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Abstract 

The aim of this paper is to propose a notion of fuzzy neutrosophic Bi-ideal of BCK-algebras 

and explore some of their properties. 

1. Introduction 

L. A. Zadeh [1], a professor of computer science at the University of 

California, introduced the concept of fuzzy set (FS) in 1965. Fuzzy sets 

analyzed the degree of membership of members of set and Xi [2] applied this 

concept to the ideals of BCK/BCI algebras. In 1986 Atanassove [3] 

generalized a fuzzy set to an intuitionistic fuzzy set (IFS) by including 

another function called a non-membership function and Jun and Kim [4] 

introduced intuitionistic fuzzy ideals of BCK-algebras. In 1995 Smarandache 
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([5], [6]) introduced the neutrosophic set (NS), which discuss the degree of 

uncertainty. In [7], Arockiarani et al. introduced the concept of fuzzy 

neutrosophic set (FNS). In [8] E. V. Sindhu add M. H. Jaleela Begum given 

the idea of intuitionistic fuzzy Bi-ideals of BCK-algebras. This article 

introduces the fuzzy neutrosophic Bi-ideals of BCK-algebras and its 

properties. 

2. Preliminaries 

Definition 2.1[4]. Let  be a non-empty set with a binary operation “” 

and a constant “0”. Then  0,, K  is called BCK-algebra if it follows the 

following axioms for all K000 ,, urp   

(i)       0000000 ruuprp   

(ii)    00000 rrpp   

(iii) 000 pp   

(iv) 00 0 p  

(v) 000 rp   and .0 0000 rppr   

Definition 2.2[1]. We can define a binary operation “” on  by assuming 

00 rp   if and only if .000 rp   

Definition 2.3[4]. A non-empty subset I of a BCK-algebra K is called sub 

algebra of K, if for any ., 0000 II  rprp   

Definition 2.4[4]. A non-empty subset I of a BCK-algebra K is called an 

ideal, if it satisfies 

(I-1) I0  

(I-2) I00 rp   and II  00 pr  for all ., 00 Krp  

Definition 2.5[1]. Let K be a non-empty set. A fuzzy set in a set K is a 

mapping  .1,0: KNT  

Definition 2.6[1]. The complement of a fuzzy set TN  denoted by  cTN  

is also a fuzzy set defined as   ,1 T
c

T NN   for all .0 Kp  
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Definition 2.7[9]. A fuzzy set  1,0: KNT  is called fuzzy sub-algebra 

of K, if       0000 ,min rprp TTT NNN   for all ., 00 Krp  

Definition 2.8[9]. A fuzzy set  TNK,  in a BCK-algebra K, is said to be 

a fuzzy ideal of K if 

(F-1)    .0 0pTT NN   

(F-2)       ,,min 0000 rrpp TTT NNN   for all ., 00 Krp  

Definition 2.9[3]. An intuitionistic fuzzy set N in a non-empty set K is 

an object having the form      KNNN  0000 ,, pppp FT  where the 

functions  1,0: KNT  and  1,0: KNF  denote the grade of 

membership and non-membership of each element K0p  to the set N 

respectively and     10 00  pp FT NN  for all .0 Kp  

Definition 2.10[3]. An IFS  FT NNKN ,,  of K is IFSA of K if it 

follows the conditions 

(IFSA-1)       0000 ,min rprp TTT NNN   

(IFSA-2)       0000 ,max rprp FFF NNN   for all ., 00 Krp  

Proposition 2.11. Every IFSA  FT NNKN ,,  of a BCK-algebra K 

satisfies the inequalities    00 pTT NN   and    00 pFF NN   for all 

.0 Kp  

Definition 2.12[4]. An IFS  FT NNKN ,,  of a BCK-algebra K is IFI 

of K if it follows the conditions 

(IFI-1)    00 pTT NN   and    00 pFF NN   

(IFI-2)       0000 ,min rrpp TTT NNN   

(IFI-3)       0000 ,max rrpp FFF NNN   for all ., 00 Krp  

Definition 2.13[8]. A fuzzy subset  TNK,  in a BCK-algebra K is called 

a fuzzy Bi-ideal if (FBi-I 1)    00 pTT NN   

(FBi-I 2)       00000 ,min uurpp TTT NNN   for all .,, 000 Kurp   
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Definition 2.14[8]. An IFS  FT NNKN ,,  of a BCK-algebra K is 

