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Abstract 

In a group decision-making process, the consensus within the experts is required. 

Consensus analysis is constructed using similarity functions which measures the closeness of 

the experts preferences. Spherical fuzzy sets are more generalized form of fuzzy sets that can 

handle many situations with its membership, non-membership and neutral membership grades. 

Also the requirement for spherical fuzzy sets is that the sum of squares of the above mentioned 

membership grades to be less than or equal to 1. This widens the range of the three grades for 

the experts in making decision valuations. In this paper, distance and similarity measures on 

spherical fuzzy sets and the spherical fuzzy preference relation are discussed. Also the 

aggregation of several spherical fuzzy preference relations are discussed. An algorithm is 

proposed to solve the group decision-making problem after verifying the consensus of the 

experts. Finally the algorithm is demonstrated with an illustration.  

1. Introduction 

Decision making is an immense part of human culture and applied to 

fields like financial matters, engineering, and management. With the 

improvement of science and technology, the uncertainty likewise plays a 

predominant factor during the decision making process. Further, gathering 

exact information during the decision making process is challenging. A large 

portion of the data gathered from the different sources are either uncertain or 

imprecise, thus leading to an incorrect result. Hence, it is important to 

identify the proper method to handle these imprecise and uncertain 
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information.  

Fuzzy set theory was introduced by Zadeh [25] for representing and 

manipulating data that was not precise and designed to mathematically 

represent uncertainty and vagueness. For the universal set X, a fuzzy subset 

A is usually denoted by 

      1,0,|,  xXxxxA AA  

where  xA  is the degree of membership of the element x into the fuzzy set 

A. The set of all fuzzy sets on a set X is denoted by  .X  If for a fuzzy set 

    ,,0, XxxXA A    then A is an empty set. If the set 

   0|  xXx A  is finite, then the fuzzy set A is called a discrete fuzzy 

set. In the case when     XxxA  ,1,0  then the fuzzy set A is reduced 

to a crisp set and .AA   But in the fuzzy sets, the non-membership value 

of an element could not be derived from its membership value. Hence to 

overcome this, Atanassov developed intuitionistic fuzzy sets [2] by 

introducing membership degree and non-membership degree for every 

element of the universal set, which adds upto 1. Later, Atanassov and Gargov 

[11] developed the interval-valued intuitionistic fuzzy sets as an extension of 

intuitionistic fuzzy sets. But in some practical instances, there arises 

situations in which the sum of the two membership grades exceed 1. Yager 

developed the Pythagorean fuzzy sets [18] to overcome this situation with the 

condition that the sum of squares of the two membership grades is upto 1. 

Still these concepts did not capture the neutrality in the situation, hence 

Cuong and Kreinovich [5] developed picture fuzzy set by utilizing three 

grades, namely membership, non-membership and neutral membership 

degree whose sum does not exceed 1. Picture fuzzy sets was more generalized 

and was widely applied in various fields [6, 3]. Still there are situations 

where the sum of the three considered membership grades exceeds 1, which 

cannot be handled by these fuzzy sets. Kutlu Gundogdu and C. Kahraman [8] 

introduced the idea of spherical fuzzy sets, where the sum of squares of the 

three membership grades does not exceed 1. Spherical fuzzy sets is more 

realistic and able to handle many different situations over the other fuzzy 

sets. Since its introduction, spherical fuzzy sets gained attention of 

researchers from different fields and is applied for various problems. Some of 
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the applications are: multi-criteria decision making problems [1, 26, 4], 

medical diagnosis problem [15], pattern recognition [21, 22, 23, 14], clustering 

[20, 17], selection problems [12, 9, 7, 13, 16], 

The objective of this paper is to utilize the concept of spherical fuzzy sets 

to a decision-making problem in which the consensus analysis is rendered 

using a similarity measure which in turn is based on the distance measure 

between the spherical fuzzy sets. Section 2 discusses the definition, 

arithmetic operations and score function on spherical fuzzy sets. In section 3, 

distance measure and similarity measure and their properties are developed 

to carry out consensus analysis. Section 4 discusses the spherical fuzzy 

preference relations on the cartesian product of universal set UU   and its 

aggregation. In section 5, an algorithm is presented to solve a decision 

making problem, where the evaluations are represented in spherical fuzzy 

preference relations and illustrates the same with an example. Finally the 

conclusion is presented in section 6. 

