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Abstract

A graph G(V, ) is observed to concede prime labeling when the vertices of the graph are
labeled with unique integral values from [1,| V|| in a way that for each edge wwv, the end

vertices u and v are designated labels that share no common positive factors except 1. In this
research article we investigate that the middle graph of path, cycle, tadpole graph and crown
graph concede prime labeling.

1. Introduction

Herein, this research article the graphs examined are non-oriented with

no multiple edges and loops. We symbolize the vertex set by V(G) with
cardinality | V(G)| and the edge set by E(G) with cardinality | E(G)|.
Graph labeling is one of the important branches of graph theory in which the

vertices or edges or both are assigned integral values with some conditions.
There are various applications of graph labeling such as astronomy,
management of database, theory of coding, communication network
addressing, x-ray crystallography, circuit design and much more. The notion

of prime labeling was introduced by R. Entringer. The concept of middle
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graph of a graph G was introduced by T. Hamada and I. Yoshimura in [2]. A

graph G(V, E) is observed to concede prime labeling when the vertices of the
graph are labeled with unique integral values from [1,| V [] in a way that for
each edge uv, the end vertices u and v are designated labels that share no

common positive factors except 1. A prime graph is the one that receives a
prime labeling [4]. In this research article we investigate that the Middle
graph of path, cycle, tadpole and crown graphs concede prime labeling.

2. Preliminaries

Definition 2.1 [6]. The graph constructed by sub-dividing every edge of a

graph G by placing into every edge of G a new vertex and connecting those
pairs of newly placed vertices which lie on adjacent edges of the graph G by

introducing new edges is known as the middle graph M(G) of a graph G.

Definition 2.2 [5]. The path graph P, is constructed by forming a route

from one vertex to another by virtue of placing edges linking successive

vertices of the path.

Definition 2.3 [5]. The cycle graph C,, is constructed by forming a route

from one vertex to another by virtue of placing edges linking successive

vertices where the last edge connects the last vertex with the starting vertex.

Definition 2.4 [1]. The tadpole graph, 7, ,, is constructed by connecting

cycle C,, with path P, by introducing an edge between any vertex of C,, to

the first vertex of P, whenever m > 2 and n > 2.

Definition 2.5 [3]. The crown graph is constructed by attaching

absolutely one pendent edge at every vertex of the cycle C,, whenever n > 2.

3. Prime Labeling of Middle Graph of Path

Theorem 3.1. The middle graph of path graph is a prime graph.
Proof. Let P, be the Path graph.
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The vertex set V(P,) = {iy, ug, ..., u,}. In general, V(P,)=1{u;/1<i<n}
and | V(P,) | = n. The Edge set E(P,) = {1, €9, ..., €,_1}.

In general, B(P,) = {¢; = wju;.1/1 <i<n} and | E(P,)|=n-1.

Let vy, vy, ..., v,_1 be the vertices affixed with respect to the edges
ej, €, ..., e, 1 of P, to obtain the middle graph M(P,) of the path graph
P,

Then V(M(P,)) = {1, ug, ..., Up, Uy, Vg, ..., U1} and | VIM(P,))| =2n-1

EM(P,)) = {vv;1/1 <i<n-1U{gy; /1 <i<nfU vy 1/1<i<n}
and | EM(B,))| = 3n — 4.

Let us define a labeling f : VOM(P,)) - {1, 2, 3, ..., 2n —1} by
flw) =n

fo)=2i-1L,1<i<n

fly,)=2-2,2<i<4n

Then for the edges,

Vi1, g8ed(F(v), fUi)) =1,1<i<n

w1, ged (f(w;), f(v;)) =1

vitti1, ged (f(v;), f(i1)) =1

Therefore M(P,) is a prime graph.

The middle graph of path and its prime labeling are as in the following
figures 3.1.1, 3.1.2 and 3.1.3 respectively.

Illustration 3.1.

NSNS

uy 7 U v Us V3 ... . Uy Vp1 u,

Figure 3.1.1. M(P,).

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



4362 V. ANNAMMA and N. HAMEEDA BEGUM

NN N

9 8
Figure 3.1.2. Prime labeling of M (F).
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Figure 3.1.3. Prime labeling M (Pg).

4. Prime Labeling of Middle Graph of Cycle Graph

Theorem 4.1. The middle graph of cycle graph is a prime graph.
Proof. Let C,, be the Cycle graph.