called intuitionistic fuzzy Bi-ideal of K if 

(IFBi-I 1)    00 pTT NN   and    00 pFF NN   

(IFBi-I 2)       000000 ,min uurprp TTT NNN    

(IFBi-I 3)       000000 ,max uurprp FFF NNN    for all .,, 000 Kurp   

Definition 2.15[7]. A fuzzy neutrosophic set (FNS) in a non-empty set K 

is a structure of the form        KNNNN  00000 ,,, ppppp FIT  

Where    1,0:,1,0:  KNKN IT  and  1,0: KNF  represents 

grade of belongingness, grade of indeterminacy and grade of non- 

belongingness of each element K0p  to the set N respectively and 

      .30 000  ppp FIT NNN  

We shall use the symbol  FIT NNNN ,,  for the FNS 

       .,,, 00000 KNNNN  ppppp FIT  

Definition 2.16[10]. A FNS  FIT NNNN ,,  in K is fuzzy 

neutrosophic sub-algebra (FNSA) of K if it follows the conditions 

(FNSA-1)       0000 ,min rprp TTT NNN   

(FNSA-2)       0000 ,min rprp III NNN   

(FNSA-3)       0000 ,max rprp FFF NNN   for all ., 00 Krp  

Definition 2.17. A FNS  FIT NNNN ,,  in K is fuzzy neutrosophic 

ideal (FNI) of K if it follows the conditions 

(FNI-1)        00 0,0 pp IITT NNNN   and    00 pFF NN   

(FNI-2)       0000 ,min rrpp TTT NNN   

(FNI -3)       0000 ,min rrpp III NNN   

(FNI-4)       0000 ,max rrpp FFF NNN   for all ., 00 Krp  
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3. Fuzzy Neutrosophic Bi-Ideals of BCK-algebras 

Definition 3.1. A FNS  FIT NNNN ,,  is called a fuzzy neutrosophic 

Bi-ideal (FNBi-I) of K if it satisfies 

(FNBi-I 1)        00 0,0 pp IITT NNNN   and    00 pFF NN   

(FNBi-I 2)       000000 ,min uurprp TTT NNN    

(FNBi-I 3)       000000 ,min uurprp III NNN    

(FNBi-I 4)       000000 ,max uurprp FFF NNN    for all ,, 00 rp  

.0 Ku  

Example 3.2. Consider a BCK-algebra  3,2,1,0K  with the Cayley 

table as shown in following Figure 3.1 

 0 1 2 3 

0 0 0 0 0 

1 1 0 0 1 

2 2 1 0 2 

3 3 3 3 0 

Figure 3.1. 

Define a FNS  FIT NNNN ,,  in K as follows in Figure 3.2 

K 
TN  IN  FN  

0 0.7 0.6 0.2 

1 0.7 0.5 0.3 

2 0.3 0.1 0.5 

3 0.4 0.2 0.7 

Figure 3.2. 

Then by routine calculation  FIT NNNN ,,  is a FNBi-I of K. 
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Lemma 3.3. Let a FNS  FIT NNNN ,,  in K be a FNBi-I of K. If the 

inequality 000 urp   holds in K then 

(i)       0000 ,min uprp TTT NNN   

(ii)       0000 ,min uprp III NNN   

(iii)       0000 ,max uprp FFF NNN   for all .,, 000 Kurp  

Proof. Let K000 ,, urp  be such that 000 urp   

(i) Now       000000 ,min uurprp TTT NNN    

    0,0min uTT NN  

       000 ,,minmin uup TTT NNN  

    00 ,min up TT NN  

Therefore,       0000 ,min uprp TTT NNN   

(ii)       000000 ,min uurprp III NNN    

    0,0min uII NN  

       000 ,,minmin uup III NNN  

    00 ,min up II NN  

Therefore,       0000 ,min uprp III NNN   

(iii)       000000 ,max uurprp FFF NNN    

    0,0max uFF NN  

       000 ,,maxmax uup FFF NNN  

    00 ,max up FF NN  

Therefore,       0000 ,max uprp FFF NNN   

Hence       0000 ,min uprp TTT NNN   

      0000 ,min uprp III NNN   

      0000 ,max uprp FFF NNN   for all .,, 000 Kurp  
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Lemma 3.4. Let a FNS  FIT NNNN ,,  be a FNBi-I of K. If the 

inequality 000 urp   holds in K then    ,000 urp TT NN   

   000 urp II NN   and    000 urp FF NN   that is IT NN ,  are order-

reversing and IN  is order-preserving. 