2. Preliminaries 

For the sake of completeness we recall the required definitions and 

results. 

Definition 2.1 [8]. Spherical fuzzy sets SA
~

 of the universe of discourse U 

is given by 

       xxxxA
SSS AAAS ~~~ ,,,

~
   (2.1) 

where 

     1,0:,1,0:,1,0: ~~~  UUU
SSS AAA

 (2.2) 

and 

      Uxxxx
SSS AAA

 ,10
2

~
2

~
2

~   (2.3) 

for each x, the numbers    xx
SS AA

~~ ,   and  x
SA

~  are the degree of 

membership, non-membership and neutral(hesitancy)-membership of x to 

,
~

SA  respectively. 



V. DHANALAKSHMI  

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

3598 

Remark 2.1.1. On the surface of the unit sphere 2.3 becomes 

      Uxxxx
SSS AAA

 ,1
2

~
2

~
2

~  

2. The quantity          2
~

2
~

2
~~ 1 xxxx

SSSS AAAA
  is 

considered as the degree of refusal membership. 

Definition 2.2. The complement of a spherical fuzzy set 

       xxxxA
SSS AAAS ~~~ ,,,

~
  is defined as 

       xxxxA
SSS AAA

c
S ~~~ ,,,

~
  

Definition 2.3 [8]. Let SA
~

 and SB
~

 be two spherical fuzzy sets and  be a 

positive real number, the arithmetic operations are defined as follows: 

            ,,,
~~

~~
2
~

2
~

2
~

2
~ xxxxxxxBA

SSSSSS
BABABASS   

            xxxxxx
SSSSSS BABAAB

2
~

2
~

2
~

2
~

2
~

2
~ 11 





 





   

            ,,,
~~ 2

~
2
~

2
~

2
~~~ xxxxxxxBA

SSSSSS BABABASS   

            xxxxxx
SSSSSS BABAAB

2
~

2
~

2
~

2
~

2
~

2
~ 11 





 





   

             








 





  xxxxxxxA

SSSSS AAAAAS
2
~

2
~

2
~~

2
~ 11,,11,

~
 

            








 





  xxxxxxA

SSSSS AAAAAS
2
~

2
~

2
~

2
~~ 11,11,,

~
 

Theorem 2.1 [10]. The following properties hold good for any two 

spherical fuzzy sets SA
~

 and SB
~

 and 21,,   being positive real numbers: 

(1) SSSS ABBA
~~~~

   

(2) SSSS ABBA
~~~~

  
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(3)   SSSS BABA
~~~~

   

(4)   SSS AAA
~~~

2121    

(5)   
 SSSS BABA

~~~~
 

(6) 2121 ~~~ 


SSS
AAA  

Definition 2.4. Score function on spherical fuzzy sets is defined as 

           2~~
2

~~
~

xxxxAScore
SSSS AAAAS   (2.4) 

The above defined score functions is used to sort the spherical fuzzy sets 

as SS BA
~~

  if and only if 

(i)    SS BScoreAScore
~~

  or 

(ii)    SS BScoreAScore
~~

  and    xx
SS BA

~~   

3. Distance and Similarity Measure between two Spherical Fuzzy 

Sets 

Let  nxxxU ,,, 21   be a finite universe of discourse, SA
~

 and SB
~

 be 

two spherical fuzzy sets in U, then the distance between SA
~

 and SB
~

 is 

defined as: 

Distance between the two spherical fuzzy elements  xAS
~

 and  xBS
~

 can 

be defined considering the two cases, where both the points lie on the unit 

sphere [24] and otherwise 
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       

   

 

 

    

    

    

    



































































































