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Abstract

In this paper, a unified form of the Homotopy perturbation technique, the Yang integral
transform and J. H. He’s polynomials is proposed to solve some non-linear partial differential
equations of fractional order. The fact that the nonlinear equations can be easily manipulated
by J. H. He’s polynomials rather than Adomian’s polynomials, is referred as a benefit of the
proposed technique. Moreover, the proposed technique gives the solutions in expeditions
convergent series leading to the closed form solutions without any discretization or limitation on
assumptions and so is a refinement of the many existing techniques.

1. Introduction

Fractional calculus which concerns arbitrary order derivatives and
integrals plays a prominent role in a variety of science and engineering
domains. The linear and nonlinear partial differential equations of fractional
order have broad applications in Acoustic, Analytical chemistry, Biology,
Signal processing, Fluid mechanics, Electromagnetism and so forth. Most
nonlinear differential equations do not attain analytical solutions. In the last
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few decades, several numerical techniques have been devised to solve linear
and nonlinear partial differential equations of fractional order such as,
Homotopy analysis technique, Laplace decomposed technique, Adomian
decomposition technique, Homotopy perturbation sumudu transform
technique, Jacobi spectral collocation technique, Homotopy perturbation
technique, Fractional complex transform technique, Yang-Laplace transform
technique and so forth. Howsoever, due to several shortcomings and
computational complexities such as discretization of variables, unnecessary
linearization, transformation or the use of restrictive assumptions, these
numerical approaches cannot be considered as universal for solving linear
and nonlinear partial differential equations of fractional order.

The major goal of this paper is to propose a novel analytical approach
termed the Homotopy Perturbation Yang Integral Transform Technique
(HPYITT) for solving linear and nonlinear partial differential equations of
fractional order without the shortcomings listed above. The proposed
technique generates a series solutions that converges quickly to an exact
solution with precise computational parameters. Futhermore, the nonlinear
equations are enumerated using J. H. He’s polynomials in this novel
analytical approach.

The present article is organized as follows. In Section 2, some basic
definitions, some properties of Yang integral transform and Homotopy
perturbation technique are discussed. In section 3, the analysis of the
proposed technique is discussed. In section 4, some examples are illustrated
to elucidate the applicability and the efficiency of the proposed technique.

2. Preliminaries

Definition 2.1. The fractional derivative with order A > 0, of a function

g(t) e I}[0, »)) in Caputo sense, is defined by

¢ D g(r) ﬁf&r—é)”*g“’(&)d@ n-1<i<nneN
< 8\1) = n
d_ng('t) A=neN.
T

The Caputo time fractional derivative of order A of a function

g(y, 1) € I}[0, ©) x [0, ®)), is defined by
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(n)
a)n—k—laag—(ny’é)di’ n-1<i<n,neN

;J‘T( _
- CEDHN
Drg(y, 1) = (n)

8, 5) 5;3":) A=neN

Definition 2.2. If f(t) is a function defined for t > 0, then the integral
I e "f(t)dr,0 <t <o, se€C
0

is called the Laplace transform of f(t), assuming that the integral exists and

is usually denoted by L{f(t);s} or F(s).

Definition 2.3. Let A = {g(x) e L}([0, );3N, p; andlor py >0eR
7|

such that | g(t)| < Ne?i | if 1 e (- 1) x[0, ®), i =1, 2,}

where N must be a finite constant, while p;, ps may be finite and need not

exist simultaneously.

The Yang integral transform of a function g(t) € A is defined by

Vigthu) = Gw) = [ e® )

assuming that the integral exists for some w € (-p;, ps).

Some important properties of Yang integral transform are listed below.

1. Yang integral transform for some basic functions:

o Yt w} = nlw™!

art. _ w
© YieTw) = 1-aw
aw?
o Yisinanw} = ———
1+a‘w
e Y{cosarw) = —2
1+ a%w?
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2. Linear property: If Y{g(1)} = G(w) and Y{h(r)} = H(w), then

Y{c18(t) + coh(t)} = ¢;G(w) + cgH(w), where ¢; and ¢y are constants.