Proof. Let K000 ,, urp  be such that .000 urp   Then 

0000 urp   and so 

(i)       000000 ,min uurprp TTT NNN    

    0,0min uTT NN  

 0uTN  

Therefore,    000 urp TT NN   

(ii)       000000 ,min uurprp III NNN    

    0,0min uII NN  

 0uIN  

Therefore,    000 urp II NN   

(iii)       000000 ,max uurprp FFF NNN    

    0,0max uFF NN  

 0uFN  

Therefore,    000 urp IF NN   

Hence IT NN ,  are order-reserving and FN  is order-preserving. 

Theorem 3.5. If a FNS  FIT NNNN ,,  be a FNBi-I of K then for any 

     0,,,,, 210032100  nn aaarpaaaarp   K  implies 

        nTTTT aaarp NNNN 2100 ,min  

        nIIII aaarp NNNN 2100 ,min  and  

        .,max 2100 nFFFF aaarp NNNN   
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Proof. Using induction on n and Lemma 3.3, Lemma 3.4, the proof is 

straightforward. 

Theorem 3.6. Every FNBi-I of K is FNSA of K. 

Proof. Let  FIT NNNN ,,  be a FNBi-I of K. 

Since 000 prp   it follows from Lemma 3.4    ,000 prp TT NN   

   000 prp II NN   and    000 prp FF NN   

Now         000000 ,min rrpprp TTTT NNNN    

    00 ,min rp TT NN  

Therefore,       0000 ,min rprp TTT NNN   

        000000 ,min rrpprp IIII NNNN    

    00 ,min rp II NN  

Therefore,       0000 ,min rprp III NNN   

        000000 ,max rrpprp FFFF NNNN    

    00 ,max rp FF NN  

Therefore,       .,max 0000 rprp FFF NNN   

Thus  FIT NNNN ,,  is a FNSA of K. 

Lemma 3.7. A FNS  FIT NNNN ,,  is a FNBi-I of K iff the fuzzy sets 

IT NN ,  and c
FN  are fuzzy Bi-ideals of K. 

Proof. Let  FIT NNNN ,,  be a FNBi-I of K then for every 

K000 ,, urp  we have        00 0,0 pp IITT NNNN   and 

   00 pFF NN   

      ,,min 000000 uurprp TTT NNN    

      000000 ,min uurprp III NNN    and 

      ,,max 000000 uurprp FFF NNN    
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Clearly IT NN ,  are fuzzy Bi-ideals of K. 

       .1010 00 pp c
FFF

c
F NNNN   Therefore    .0 0pNN c

F
c
F    

        00000000 ,max11 uurprprp FFF
c
F NNNN    

    0000 1,1min uurp FF NN    

    0000 ,min uurp c
F

c
F NN   

Therefore,       .,min 000000 uurprp c
F

c
F

c
F NNN    

Hence c
FN  fuzzy Bi-ideals of K. 

Conversely assume that IT NN ,  and c
FN  are fuzzy Bi-ideals of K. 

For every K000 ,, urp  we have        00 0,0 pp IITT NNNN   and 

   .0 0pc
F

c
F NN   

Now            .01001 000 ppp FFF
c
F

c
FF NNNNNN   

Since IT NN ,  and c
FN  are fuzzy Bi-ideals of K we have 

      ,,min 000000 uurprp TTT NNN    

      000000 ,min uurprp III NNN    and 

      .,min 000000 uurprp c
F

c
F

c
F NNN    

Now    00001 rprp c
FF  NN   

    0000 ,min uurp c
F

c
F NN   

    0000 1,1min uurp FF NN    

    0000 ,max1 uurp FF NN   

        00000000 ,max11 rpuurprp FFFF  NNNN   

    0000 ,max uurp FF NN   
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Hence  FIT NNNN ,,  is a FNBi-I of K. 

Theorem 3.8. Let  FIT NNNN ,,  is a FNS in K then 

 FIT NNNN ,,  is a FNBi-I of K iff  c
TIT NNNN ,,  and 

 FI
c
F NNNN ,,  are FNBi-Is of K. 