0

or

0

if,
2

1
1arccos

2

0

0
ifarccos

2

~

~

~~

~~

~~

~~

~

~

~~

~~~~

S

S

SS

SS

SS

SS

S

S

SS

SSSS

B

A

BA

BA

BA

BA

B

A

BA

BABA

xx

xx

xx

xx

x

x

xx

xxxx

 

Both the cases simplifies to the following expression and thus the 

distance between the two spherical fuzzy elements  xAS
~

 and  xBS
~

 is 

defined as 

    
       

       




















xxxx

xxxx
xBxAdis

SSSS

SSSS

BABA

BABA

SS
~~~~

~~~~

arccos
2~

,
~

 (3.1) 

Thus, the distance measure between the two spherical fuzzy sets SA
~

 and 

SB
~

 is  

      




Ux

SSSS xBxAdisBAd
~

,
~~

,
~

 

Let the spherical fuzzy elements  xAS
~

 and  xBS
~

 be denoted by xa  and 

xb  respectively as 
xxx aaaxa  ,,  and 

xxx bbbxb  ,,  with the 

refusal degrees 
xa  and .

xb  

Definition 3.1. For the given spherical fuzzy elements xa  and xb  and 

,c
xb  the complement of ,xb  define  

   

   













.otherwise

,,

,

if5.0

,

c
xxxx

c
xx

c
xxx

xx

badisbadis

badis

bba

bas  (3.2) 

the degree of similarity between the spherical fuzzy elements xa  and .xb  

Theorem 3.1. The similarity measure satisfies the following properties: 
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1.   1,0  xx bas   

2.      c
x

c
xxxxx basabsbas ,,,   

3.    x
c
x

c
xx basbas ,,    

4.   xxxx babas  1,   

5.      c
xxxxxx badisbadisbas ,,5.0,   i.e., xa  is more similar to 

xb  than c
xb  

6.      c
xxxxxx badisbadisbas ,,5.0,   i.e., xa  is to the same extent 

similar to xb  and c
xb  

7.      c
xxxxxx badisbadisbas ,,5.0,   i.e., xa  is more similar to 

c
xb  than xb  

8.   c
xxxx babas  0,  i.e., xa  and xb  are completely dissimilar. 

Proof. 1. According to the arc-cosine value  xx badis ,  lie between 0 and 

1 and hence  

  1,0  xx bas  

2. The case when c
xxx bba   is obvious. Now consider the case 

c
xxx bba   

   
xxxxxxxx ababababxx abdis 


 arccos

2
,  

 
xxxxxxxx babababa 


 arccos

2
 

 ., xx badis  

Also, 

   
xxxxxxxx abababab

c
xx abdis 


 arccos

2
,  
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 
xxxxxxxx abababab 


 arccos

2
 

 
xxxxxxxx babababa 


 arccos

2
 

 ., c
xx badis  

Thus, 

 
 

   c
xxxx

c
xx

xx
badisbadis

badis
bas

,,

,
,


  

 

   c
xxxx

c
xx

abdisabdis

abdis

,,

,


  

 xx abs ,  

and 

 
   

       cc
x

c
x

c
x

c
x

cc
xxc

x
c
x

badisbadis

badis
bas

,,

,
,


  

 

   x
c
xx

c
x

x
c
x

badisbadis

badis

,,

,


  

 

   c
xx

c
xx

c
xx

abdisabdis

abdis

,,

,


  

 xx abs ,  

3. 

 
   

     cc
xx

c
xx

cc
xxc

xx
badisbadis

badis
bas

,,

,
,


  

 

   xx
c
xx

xx

badisbadis

badis

,,

,


  
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 

   xx
c
xx

xx

abdisabdis

abdis

,,

,


  

   

     cc
xx

c
xx

cc
xx

abdisabdis

abdis

,,

,


  

   x
c
x

c
xx basabs ,,   

4. 

 
 

   
1

,,

,
1, 




c
xxxx

c
xx

xx
badisbadis

badis
bas  

     c
xxxx

c
xx badisbadisbadis ,,,   

     c
xxxx

c
xx badisbadisbadis ,,,   

  0,  xx badis  

  0arccos
2





xxxxxxxx babababa  

1
xxxxxxxx babababa  

xx ba   as 
xxxx aaaa  ,,,  

and 
xxxx bbbb  ,,,  are unit vectors 

5. 

 
 

   
5.0

,,

,
5.0, 




c
xxxx

c
xx

xx
badisbadis

badis
bas  

     c
xxxx

c
xx badisbadisbadis ,,,2   

   xx
c
xx badisbadis ,,   

i.e., xa  is more similar to xb  than c
xb   

6.      .,,5.0, c
xxxxxx badisbadisbas   This is obvious from the 
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definition of similarity measure. 

7. 

 
 

   
5.0

,,

,
5.0, 




c
xxxx

c
xx

xx
badisbadis

badis
bas  

     c
xxxx

c
xx badisbadisbadis ,,,2   

   xx
c
xx badisbadis ,,   

i.e., xa  is more similar to c
xb  than .xb  

8. 

    c
xx

c
xxxx babadisbas  0,0,  

i.e., xa  and xb  are complement of each other. □ 

Based on 3.1, we define the degree of similarity between two spherical 

fuzzy sets: 

Definition 3.2. Let SA
~

 and SB
~

 be two spherical fuzzy sets in U, and 

c
SB

~
 be the complement of ,

~
SB  then 

      




n

i

iSiSSS xBxAs
n

BAs

1

~
,

~1~
,

~~  (3.3) 

is called the degree of similarity between SA
~

 and SB
~

 

From 3.1, we have, 

(1)   1
~

,
~~0  SS BAs   

(2)      c
S

c
SSSSS ABsABsBAs

~
,

