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Abstract 

A graph   ,  is observed to concede prime labeling when the vertices of the graph are 

labeled with unique integral values from  ,1  in a way that for each edge ,uv  the end 

vertices u and v are designated labels that share no common positive factors except 1. In this 

research article we investigate that the middle graph of path, cycle, tadpole graph and crown 

graph concede prime labeling.  

1. Introduction 

Herein, this research article the graphs examined are non-oriented with 

no multiple edges and loops. We symbolize the vertex set by    with 

cardinality    and the edge set by    with cardinality   .  

Graph labeling is one of the important branches of graph theory in which the 

vertices or edges or both are assigned integral values with some conditions. 

There are various applications of graph labeling such as astronomy, 

management of database, theory of coding, communication network 

addressing, x-ray crystallography, circuit design and much more. The notion 

of prime labeling was introduced by R. Entringer. The concept of middle 
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graph of a graph  was introduced by T. Hamada and I. Yoshimura in [2]. A 

graph   ,  is observed to concede prime labeling when the vertices of the 

graph are labeled with unique integral values from  ,1  in a way that for 

each edge ,uv  the end vertices u and v are designated labels that share no 

common positive factors except 1. A prime graph is the one that receives a 

prime labeling [4]. In this research article we investigate that the Middle 

graph of path, cycle, tadpole and crown graphs concede prime labeling. 

2. Preliminaries 

Definition 2.1 [6]. The graph constructed by sub-dividing every edge of a 

graph  by placing into every edge of  a new vertex and connecting those 

pairs of newly placed vertices which lie on adjacent edges of the graph  by 

introducing new edges is known as the middle graph  M  of a graph . 

Definition 2.2 [5]. The path graph nP  is constructed by forming a route 

from one vertex to another by virtue of placing edges linking successive 

vertices of the path. 

Definition 2.3 [5]. The cycle graph nC  is constructed by forming a route 

from one vertex to another by virtue of placing edges linking successive 

vertices where the last edge connects the last vertex with the starting vertex.  

Definition 2.4 [1]. The tadpole graph, nmT ,  is constructed by connecting 

cycle mC  with path nP  by introducing an edge between any vertex of mC  to 

the first vertex of nP  whenever 2m  and .2n  

Definition 2.5 [3]. The crown graph is constructed by attaching 

absolutely one pendent edge at every vertex of the cycle nC  whenever .2n  

3. Prime Labeling of Middle Graph of Path 

Theorem 3.1. The middle graph of path graph is a prime graph.  

Proof. Let nP  be the Path graph. 
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The vertex set    .,,, 21 nn uuuP   In general,    niuP in  1  

and   .nPn   The Edge set    .,,, 121  nn eeeP   

In general,    niuueP iiin   11  and   .1 nPn  

Let 121 ,,, nvvv   be the vertices affixed with respect to the edges 

121 ,,, neee   of nP  to obtain the middle graph  nPM  of the path graph 

.nP  

Then     12121 ,,,,,,,  nnn vvvuuuP M  and    12  nPnM  

        niuvnivunivvP iiiiiin   1111 11 M  

and    .43  nPnM  

Let us define a labeling     12,,3,2,1:  nPf n M  by 

  nuf 1  

  niivf i  1,12  

  niiuf i 42,22   

Then for the edges,  

     nivfvfvv iiii  1,1,gcd, 11  

     1,gcd,1  iiii vfufvu  

     1,gcd, 11  iiii ufvfuv  

Therefore  nPM  is a prime graph. 

The middle graph of path and its prime labeling are as in the following 

figures 3.1.1, 3.1.2 and 3.1.3 respectively. 

Illustration 3.1. 

 

Figure 3.1.1.  .nPM  
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Figure 3.1.2. Prime labeling of  .5PM  

 

Figure 3.1.3. Prime labeling  .8PM  

4. Prime Labeling of Middle Graph of Cycle Graph 

Theorem 4.1. The middle graph of cycle graph is a prime graph.  

Proof. Let nC  be the Cycle graph. 

The vertex set    .,,, 21 nn uuuC   In general,    niuC in  1  

and   nCn   

The Edge set    .,,, 21 nn eeeC   

In general,      11 1 uueniuueC nniiin     and 

  .nCn   

Let nvvv ,,, 21   be the vertices added corresponding to the edges 

neee ,,, 21   of nC  to obtain the middle graph  nCM  of the cycle graph .nC  

Then     nnn vvvuuuC  ,,,,, 2121M  and    nPn 2M  

          niuvnivuvvnivvC iiiiniin   111 111 M  

 1uvn  and    .3nCn M  

Let us define a labeling     nCf n 2,,3,2,1: M  

  1nvf  

  niivf i  1,2  

  niiuf i  12  
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Then for the edges, 

     nivfvfvv iiii  1,1,gcd, 11  

     nivfufvv iiii  1,1,gcd,  

     niufvfuv iiii  1,1,gcd, 11  

     1,gcd, 11 vfvfvv nn  

     1,gcd, 11 ufvfuv nn  

Therefore  nCM  is a prime graph. 

The middle graph of cycle graph and its prime labeling are as in the 

following figures 4.1.1, 4.1.2 and 4.1.3 respectively.  

