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Abstract

Hyperlattices are a suitable generalization of ordinary lattices. In this paper, we introduce

two relations v and 0 on a hyperlattice L, and we let v and 6% be the transitive closure of 9

and 6. Then, we investigate the connection between two relations and we show that by the first
relation, the quotient of hyperlattice L is a Boolean and residuated lattice and by the second
relation and adding distributivity to hyperlattice L, the quotient of hyperlattice L is complete.

1. Introduction

Algebraic hyperstructures play a prominent role in mathematics with
wide ranging applications in many branches such as coding theory,
topological spaces, graphs, lattices and the like. One of the structures that are
most extensively used and discussed in mathematics and its applications is
lattice theory [2, 4]. The concept of a hyperlattice which is based on the
hyperoperation was introduced by Konstantinidou and Mittas in [7]. Other
contributor to developing of lattice and hyperlattice theory are Serafimidis
and Kehagias [12], Varlet [13], Ashrafi [1], Leoreanu-Fotea and Davvaz [9],
Leoreanu-Fotea et al. [10] and others.

By the end of 80s the theory of hyperstructures had completed more than
half of a century. At that time a lot of theory on hyperstructures had been

achieved, for example, the relation p* and y* were studied. The main tools in
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the theory of hyperstructures are the fundamental relations. These relations,
on the one hand, connect this theory, in some way with the corresponding
classical theory and on the other hand, introduce new important classes.
Researchers who studied on the fundamental relations are Corsini [3], Freni
[5], Vougiouklis [14], and many others. In [11], Rasouli and Davvaz studied
lattices which is derived from hyperlattices by means of fundamental relation
in hyperlattices. In this paper, we introduce two strongly regular relations on
a hyperlattice L and we investigate the structure of the quotient of
hyperlattice L and we derive three categories of lattices with these quotient

structures.
2. Preliminaries

In this section, we provide background information needed in the paper.
First, we present some basic definitions and well-known facts about lattices
and hyperlattices.

The hyperstructure theory was introduced by Marty [8] in 1934. A
function f from H x H into the set of all nonempty subsets of H, is called a
binary hyperoperation, and the pair (H, f) is called a hypergroupoid. If f is

associative, H is called a semi hypergroup, and it is said to be commutative if

fis commutative.

One can see the definition and basic properties of a lattice L in [2].
According to [4], the lattice L is distributive if for all x, y, z € L one of the

following conditions hold:
D) xA(yvaz)=(@Ary)v(xnaz)
@ xviyrz)=@xvy)alxvz).

Also, we say L is complete if for every S < L, v S and AS exist and L is

Boolean lattice if for each a € L there exists a’ € L such that the following

conditions hold:
(1) (L, v, A) is a distributive lattice;
@2)av0O=a and a Al =aq;

@B)ava =1and andad =0.
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Definition 2.1[6]. A residuated lattice is a nonempty set L with four
binary operations v, A, ®, —> and two constants 0, 1 such that the following

conditions hold:
(1) (L, A, v, 0,1) is a bounded lattice;
2) (L, ®, 1) is a commutative monoid,;
B)forany x, y,ze L,x®y <z ifandonlyif x <y — z.

A generalization of the notion of a lattice is hyperlattice which is defined
as follows:

Definition 2.2. Let L be a non-empty set, v:LxL — p"(L) be a
hyperoperation, and A : L x L — L be an operation. Then, (L, v, A) is a join

hyperlattice if for all x, y, z € L the following conditions hold:
1) xexvx and x =x A X;
@ xv(yvz)=xvyvzandx aA(yrz)=(xAy) Az
B)xvy=yvxand x Ay=y AKX
@ xexnrlxvyNxv(xAay).

Now, we recall the definition of H,, -lattice which is defined already and

we use it in this paper.
Definition 2.3. (L, v, A) is an H, -lattice if for all x, y, z € L we have:
D (xAay)rzNxv(yvz)=0;
@xvL=Lvx=L;
B)xexvx and x € x A x;
@ xvy=yvxand x Ay=YyAXx;
BG)xan(yrz)NxAy)arz=0.