~~~
,

~~~
,

~~    

(3)    c
S

c
S

c
S

c
S BAsABs

~
,

~~~
,

~~   
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4. Spherical Fuzzy Preference Relation 

Definition 4.1 [19]. A fuzzy preference relation B on the set 

 nAAA ,,1   is represented by a matrix   ,nnijbB   where ikb  is the 

intensity of preference of iA  over ,kA  and satisfies: 

  AAAbbb kiijkiik  ,,1,0,1  

Definition 4.2. Spherical fuzzy preference relation on the set 

 nxxU ,,1   represented by a matrix   ,~~
nnijS rR   where 

        .,,2,1,,,,,,,,,~ ~~~ njixxxxxxxxr jiRjiRjiRjiij
SSS

  In 

short, let us represent   ,,,2,1,,,,~ njir ijijijij   where ij  

denotes the degree to which the object ix  is preferred to the object ijjx ,  

denotes the degree to which the object ix  is not preferred to the object ijjx ,  

denotes the degree of neutrality in preference and  2221 ijijijij   

is the refusal degree of preference, with the following conditions: 

.,,2,1,,5.0, njiiiiiiijiij    

Remark 4.1. .5.0ii  

Definition 4.3. Let   nnijS rR  ~~
 be a spherical preference relation, then 

it is called a consistent spherical preference relation, if it satisfies 

.,,2,1,,, nkjirrr kjikij    

In a consistent spherical preference relation, the alternative ix  is 

preferred to jx  with a spherical fuzzy value ijr  equal to the product of the 

preferences when using an intermediate alternative .kx   

Lemma 4.1. .
~~ T

SS RR    

Proof. The proof follows from 4.2. □ 

Using the 2.1 and mathematical induction, we have 

Theorem 4.1. Let      mkrR nn
k

ij
k

S
,,2,1,~~

   be m spherical fuzzy 
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preference relations on  ,,,, 21 nxxxU   where         ,,,~ k
ij

k
ij

k
ij

k
ij
r   

and let  Tmwwww ,,, 21   be the weight vector of the spherical preference 

relations        


m

k kk
m

SSS
wmkwRRR

1

21 ,1,,,2,1,0,
~

,,
~

,
~

  then 

  nnijS rR  ~~
 is also a spherical fuzzy preference relation, where ijr~  is the 

aggregated value of      m
ijijij
rrr ~,,~,~ 21   obtained by using the spherical fuzzy 

weighted arithmetic averaging operator: 

 




m

k

k
ijkij njirwr

1

,,2,1,,~~    (4.1) 

or by using the spherical fuzzy weighted geometric averaging operator: 