3. Laplace-Yang duality property: G(w)=F ( j, where F(w)

1
= L{f(z); w}.

Definition 2.4. Let B ={g(y, 1) e [}([0, ) x[0, ©);3N, p; and/or
Lol |
po >0 e R such that | g(y, 1)| < Ne?, if 1 e (—1) x[0, ), i =1, 2} where
y € R, N must be a finite constant, while p;, py may be finite and need not
exist simultaneously.

The Yang integral transform of a function g(y, 1) € B is defined by

-7

Yig(y, thw} = G(y, w) = I : e g(y, 1)dx,

assuming that the integral exists for some w € (-p;, ps).

Theorem 2.5. If G(w) is the Yang integral transform of a function g(t),

Gu(;t)) - Zz;éwk_}‘+lg(k)(0), where n—-1<A<n,neN

then Y{¢D"g(t);w} =

Proof. By Laplace-Yang duality property, we have

Y(“ Drglohu} = L{* Dle(e) L}

(A ) S e

k=0
n-1
Y Dlgeru) = S5 w15 0)
k=0

Remark 2.6. The Yang integral transform of Caputo time fractional
derivative with order A of the function g(y, 1) is given by
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-1
Gy, w i _
Y{¢ Dhg(y, ) = G021 LN sty o) where
w k=0
n-1<i<n neN

2.1 Homotopy Perturbation Technique (HPT)
Let us investigate the general nonlinear differential equation
R(Z)-g(r)=0,r e Q, (1)
having the boundary constraints

B(Z,, %j ~0,redn, )
on

where R is a general differential operator, g(r) is a given analytical function,
B is a boundary operator, 0Q is the boundary of the domain Q and n denotes
the normal to the boundary Q. Now splitting up the differential operator R

into the linear operator L and the nonlinear operator N, the equation (1)

becomes
L(Z)+ N(2) - g(r) = 0. 3)

Using the  homotopy  technique, we form a  homotopy
r, q): Dx[0, 1] — R satisfying

P(h, q) = (1 - q)[L(h) - L(Z)] + q[R(h) - g(r)] =0 g € [0, 1] r € D
(or)
P(h, q) = L(h) - %) + pL(Zo) + q[N(h) — 8(r)] = O, 4

where the embedding parameter g < [0, 1] is considered as an extending
parameter, Z; is the initial approximation of (1), which satisfies the

boundary constraints
P(h, 0) = L(h) - L(Zy) = 0
P(h,1) = R(h) - g(r) = 0. )

The process of altering ¢ from 0 to 1 is the same as changing A(r, q) from
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Zg to Z, which is called the deformation in topology and
L(h) - L(Zy), R(h)— g(r) are known as homotopic. Using classical

perturbation technique, the power series solution of (4) in ¢ is given as

h=hy+qhy +q%hy + ... (6)
and assuming g = 1, it leads to the approximation solution of (1), that is

Z=Ilimh="hg+h +hg+... (7
g—1
The incorporation of the Homotopy technique and the perturbation
technique 1s known as the HPT, which eliminates the limitations of the
standard perturbation techniques. Moreover, the proposed technique can take
the full advantage of the standard perturbation techniques.

For the most cases, the series solution (7) is convergent. Howsoever, the
convergent rate depends upon the nonlinear operator N(h), whose the second
derivative of N(h) with respect to 2~ must be small, because the parameter g

o
oh

smaller than one, in order that the series solution is convergent.

may be relatively large, i.e. ¢ > 1 and the norm of L_l( ) must be

3. Analysis of the Proposed Technique

3.1 Homotopy Perturbation Yang integral transform technique

To demonstrate the fundamental idea of the proposed technique, we

examine a general nonlinear non-homogeneous partial differential equation

CD%Z(y, )+ Ly(y, ©)+ Ny(y, 1) = g(y, 1)y n—-1<Ai<mneN (8)
having the initial constraints