Let (L, A, v) be a join hyperlattice. According to [11], we say that L is a

strong join hyperlattice if for all x, u € L, x A y implies that x = x A y. We
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say that 0 is a zero element of L, if for all x €« L we have 0 < x and 1is a
unit of L if for all x € L, x <1. We say L is bounded if L has 0 and 1. And y is

a complement of x if 1e x vy and 0 = x A y. A complemented hyperlattice

is a bounded hyperlattice which every element has a complement. We say

that L is distributive if for all x, y,z e L, x A(y vz)=(x A y) v (x A 2). And
L is s-distributive if x v(yArz)=(xv y)A(xvz). The map f:L; — Ly is
called a homomorphism if for all x, y € I; we have f(x v y)=f(x)v f(y)

and f(x A y) = f(x) A f(v). Moreover, fis an isomorphism if it is bijection too.

Definition 2.4. Let R be an equivalence relation on a nonempty set L

and A, B < L, then

(1) AR B means that for all a € A, there exists b € B such that a R b
and for all b’ € B, there exists a' € A such that a' R b’;

(2) AﬁB means that for all a € A, for all b € B, we have a R b.

Definition 2.5[11]. Let R be an equivalence relation on a hyperlattice

(L, v, A)and X,Y < L.

(1) R is called a regular relation respect to v (respect to A) if x Ry

implies that x vzRyvz(x AzRyAz), for all x,y,ze L-R is called a

regular relation if it is regular respect to v and A, at the same time.
(2) R 1s called a strongly regular relation respect to v (respect to A) if

xR y implies xvz%yvz(x/\z%y/\z), for all x, y,z e L-R 1is called a

strongly regular relation if it is strongly regular respect to v and A, at the

same time.
Let R be a reflexive and symmetric relation on a nonempty set L. The

transitive closure of R is denoted by R* and defined as follows:
xRy < 3dneN, 3(x, X9, ..., x,) € L', x; = x Rx9R...x,, 1R X, = ).
The fundamental relations B* and y* are defined in hypergroups,
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hyperrings, as the smallest equivalence relations so that the quotient would
be group and ring. The way to find the fundamental classes is given by
analogous theorems to the following.

Theorem 2.6[14]. Let (H, o) be a hypergroup and let us denote by U the
set of all finite products of elements of H. We define the relation B in H as
follows: xBy iff {x, v}  u where u € U. Then, the fundamental relation B*

is the smallest equivalence relation on H such that the quotient H/B" is a

group.

3. Boolean and Complete Lattices which is Derived from
Hyperlattices

In this section, we introduce two relations v and 0 on a hyperlattice L,

and we let v* and 0" be the transitive closure of v and 6. Then, we
investigate the connection between two relations and we show that by the
first relation, the quotient of hyperlattice L is complete, Boolean and
residuated lattice and by the second relation and adding distributivity to
hyperlattice L, the quotient of hyperlattice L is complete. Then, we define
0-complete in hyperlattices and we prove some theorems and propositions

which hold in the special category of hyperlattices such as H), -lattices.

According to [3], if R is an equivalence relation on a hypergroup H, then
R is strongly regular if and only if (H/R, ®) is a group. According to [11], in

the category of hyperlattices, if (L, v, A) is a hyperlattice (superlattice) and R
be an equivalence relation on L, v, A be hyperoperations of L/R, then, if R

is strongly regular relation, (L/R, v, A) is a lattice.

Definition 3.1. If (L,v,A) is a hyperlattice, then we set
0; = {(x, x) | x € L}, and for every integer n > 1, 0,, is the relation defined as

follows

n ki
x0,y < 3(2i1, 2z, s 2ig) € LY, IRy, g, oo Ry) € N™ i, v 2 V(A 25):
i=1j=1
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Let 0 = U 0,,. Clearly, the relation 0 is reflexive and symmetric.

n>1"
Denote by 6" the transitive closure of 6.