Proof. If  FIT NNNN ,,  is a FNBi-I of K, then IT NN ,  and c
FN  are 

fuzzy Bi-ideals of K from Lemma 3.7 also   .
cc

TT NN   

Hence  c
TIT NNNN ,,  and  FI

c
F NNNN ,,  are FNBi-Is of K. 

Conversely  c
TIT NNNN ,,  and  FI

c
F NNNN ,,  are FNBi-Is of 

K then the fuzzy sets IT NN ,  and c
FN  are fuzzy Bi-ideals of K are fuzzy     

Bi-ideals of K. 

Hence  FIT NNNN ,,  is a FNBi-I of K. 

Definition 3.9. A mapping YK :f  of BCK-algebras is called a 

homomorphism if      0000 rfpfrpf    for all ., 00 Krp  

Note that if YK :f  is a homomorphism of BCK-algebras then 

  .00 f  

Let YK :f  be a homomorphism of BCK-algebras. For any FNS 

 FIT NNNN ,,  in Y. We define a new FNS  f
F

f
I

f
T

f NNNN ,,  in K by 

         0000 , pfppfp I
f
IT

f
T NNNN   and     00 pfp F

f
F NN   for all 

.0 Kp  

Theorem 3.10. Let YK :f  be a homomorphism of BCK-algebras. If a 

FNS  FIT NNNN ,,  in Y is a FNBi-I of Y, then a FNS 

 f
F

f
I

f
T

f NNNN ,,  in K is a FNBi-I of K. 

Proof. i.          0000
f
TTT

f
T fpfp NNNN    

   .00
f
T

f
T p NN   
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ii.          0000
f
III

f
I fpfp NNNN   

   .00
f
I

f
I p NN   

iii.          0000
f
FFF

f
F fpfp NNNN   

   .00
f
F

f
F p NN   

Let .,, 000 Kurp  Then 

           00000000 ,min,min ufurpfuurp TT
f
T

f
T NNNN    

          0000 ,min ufufrfpf TT NN   

         000000 rprpfrfpf f
TTT  NNN   

Therefore,       000000 ,min uurprp f
T

f
T

f
T NNN    

           00000000 ,min,min ufurpfuurp II
f
I

f
I NNNN    

          0000 ,min ufufrfpf TI NN   

         000000 rprpfrfpf f
III  NNN   

Therefore,       000000 ,min uurprp f
I

f
I

f
I NNN    

           00000000 ,max,max ufurpfuurp FF
f
F

f
F NNNN    

          0000 ,max ufufrfpf FF NN   

         000000 rprpfrfpf f
FFF  NNN   

Therefore,       000000 ,max uurprp f
F

f
F

f
F NNN    

Hence  f
F

f
I

f
Tf NNNN ,,  is a FNBi-I of K. 

Theorem 3.11. Let YK :f  be an epimorphism of BCK-algebras and 

let  FIT NNNN ,,  be a FNS in Y. If  f
F

f
I

f
Tf NNNN ,,  is a FNBi-I of K, 

then  FIT NNNN ,,  is a FNBi-I of Y. 
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Proof. For any Y0p  there exists Ka  such that   0paf   then  

             0000 TT
f
T

f
TTT faafp NNNNNN   

   .00 TT p NN   

             0000 II
f
I

f
III faafp NNNNNN   

   .00 II p NN   

             0000 FF
f
F

f
FFF faafp NNNNNN   

   .00 FF p NN   

Let ,,, 000 Yurp  then     00, rbfpaf   and   0ucf   for some 

.,, Kcba  It follows that 

         bafbfafrp TTT  NNN 00  

      ccbaba f
T

f
T

f
T NNN ,min    

      cfcbaf TT NN ,min   

          cfcfbfaf TT NN ,min   

    0000 ,min uurp TT NN   

Therefore,       000000 ,min uurprp TTT NNN    

         bafbfafrp III  NNN 00  

      ccbaba f
I

f
I

f
I NNN ,min    

      cfcbaf II NN ,min   

          cfcfbfaf II NN ,min   

    0000 ,min uurp II NN   

Therefore,       000000 ,min uurprp III NNN    

         bafbfafrp FFF  NNN 00  
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      ccbaba f
F

f
F

f
F NNN ,max    

      cfcbaf FF NN ,max   

          cfcfbfaf FF NN ,max   

    0000 ,max uurp FF NN   

Therefore,       000000 ,max uurprp FFF NNN    

Hence  FIT NNNN ,,  is a FNBi-I of Y. 
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