2(y, 0) = Wy) Z.(y, 0) = f(y),

where CDTX 1s the caputo fractional differential operator of order A, L 1is a
linear differential operator of order less than A, N is a nonlinear differential

operator and g(y, t) is the given source term.
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Applying the Yang integral transform on both sides of (8) and using the
differentiation property, we arrive

n-1
Gl ) LS iy, 0) 4 YL@)) + YINE) = Vigly, o)
w k=0
and so
n-1
Gy, w) = Y w128y, 0) - wH VL)) + YN + w' Y ig(y, D] ©)
k=0

Performing the inverse Yang integral transform on (9), we attain,

Uy, 1) = Ky, 1) - Y M YILER) + NR)T (10)
where k(y, 1) = Z;é w12®)(y, 0) + w*[Y{g(y, 1)}] represents the term

arising from the given source term and the initial constraints.

By the HPT,
2y, 1) = ) q"%, and (11)
n=0

the non-linear term can be decomposed as
Ny, 1) = ) a"Py(2), (12)
n=0

where P,(2) are J. H. He’s polynomials that are given by

PulZo, %y s ) = 2 [N{Z(q%)ﬂ —0n =012, .
i=0 "

E 8qn

Using (11) and (12) in (10), we get

D 4" %3, ) = kly, ) - q(Y‘l{w”Y{LZ 9" 2 (3, 1) + Zq"Pn(Z)H]
n=0 n=0 n=0

which is the combined form of the Yang integral transform with the HPT
using He’s polynomials.
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Comparing the coefficients of similar powers of g on both sides, we attain
q° : Zo(y, ©) = k(3 7)
g 2(y, 1) = Y 'Y {Ly (5. ©) + B2
@* : 2(y, 1) = Y YLy (v, 1) + RN

and so forth.

Then the exact solution Z(y, t) is approximated by the truncated series,
N
Z(y, 1) = lim Z,Zn(y, 7).
n—w =0

4. Applications

To elucidate the applicability and the efficiency of the proposed
technique, some nonlinear partial differential equations of fractional order

involving caputo fractional derivatives are discussed.

Example 4.1. Let us first examine the nonlinear time fractional gas

dynamic equation
< D2y, r)+%(22)y —2(1-2)=0,0<%<1,t>0,yeR (13)

having the initial constraint
Z(y, 0) = e .

Taking the Yang integral transform on both sides of (13), we attain

n-1
G(y,xLU) _ zwk—l,+1z(k)(y, 0) _ _Y{% (ZZ)y _ Z(]. _ Z)}
w k=0

Gl w) = Ky, ©) - 0¥ {3 @), 20 - 2)] (1)

Performing the inverse Yang integral transform on (14), we arrive
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z@hT)=e—y-1f4{wky{%(zzb-za.-z%}

According to HPT, we attain

S "%l 1) -
n=0

- q{Yl{wky{g (iqnpn(mj - [iqnzn(y, m—)j : {iqn@za)}}} 15)
n=0 n=0 n=0

where P,(Z) and @,(Z) are He’s polynomials whose the first few components

are given by
P(2) = (%), Q@) =%
P(2) = 2(2%), 1(2)=2%%
Py(2) = (2 +2%%), @n(2) = 2 + 2%02s.

Comparing the coefficients of similar powers of ¢ on both sides of (15), we

attain
0. —_ )
q (v, r)=e

@120 = Yt Y R -2 + @) |
o efhen-s )

-y! {wk [Y{% (), —e¥ +e% H}

- Y - o)

A
— T
=e Y

(A +1)

¢ 2500 1) = ¥ | V{3 AR -2+ Q@) |

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022



6598 R. ARULDOSS and G. JASMINE

T2k

y
(21 +1)

=e

and so forth.