Illustration 4.1: 

                    

Figure 4.1.1. Middle graph  nCM  

of cycle graph .nC  

Figure 4.1.2. Prime labeling of 

Middle graph  7CM  of cycle graph 

.7C  

 

 

Figure 4.1.3 Prime labeling of Middle graph  12CM  of cycle graph .12C  
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5. Prime Labeling of Middle Graph of Tadpole Graph 

Theorem 5.1. The middle graph of tadpole graph is a prime graph.  

Proof. Let nmT ,  be the tadpole graph. 

The vertex set    .,,,,,, 2121, nmnm vvvuuuT   In general, 

   .1,1,, njmivuT jinm   and   ., nmT nm   

The Edge set    .,,,,,,, 12121, nnmnm wwwweeeT    

In general,        11111, 11 vuwuuemiuueT mmiiinm     

 111   njvvw jjj  and   ., nmT nm   

Let mxxx ,,, 21   be the vertices added corresponding to the edges 

meee ,,, 21   of cycle mC  and nyyy ,,, 21   be the vertices added 

corresponding to the edges nwww ,,, 21   of path nP  respectively to obtain 

the middle graph  nmT ,M  of the tadpole graph .,nmT  Then, 

    nnmmnm yyyvvvxxxuuuT ,,,,,,,,,,,,,,, 21212121, M  and 

           miuxmixuTnmT iiiinmnm   112 1,, MM   

         niyvnivyyumixxux iiiiiim   111 11111   

 niyy ii  11  

Let us define a labeling      nmTf nm  2,,3,2,1: , M  

  11 yf  

  miiuf i  1,2  

  miixf i  1,12  

  niimvf i  1,22  

  niimyf i  2,122  

Then for the edges, 
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     mixfufxu iiii  1,1,gcd,  

     miufxfux iiii  1,1,gcd, 11  

     mixfxfxx iiii  1,1,gcd, 11  

     1,gcd, 11 ufxfux mm  

     1,gcd, 1111 yfufyu  

     nivfyfvy iiii  1,1,gcd,  

     niyfvfyv iiii  1,1,gcd, 11  

     niyfyfyy iiii  1,1,gcd, 11  

Therefore  nmT ,M  is a prime graph. 

The middle graph of tadpole graph and its prime labeling are as in the 

following figures 5.1.1, and 5.1.2 respectively. 

 

Figure 5.1.1. Middle graph of tadpole graph. 

Illustration 5.1.  
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Figure 5.1.2. Prime labeling of middle graph of tadpole graph  .5,8TM  

6. Prime Labeling of Middle Graph of Crown Graph 

Theorem 6.1. The middle graph of crown graph is a prime graph.  

Proof. Let 1KCn  be the Crown graph.  

The vertex set    .,,,,,, 2121 nn vvvuuu   In general, 

   .1, nivu ii   and   .2n  

The Edge set    .,,,,,, 22121 nnnn eeeeee    

In general,        nivueuueniuue iiinnniii   11 11   

and   .2n  

Let nxxx ,,, 21   be the vertices added corresponding to the edges 

neee ,,, 21   of nC  and nyyy ,,, 21   be the vertices added corresponding 

to the edges nnn eee 221 ,,,   of nP  respectively to obtain the middle graph 

 M  of the crown graph . 

Then     .,,,,,,,,,,,,,,, 21212121 nnnn yyyxxxvvvuuu M  

In general,     niyxvu iiii  1,,,M  and    .4nM  

          nixxuxniuxnixu iiniiii   111 111 M  

         nivyniyunixyyxniyx iiiiiinii  1111 11    

and    .7nM  
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Let us define a labeling     nf 4,,3,2,1: M  

  niixf i  1,34  

  niiyf i  1,14  

 

 

 

 















0,3,3mod0,212

0,23,3mod2,812

0,13,3mod1,212

jjiij

jjiij

jjiij

uf i   

 

 

 

 















0,3,3mod0,12

0,23,3mod2,612

0,13,3mod1,412

jjiij

jjiij

jjiij

vf i  

Then for the edges, 

     nixfufxu iiii  1,1,gcd,  

     niufxfux iiii  1,1,gcd, 11  

     1,gcd, 11 ufxfux nn  

     nixfxfxx iiii  1,1,gcd, 11  

     niyfxfyx iiii  1,1,gcd, 11  

     1,gcd, 11 xfxfxx nn  

     1,gcd, 11 yfxfyx nn  

     nixfyfxy iiii  1,1,gcd,   

     niyfufyu iiii  1,1,gcd,  

     nivfyfvy iiii  1,1,gcd,  

Therefore  1KCnM  is a prime graph. 

The middle graph of crown graph and its prime labeling are as in the 

following figures 6.1.1 and 6.1.2 respectively. 
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Figure 6.1.1. Middle graph  1KCnM  of crown graph. 

 

Figure 6.1.2. Prime labeling of middle graph  112 KC M  of crown graph. 

7. Conclusion 

Herein this research article we have established that the Middle graph of 

path, cycle, tadpole and crown graphs concede prime labeling. To investigate 

the middle graph of various graphs that admit prime labeling is interesting 

and engrossing for further study.  
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