Proposition 3.2. Let (L, v, A) be a distributive hyperlattice. Then, 0" is
a strongly regular relation on hyperlattice L. (Notice that if L is a hyperlattice,
0" is a strongly regular relation with respect to V).

Proof. Let a0'b. Then, there exist r e N, (xg, %1, ..., x,) € L't such
that x9 =a, x1,...,x, =b and (g, g9, ..., q,) e N such that for all
ie{l,2,...,r=1} we have x;0,%;.,;. Let zeL and u ex nz,
v e x;, A2 We check that ©;0"uy. From %;04,%;41 it follows that there
exist (21, Zi9, ---» Zip) € LY, (Ry, Ry, ..., kg ) € N% such  that  {x;, x4}
c v?il(/\?izl z;j).  So, we have {x; Az x4 AZC vgil(/\?izl Zij) A 2.
Therefore, by distributivity of hyperlattice L, we have (x; A 2)0,,  (x;41 A 2)
and we have © 0"v. Similarly, we can easily show that 8 is strongly regular
with respect to v and proof is completed. o

The relation 0 which is defined above is not transitive. Now, we

investigate under what conditions 0 is transitive.

Definition 3.3. Let (L, v, A) be a hyperlattice and M < L be a
nonempty subset of L. We say M is a O-part of L, if for every
neN,i=12..,nVk eN, V(z, z9, -, Zik,-) € Lki, we have

n k n ki
V(A zi))NM=0= v(A zi)c M.
i=1j=1 i=1j=1

Notice that for every x € L, we define P(x) ={y e L: x0y}.

Theorem 3.4. Let (L,v, A) be a hyperlaitice. Then, the following

conditions are equivalent:

(1) 0 is transitive;

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023



COMPLETE AND BOOLEAN LATTICE WHICH ARE DERIVED ...1039
(2) for every x € L, 0%(x) = P(x);

(3) for every x e L, P(x) is a 0-part of L.

Proof. (1) = (2): If y e P(x), then y0x. Thus, ye0"(x). Also, if

y € 8%(x), then by transitivity of 0, we have y e 6(x). Thus, y € P(x) and
therefore, P(x) = 0%(x).

(2) = (3): Let P(x)N v?:l(/\f’i:l 2j)#0 and ze \/anl(/\ﬁ-"i:1 2;) N P(x).
Then, for any ye vf‘zl(/\?zl z;j), we have {y, z} vfl:l(/\fil 2;). Thus,

y0,z € P(x). Therefore, y € 6°(x) = P(x) and vi; (/\éai:1 z;j) < P(x). Thus,

P(x) is a 6-part of L and the proof is completed.

B) = (1): Let x06y6z. We show that x 0z. Thus, there exist n, n' ¢ N
such that x0,y and y0,z Therefore, there exist (%, kg, ..., k,) e N,

(21> 295 --+» Zip) € L', such that {x, y} < v?zl(/\f’i:l z;j) and similarly
there  exist (B, K, ..., k) e N, (244, 2o, ..., 2ip) € L such  that
{y, 2} < vgil(/\fil 2j;). Thus, x e P(x)N v?zl(/\f’":l 2;j). By the hypothesis,
vy (/\?il 2;j) € P(x). Moreover, y € P(x)( vgil(/\?‘;l 2j;) and by hypothesis
vy (/\?‘;1 2;j) € P(x). Thus, z € P(x) and x 6 2. o