The vertex set V(C,) = {u;, us, ..., u, }. In general, V(C,)={y;/1<i<n}
and | V(C,)|=n

The Edge set E(C,,) = {e;, e, ..., e, }-

In general, E(C,) = {e; = wu; 1 /1 <i<ntU{e, = uyy} and
| B(Cy)| = .
Let vy, vg, ..., v, be the vertices added corresponding to the edges

e, €, ..., e, of C, to obtain the middle graph M(C,,) of the cycle graph C,,.

Then V(M(C,)) = {1, ug, ...up, U1, Uy, ...v,} and | VM(B,)) | = 2n
EM(C,)) = v /1 <i < npU oot U o /1 <7 < npU {ya /1 <i < nf
Ultnia} and | BQV(C,) | = 3.

Let us define a labeling f : V(M(C,)) — {1, 2, 3, ..., 2n}
f(vn) =1
fly;)=2i,1<i<n

flwu;)=2i+1<i<n
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Then for the edges,

Vv, ged(f(v;), fvn)) =1L 1<i<n
v, ged(f(), f(v;) =1L 1<i<n
vitis1, 8ed(f(v;), fwig)) =1L 1<i<n
vpu1, ged(f(vy), f(vr) =1

Uiy, ged(f(on), () = 1
Therefore M(C,) is a prime graph.

The middle graph of cycle graph and its prime labeling are as in the
following figures 4.1.1, 4.1.2 and 4.1.3 respectively.

Illustration 4.1:

Figure 4.1.1. Middle graph M(C,) Figure 4.1.2. Prime labeling of
of cycle graph C,,. Middle graph M(C;) of cycle graph
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Figure 4.1.3 Prime labeling of Middle graph M(Cj3) of cycle graph Cio.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



4364 V. ANNAMMA and N. HAMEEDA BEGUM

5. Prime Labeling of Middle Graph of Tadpole Graph

Theorem 5.1. The middle graph of tadpole graph is a prime graph.

Proof. Let Tm,n be the tadpole graph.

The vertex set V(T,,,)={tn, us, ..., Up, U1, Vg, ...U,J. In general,

V(T n) = Wy, vj/1<i<m,1<j<n} and | V(T), )| = m+n.
The Edge set E(T},, ,) = {e1, €g, ..., €y, Wy, Wa, ... Wy,_1, Wy ).

In general, E(T), ,)=1{e; =uju/1<i<m-1}Ule,, = upuy JUw) =uyv; |

Ulw; =vjvj/1 <j<n-1} and | E(T), ,) | = m+n.

Let xq, x9, ..., x;, be the vertices added corresponding to the edges
e, €9, ..., €, of cycle C, and y, y9,..., ¥, be the vertices added
corresponding to the edges wq, woy, ..., w,, of path P, respectively to obtain

the middle graph M(T},, ,,) of the tadpole graph 7T}, ,,. Then,

V(T ) = {11, Uy Uy, X1, Xy ey Xy U1, U2, ooy Uy Y15 Y25 -5 V) and
| VOUT, )| = 2(m + )BTy, ) = fuix; /1 <0 < miUdwjng g /L <0 < mj
Ul fU e /1 <0 <mp Uiy P Uy /1 <0 < nfU vy /1< i< nj
Ui/l <i<ny

Let us define a labeling f : V(M(T}, ,)) = {L, 2, 3, ..., 2(m + n)}

fln)=1

f;))=2i,1<i<m

flx;)=2i+1,1<i<m

fv;)=2m+2i,1<i<n

fy;))=2m+2i-1,2<i<n

Then for the edges,
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ux;, ged(f(), flx;))=1,1<i<m
a1, ged(f(x), flwga)) =1L 1<i<m
x;x;1, ged(f(x;), flaz)) =L 1<i<m
X, ged(f(x,), () =1
w1, ged(f(w), f(n)) =1
yivi, ged(f(y), f)) =L 1<i<n
viyie1s ged(f(v), f()) =1L 1<i<n
YiYiv1> 8ed(f(3), f(yin)) =L 1<i<n
Therefore M(T}, ,) is a prime graph.

The middle graph of tadpole graph and its prime labeling are as in the
following figures 5.1.1, and 5.1.2 respectively.

Um-1
—

Tm-2 _

Figure 5.1.1. Middle graph of tadpole graph.

INlustration 5.1.
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Figure 5.1.2. Prime labeling of middle graph of tadpole graph M(Tg 5).

6. Prime Labeling of Middle Graph of Crown Graph
Theorem 6.1. The middle graph of crown graph is a prime graph.
Proof. Let G = C,, ® K; be the Crown graph.

