}
= min {N7(f(a 95 ¢ ¢)), Np(f(c))}

min {N7(f(a) ¢ f(b) ¢ f(c)), Nr(£(c)}

= min {Np(pg ¢ 19 0 ug), Np(uo )}

Therefore, Np(po ¢ 1) = min {Ng(pp ¢ 16 © ug ), Np(ug)}
Ni(po ©19) = Ny(f(@) 0 f(b)) = Ny (f(a 0b))

= NJ(a 0b) > min {Nf(a 0b0c), Nf(c)}

= min {N7(f(a 0 b ¢ ¢)), Ny(f(c))}

= min {N7(f(a) ¢ f(b) ¢ f(c)), Ny (f(c))}

= min {N7(po 979 ©up), Ny(uo)}

Therefore, Ny(pg ¢ 1) = min {N7(pg 1y O ug), Ny(ug)}

Nr(po 0 19) = Np(f(a) 0 (b)) = Np(f(a 9b))
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N{,(a 0b) < max {N{;(a 0boc), N}:(c)}

max {Np(f(a 0b9c)), Np(f(c));
max {Np(f(a) ¢ f(b) ¢ f(c), Np(f(c))}

max {(Ng(po 079 O ), Np(up)}

Therefore, Ng(pg ¢ 1) < max {Ng(py 019 O ug), Np(up)}

Hence N = (Np, N7, Nf) is a FNBi-I of Y.
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