  




m

k

wk
ijij njirr k

1

,,2,1,,~~    (4.2) 

In particular, if   ,1,,1,1
T

mmmw   then 4.1 and 4.2 are, 

respectively, reduced to the spherical fuzzy arithmetic averaging operator: 

 




m

k

k
ijij njir

m
r

1

,,2,1,,~1~    (4.3) 

and the intuitionistic fuzzy geometric averaging operator 

  njirr
mm

k

k
ijij ,,2,1,,~~

1

1















 



  (4.4) 

Definition 4.4. Let       mkrR nn
k

ij
k

S
,,2,1,~~

   be m spherical fuzzy 

preference relations on  ,,,, 21 nxxxU   and   nnijS rR  ~~
 be their 

aggregated spherical fuzzy preference relations, then 

       
 



n

i

n

j

ij
k

ijS
k

S
rrs

n
RRs

1 1
2

,
1~

,
~~   (4.5) 
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is called the degree of similarity between  kR
~

 and ,
~
R  where    ij

k
ij

rrs ,  is the 

similarity between the spherical fuzzy elements calculated as in 3.1. 

Definition 4.5. Let      mkrR nn
k

ij
k

S
,,2,1,~~

   be m spherical fuzzy 

preference relations on  ,,,, 21 nxxxU   and   nnijS rR  ~~
 be their 

aggregates spherical fuzzy preference relations, then  k
S

R
~

 and SR
~

 are of 

acceptable similarity, if     ,
~

,
~~ S

k
S

RRs  where  is the threshold of 

acceptable similarity. 

5. Group Decision Making with Consensus Analysis based on 

Spherical Fuzzy Preference Relations 

In this section, let us consider an algorithm to solve a group decision-

making problem with a check on the concurrence level in the experts’ 

evaluations. 

Let  nxxxU ,,, 21   be the set of alternatives evaluated by m decision 

makers. Let  Tmwww ,,, 21   be the weight vector of the experts with 

0iw  and  
i

iw .1  An expert must usually provide preference 

information over alternatives during the decision-making process and the 

information provided by the kth expert is stored in the matrix 
 .

~ k
S

R   

5.1 Algorithm. 

Step 1. Obtain the aggregated spherical fuzzy preference relation SR
~

 

from the given m spherical fuzzy preference relations using 4.1 or 4.2. 

Step 2. Obtain the degree of similarity between  k
S

R
~

 and SR
~

 using the 

4.4. 

Step 3. Fix a threshold level  for acceptance of similarity. If the 

calculated degree of similarity of expert le  (say) is less than the fixed level, 

then return the matrix to the expert le  and suggest him/her to revaluate the 

preference relation. 
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Step 4. When each individual spherical fuzzy preference relation and the 

aggregated spherical fuzzy preference relation are of acceptable similarity, 

calculate the new aggregated spherical fuzzy preference relation  .SRN   

Step 5. Using spherical fuzzy arithmetic / geometric averaging operators, 

aggregate the row entries of  .SRN  

Step 6. Rank the alternatives using the score function and refusal degree 

as in 2.4. 

5.2 Illustration. There are four alternatives  41 ,, xxU   and three 

experts  321 ,, eeeE   for a group decision making problem (whose weight 

vector is   .2.03.05.0
T

w   The experts compare the four alternatives and 

form the following spherical fuzzy preference relations: 

 

       

       

       

       




















5.0,5.0,5.01.0,8.0,2.02.0,5.0,5.03.0,7.0,2.0

1.0,2.0,8.05.0,5.0,5.05.0,3.0,4.03.0,5.0,4.0

2.0,5.0,5.05.0,4.0,3.05.0,5.0,5.04.0,2.0,5.0

3.0,2.0,7.03.0,4.0,5.04.0,5.0,2.05.0,5.0,5.0

~ 1
S

R  

 

       

       

       

       




















5.0,5.0,5.03.0,7.0,2.02.0,5.0,5.03.0,7.0,2.0

3.0,2.0,7.05.0,5.0,5.05.0,4.0,4.02.0,4.0,5.0

2.0,5.0,5.05.0,4.0,4.05.0,5.0,5.04.0,3.0,4.0

3.0,2.0,7.02.0,5.0,4.04.0,4.0,3.05.0,5.0,5.0

~ 2
S

R  

 