The vertex set V(G)={y,us, ..., u,, Uy, Vg, ...v,}. In general,
V(G) = {5, v;/1 <i < n}. and | V(G) | = 2n.

The Edge set E(G) = {e;, €g, ...€;,, 41> 42> ---» €on }-

In general, E(G)={e; =uu;,/1<i<n}U{e, =u,yUle,; =wv;/1<i<n}
and | E(G)| = 2n.

Let x4, x9, ..., x,, be the vertices added corresponding to the edges
e, e, ..., e, of C, and y;, ¥g, ..., ¥, be the vertices added corresponding
to the edges e, .1, €,.9, --., €9, of P, respectively to obtain the middle graph

M(G) of the crown graph G.
Then V(M(G))={uy, Ug, -, Upys V15 U9y oevs Uy X15 X9y s Xpys s Y25 --v5 Y )-
In general, VOM(G)) = {u;, v;, x;, y;/1 <i < n} and | VOM(G)) | = 4n.

EM(G)) = {wx; /1 <1 < nfU iy 0 /1 <1 < nfU e fUxgag o /1 <@ <nf
Uty /1 <i < nfUfaun P Ui /1 <@ <nfUfwy; /1 <i<nfU{yui/1<i<n}
and | BOV(G)) | = Tn.
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Let us define a labeling f : VOM(G)) — {1, 2, 3, ..., 4n}
flx;)=4i-3,1<i<n
fiy)=4i-1,1<i<n

12j+2,i=1(mod3),i=3j+1,7 >0
f(u;) = 112j+ 8, i = 2(mod3), i =3j+2,j >0
12j - 2,1 = 0(mod3),i =3j, j >0

12j+4,1=1(mod3),i=3j+1,j>0
fv;) =112j+6, i = 2(mod3), i =3j+2,j >0
12j, i = O(mod3), i = 3j, j > 0

Then for the edges,

wix;, ged(f(w;), flx;)=1,1<i<n
xitsr, ged(f(x;), flwi)) =L 1<i<n
Xy, ged(flxy), f(u)) =1

%41, 8ed(f (o), flxiq)) =1,1<i<n
x;¥iv1, 8ed(f (o), f(yi1)) =L, 1<i<n
xp1, ged(f(xy), flx1)) =1

X1, ged(£(x, ), f(31)) =1

yixi, ged(f(y;), f(x;) =1,1<i<n
wyp, ged(f(w), f(y) =1L,1<i<n
yivis ged(f(y;) fv;)) =1L 1<i<n
Therefore M(C,® K;) is a prime graph.

The middle graph of crown graph and its prime labeling are as in the
following figures 6.1.1 and 6.1.2 respectively.
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Figure 6.1.1. Middle graph M(C,,® K7) of crown graph.

Figure 6.1.2. Prime labeling of middle graph M(C;5® K;) of crown graph.

7. Conclusion

Herein this research article we have established that the Middle graph of
path, cycle, tadpole and crown graphs concede prime labeling. To investigate
the middle graph of various graphs that admit prime labeling is interesting

and engrossing for further study.

Reference

[1] Demaio Joe and Jacobson John, Fibonacci number of the Tadpole Graph, Electronic
Journal of Graph Theory and Applications 2 (2014), 129-138.

[2] T. Hamada and I. Yoshimura, Traversability and Connectivity of the Middle graphs of a
Graph, Discrete Mathematics 14(3) (1976), 247-255.

[3] Himayat Ullah, Gohar Ali, Murtaza Ali and Andrea Semanicova-Fenovcikova, On Super
-Edge-Antimagic Total Labeling of Special Types of Crown Graphs, Journal of Applied
Mathematics, (2013).

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022


https://www.sciencedirect.com/journal/discrete-mathematics/vol/14/issue/3

PRIME LABELING OF THE MIDDLE GRAPH OF CERTAIN ... 4369

[4] A. Joseph and A. Gallian, Dynamic Survey of Graph Labeling, The Electronic Journal of
Combinatorics, (2019).

[6] Stephen C. Locke, Graph Theory, Kimberly Kempf-Leonard Encyclopedia of Social
Measurement, Elsevier (2005), 155-160.

[6] Yongsheng Ye, Fang Liu, Caixia Shi, The 2-Pebbling Property of the Middle Graph of
Fan Graphs, Journal of Applied Mathematics, (2014).

Advances and Applications in Mathematical Sciences, Volume 21, Issue 8, June 2022