Theorem 3.5. Let L be a distributive hyperlattice. Then, L/0" is a

complete lattice.
Proof. Since 0 is strongly regular, thus L/6" is a lattice. By the

theorem of [4] it suffices to show that L/0" has a least element and for every

S c L/0*, v S exists. If L/0" has a least element, the first condition is
ensumered. Otherwise, the lack of a bottom element can be easily remedied

by adding one. For every S < L/0", since 8" is an equivalence relation and
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by properties of 0%, we have L = Ua-eL 0"(a;), and if a/0" # b/0", then
a/8" Nb/6" =0. Thus, for every S < L/0*, we have S = Ua-eL 0" (a;),

such that 0%(q;)N6%(a;)=0 for every 0°(q;)eS. Therefore,

vS={yeL/6",Vx eSS, x <y} Since for every x € S, we have x € 6%(q;),

for one element @; € L, thus we consider the union of blocks which is
contained S by the equivalence relation 6. This is the least upper bound of S

and L/0" is a complete lattice. 0

Theorem 3.6. Let L be a finite distributive hyperlattice. Then, the relation
0" is the smallest strongly regular relation on the hyperlattice L such that

L/0" is a complete lattice.

Proof. Let v be a strongly regular relation on hyperlattice L such that
L/v is a complete lattice. Then, consider the canonical map ¢ : L — L/v.

Suppose that (x, y)€ 6. Then, there exist (&, kg, ..., k,) e N" and
(i 2i9s 0 7)€ I such that fx, 3} & V(W 25) Thus, fo(x), o0}
< o(vi, (/\i‘ﬁ:1 2;j)). Since the cardinal of ¢ vis; (/\?i:1 2;j) is equal to 1, we
have @(x) = @(y). Therefore, (x, y)ev and 6 c v, 0" < v. Thus, 0" is the

smallest strongly regular relation on finite hyperlattice L such that L/6" is a

complete lattice. o

Now, we consider the relation v which is introduced in [11], and we
investigate the quotient of an arbitrary hyperlattice L with this relation is
what type of lattices. Then, we obtain the connection between this relation

and the relation 0 which is defined before.

Definition 38.7[11]. Let (L, v, A) be a hyperlattice. Then, we set

vi = {(x, x) | x € L} and for every integer n > 1, v,, is defined as follows:
x v,y < 3z, 29, ..., 2,) € L',z € E({z1, 29, s 2 {2, ¥ S 2
where &({z, 29, ..., 2,}) is the set of all finite combinations of z;, 29, ..., 2,
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respect to v and A. We set v = U v, and v* is the transitive closure of v.

nx1

By theorem of [11] v* is a strongly regular relation on a hyperlattice L, and

therefore L/0" is a lattice.

Theorem 3.8. Let (L, v, A) be a hyperlattice and v* be an equivalence

relation which is defined above. Then, L/v* is a Boolean lattice.

Proof. Let L be a hyperlattice and a, b, c € L be arbitrary elements.
Then, we have {a A (bve), (@ Ab)v(anc) cEla, b, c}. Therefore, L/v* is a
distributive lattice. Now, if L/ v* is bounded, the second condition of Boolean
lattice is ensumered, otherwise by adding elements such as v*(0), v*(1) to
L/v*, we have a bounded lattice L/v*. Let v*(a)e L/v*. Then, we have
{ava, 1} céla,1} and {ana,0} céla, 0. Therefore, (ava)l and
(@ A a)v*0. Thus, v*(a) v vi(a) = v(1) and v*(a) A v'(a) = v*(0). Hence, the

complement of every element in L/v" exists and L/v" is a Boolean lattice. 0O

Theorem 3.9. Let L be a hyperlattice and v* be an equivalence relation

on L which is defined above. Then, L/v* is a complete lattice.
Proof. The proof is similar to the proof of Theorem 3.6. |
Corollary 3.10. Let L be a distributive hyperlattice. Then, 6° = v*.

Proof. Clearly by definitions 0" < v*. It suffices to prove v* < 6*. By
the corollary in [11], v* is the smallest equivalence relation such that the
quotient L/v* is a lattice. So, by previous theorem, we have v* < 6" and

proof is complete. |

Notice that by [6] a residuated lattice is defined. Now, we show that by

the relation v* which is defined above, we can make this category of lattices

from an arbitrary hyperlattice L.