       

       

       

       




















5.0,5.0,5.02.0,3.0,7.02.0,5.0,5.03.0,6.0,4.0

2.0,7.0,3.05.0,5.0,5.03.0,5.0,3.03.0,3.0,4.0

2.0,5.0,5.03.0,3.0,5.05.0,5.0,5.02.0,8.0,2.0

3.0,4.0,6.03.0,4.0,3.02.0,2.0,8.05.0,5.0,5.0

~ 3
S

R  

5.2.1 Using Arithmetic Aggregation. The aggregated spherical 

preference relation with respect to the weighted arithmetic averaging 

operator is 

   

   

   

   











200.0,500.0,500.0300.0,679.0,256.0

378.0,362.0,383.0272.0,422.0,434.0

500.0,500.0,500.0377.0,298.0,430.0

351.0,389.0,473.0500.0,500.0,500.0

~
SR  
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   

   

   

   









500.0,500.0,500.0169.0,632.0,393.0

194.0,257.0,720.0500.0,500.0,500.0

200.0,500.0,500.0465.0,378.0,381.0

301.0,230.0,683.0276.0,428.0,440.0

 

The degree of similarity matrix are as follows: 

  





















500.0686.0500.0917.0

840.0500.0535.0465.0

500.0491.0500.0712.0

951.0542.0399.0500.0

1
nnij

s  

  





















500.0706.0500.0917.0

853.0500.0500.0527.0

500.0500.0500.0815.0

951.0474.0422.0500.0

2
nnij

s  

  





















500.0204.0500.0731.0

072.0500.0462.0514.0

500.0503.0500.0434.0

713.0488.0552.0500.0

3
nnij

s  

Now the degree of similarity of the preference relations of each of the 

experts with that of the aggregated preference relation are 

    596.0
~

,
~~ 1

SS
RRs  

    604.0
~

,
~~ 2

SS
RRs  

    479.0
~

,
~~ 3

SS
RRs  

Considering 5.0  to be the threshold level of acceptance of similarity, 

we find that the similarity index of expert 3 is less than the threshold level. 

Hence the spherical fuzzy preference relation 
 3~
S

R  is returned to expert 3 

along with the aggregated preference relation SR
~

 with a special mention to 

reconsider valuation of the entries    ., 3
3,4

3
4,3 rr   

Suppose the revaluated spherical fuzzy preference relation of expert 3 is 

as follows: 
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 

       

       

       

       




















5.0,5.0,5.02.0,6.0,5.02.0,5.0,5.03.0,6.0,4.0

2.0,5.0,6.05.0,5.0,5.03.0,5.0,3.03.0,3.0,4.0

2.0,5.0,5.03.0,3.0,5.05.0,5.0,5.02.0,8.0,2.0

3.0,4.0,6.03.0,4.0,3.02.0,2.0,8.05.0,5.0,5.0

~ 3
S

R  (5.1) 

then the aggregated preference relation with the modified entries is 



  

  

  

  

0.500, 0.500, 0.500 0.473, 0.389, 0.351

0.430, 0.298, 0.377 0.500, 0.500, 0.500

0.434, 0.422, 0.272 0.383, 0.362, 0.378

0.256, 0.679, 0.300 0.500, 0.500, 0.200

SRN








 

   

   

   

   









500.0,500.0,500.0202.0,726.0,291.0

191.0,240.0,743.0500.0,500.0,500.0

200.0,500.0,500.0465.0,378.0,381.0

301.0,230.0,683.0276.0,428.0,440.0

 

and 

    607.0
~

,
~~ 1 SS

RRs  

    612.0
~

,
~~ 2 SS

RRs  

    538.0
~

,
~~ 3 SS

RRs  

hence, each individual spherical fuzzy preference relation are of acceptable 

similarity with the aggregated spherical fuzzy preference relation. 