Theorem 3.11. Let L be a hyperlattice and v* be the relation which is

defined above. Then, L/v* is a residuated lattice.
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Proof. By the proof of Theorem 3.8, the first condition of residuated
lattice is ensumered. Now, we define in L/v* two binary operation ® and —
as follows: for any v*(a), v'(b) € L/V", v'(a) = v*(b) = {v'(c); v*(a) A V¥ (D)
< v¥(c)} and v*(@)OVv*(b) = {vi(c) v (a) v v(b) << v*(c)l. For two arbitrary
sets A << B means that there exist a € A and b € B such that a < b. Now,
by these definitions for any v*(a), v'(b) € L/v" we have v*(a)ov'(b)
= v*(@)®v"(b) and we can easily prove binary operation ® is associative.
Now, for arbitrary element x € L, v*(x)ov*(1) = {v*(d); v (x) v v*(1) << v*(d)}.
Since xev(xv1l) and 1ev'(x),x<1, thus v'(x)eVvi(x)ov().
Therefore, (L/v", ®) is a commutative monoid. Let v*(b), v*(b), v*(c) € L/V".
We have v*(1) € v'(b) = v*(c). Therefore, v*(1) < v*(b) = v*(c). Thus, third
condition of residuated lattice in L/v* holds and L/v" is a residuated lattice.o

Notice that in all hyperlattices the following proposition is not true. So, in
the category of H,, -lattices, the following proposition is true.

Proposition 3.12. Let L be an H,, -lattice. Then, we have 0,, < 0,,,1 (for
n>1).

Proof. If x 0,y then there exist (21, zj9, ..., 2;,) and (ky, kg, ..., k,,) e N”
such that {x, y} c V?:l(/\?izl 2;j). Since 2z, € L and L is a H),-lattice, by
reproduction axiom Znk, @ vV b, where a, b € L. Thus, we set for i =1, 2, ...,

n-1,j=1, 2,...,kl-,z§j =z and ki =k, k. =kn+1,z;lj =znj,z;l+1’j = Zp;.

ij
Thus, {x, y} < vffll(/\fil z;) and therefore x 0,,y. a]
Corollary 3.13. Let L be an H,, -lattice. Then, for all n>1, 0 = 0,,.

Proof. It suffices to prove that 6 < 0,,. Let x0y. Thus, 3m € N such

that x0,,y. If m < n, then by the previous proposition we have 6,, c 0,,. If

m > n then it can easily proved that there exist s € vi", (/\?izl z;;) such that
{x, ¥} < \/7;11(/\?":1 2;j) v s. Thus, x6,,). o
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Definition 3.14. A hyperlattice L is said to be 6, -complete if

Y (ks ko, .oy kBy) e N 1 =1,2, ..., 0, V (x5, X9, ---s xiki) e 1K we have

0 ) = ).
(i\z/l(j/:\l zjj)) igl(jgl z;j)

Theorem 3.15. Let L be a 0,-complete H,-lattice. Then, for all

(kis ko, ooy k) € N (251, o0y 2i) € ki vy (/\fizl 2;j) is a O-part of L.

Proof. Consider n e N, (], ..., k) € N, and (v, ..., yiw) € L such

that the condition v (/\f":1 ¥ii) N vf‘zl(/\?i:l 2;j) # 0 holds. Thus, there exists
x e v?zl(/\?i:l Yii) N vica (A7 z5). Let y e v?il(/\?izl ;j). Then, we have
x0,,y. Thus, by Corollary 3.13 x 6 y. Therefore, y € 6(x) < 6(viL; (/\?:1 2;j))

= vy /\?":1 z;j and v (/\flzl ¥ij) € Viz1(A74 25), the proof is completed. o
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