Following step 5 of the algorithm in 5.1, the aggregated entry for each 

alternative with respect to the arithmetic averaging operator is 



 

 

 

 

0.541, 0.372, 0.371

0.457, 0.410, 0.408

0.553, 0.368, 0.349

0.409, 0.592, 0.342

SRV

 
 
 
 
 
 

 

The score function of each of the alternatives is 
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 

0.028899

0.002397

0.041255

0.058011

Sscore RV

 
 
 
 
 
 

 

Observe that the alternative 3x  is preferred over other alternatives. 

5.2.2 Using Geometric Aggregation. The aggregated spherical 

preference relation with respect to the weighted geometric averaging 

operator is 

   

   

   

   











200.0,500.0,500.0301.0,683.0,230.0

379.0,381.0,378.0276.0,440.0,428.0

500.0,500.0,500.0351.0,473.0,389.0

377.0,430.0,298.0500.0,500.0,500.0

~
SR  

   

   

   

   









500.0,500.0,500.0191.0,720.0,257.0

205.0,393.0,632.0500.0,500.0,500.0

200.0,500.0,500.0473.0,383.0,362.0

300.0,256.0,679.0272.0,434.0,422.0

 

The degree of similarity matrix are as follows: 

  





















500.0840.0500.0951.0

682.0500.0495.0542.0

500.0577.0500.0399.0

917.0465.0712.0500.0

1
nnij

s  

  





















500.0853.0500.0951.0

706.0500.0500.0474.0

500.0500.0500.0422.0

917.0527.0815.0500.0

2
nnijs  

  





















500.0072.0500.0713.0

204.0500.0506.0488.0

500.0480.0500.0552.0

731.0514.0434.0500.0

3
nnijs  

Now the degree of similarity of the preference relations of each of the 

experts with that of the aggregated preference relation are 
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    599.0
~

,
~~ 1 SS

RRs  

    604.0
~

,
~~ 2 SS

RRs  

    481.0
~

,
~~ 3 SS

RRs  

Here again, the similarity index of expert 3 is below the threshold level 

and thus considering the revaluation as in 5.1, the aggregated preference 

relation with the modified entries is 



  

  

  

  

0.500, 0.500, 0.500 0.298, 0.430, 0.377

0.389, 0.473, 0.351 0.500, 0.500, 0.500

0.428, 0.440, 0.276 0.378, 0.381, 0.379

0.230, 0.983, 0.301 0.500, 0.500, 0.200

SRV








 

   

   

   

   









500.0,500.0,500.0191.0,743.0,240.0

202.0,294.0,726.0500.0,500.0,500.0

200.0,500.0,500.0473.0,383.0,362.0

300.0,256.0,679.0272.0,434.0,422.0

 

and 

    610.0
~

,
~~ 1 SS

RRs  

    612.0
~

,
~~ 2 SS

RRs  

    539.0
~

,
~~ 3 SS

RRs  

hence, each individual spherical fuzzy preference relation are of acceptable 

similarity with the aggregated spherical fuzzy preference relation. 

Following step 5 of the algorithm in 5.1, the aggregated entry for each 

alternative with respect to the geometric averaging operator is 



 

 

 

 

0.455, 0.418, 0.385

0.433, 0.468, 0.404

0.492, 0.414, 0.373

0.343, 0.628, 0.318

SRV

 
 
 
 
 
 

 

The score function of each of the alternatives is 



SPHERICAL FUZZY PREFERENCE RELATION AND ITS … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022 

3613 

 

0.003811

0.003255

0.012480

0.095475

Sscore RV

 
 
 
 
 
 

 

Observe that the alternative 3x  is preferred over other alternatives. 

6. Conclusion 

Group decision-making is an integral part of every organization and is 

successful when fostering consensus. While making a decision on selection, 

the preference of an alternative over the other is considered rather than the 

direct evaluations. The present work utilizes the concept of spherical fuzzy 

sets for preference relations as this gives the expert more space for 

expressing his/her preference or non-preference or neutrality of one 

alternative over the other. For this the distance measure, similarity measure, 

score function and aggregation are defined and an algorithm is proposed 

based on these operators to solve the group decision-making with consensus 

analysis. 
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