Then the exact solution in series form is attained by

N
2y, 1) = lim > (3, 7
n=0

y o ") 2
(v, 1)=e 1+r(x+1)+r(2x+1)+'“

= e_yE;h (‘l?)L )

When A =1, the exact solution of (13) is attained by

N
2y, 7) = lim 3 %,(5. 1)
n=0

-y 1 Tk T2
I R ¥ U ) Ry 7 ) B

2y, 1) =€

Figure 1. The exact solution Figure 2. The approximate

for A =1 of example 4.1 solution for A =1 of example 4.1

Example 4.2. Let us examine the nonlinear time fractional advection

equation
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‘D(y, 1)+ 22, =0,0 <L <1 (16)

having the initial constraint
2y, 0) = .

Applying the Yang integral transform on both sides of (16), we attain

n-1
G(y_,kw) - Zwk_“lz(k)(y, 0) = -Y{2Z,} and so
w k=0
G(y, w) = k(y, 1) - WY {22} %)

Performing the inverse Yang integral transform on (17), we arrive
-1 by
2y, 1) =y =Y W' Y{2z,}]}
According to HPT, we attain

iq”%(y, T)=-y- q(Y‘l{wx[Y{i ann(Z)HH, (18)
n=0

n=0

where P,(Z) are He’s polynomials whose the first few components are given

by
Fo(Z) = ZoZoy
R(2) = ZgZ1y + %12,
Py(2) = 2029y + 221y + 220y

Comparing the coefficients of similar powers of ¢ on both sides of (18), we

attain
q° : Zo(y, 1) = -y
q" : %y, ) = Y M Y{Ry ()]

= Y w" [Y {Zo%0y 11
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= Y MY {- 2) (- 9),1D
= Y W ()

oy
)

@ (y, 1) = Y HMY{R @)
= Y MY {ZoZy + 220}

. 2yt2k
T T+ 1))

@* : Z(y, ) = Y MY {R@)]

= Y Y {22y + 32, + 220,

o r2n+1
- r(gx n 1){ N r((x :1))}

and so forth.

Then the exact solution in series form is attained by

N
2y, %) = lim B %,(5 1)
n=0

s o 2h 73 r2r +1
Z(y, 1) = —y{l ToD) "T@ D T D {4 "To. ++1)2) } " }

When A =1, the exact solution of (16) is attained by

N
2y, ©) = lim 3 2,(5, )
n=0

v 22 8 (2
= _y{l + ) + i6) + G {4 + F(l);} + }
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2

=y(l+t+2+10+..)

e

Z(y, 1) = T—ijl

Figure 3. The exact solution for Figure 4. The approximate

A =1 of example 4.2. solution for A = 1lof example 4.2

Example 4.3. Let us examine the nonlinear time fractional Korteweg-De

Vries equation of the form
DIy, 1)~ 62Z, + Zyyy = 0,0 <AL <1 (19)
having the initial constraint
2y, 0)=5(r-1)

Applying the Yang integral transform on both sides of (19), we attain

G, w) 5 i k
, A+l
wk N kz(:)w i Z’( )(y, 0) = Y{6ZZy - Z'yyy}

Gly, w) = k(y, ©) + Y {6z, = Zyyy) (20)
Performing the inverse Yang integral transform on (20), we arrive

2y, 9) = =D+ Y Y62z, - 2yl
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According to HPT, we attain

Y% )=y q[yl{ww{gz ¢"Po(2) = D d" %, r)}}}
n=0 n=0 n=0

21

where P,(Z) are He’s polynomials whose the first few components are given

by
Fy(2) = 220y
R(Z) = ZoZ1y + 212,
Py(2) = 2029y + U2y + 220y

Comparing the coefficients of similar powers of ¢ on both sides of (21), we

attain
¢® 2 )= gr-1)
ql : Z’l(y7 T) = _Y_l{wx[Y{PO(Z’) - ZOyyy}]}

=-y! {wx[Y{GZOZOy - ZOyyy}]}

- o 5o 0(E0-1,))- 56 -0y
Lyl (% (y - 1))

1 ‘C)\
= g(y—l)m

q* : Zy(y, ©) = Y W Y{B(2) - Ziyy )
= _Y_l {u);L [Y{G(Zoz‘ly + Z'IZOy) - Zlyyy}]}

1 2%
- E(y_l)r(zx +1)
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a° : 23y, 1) = Y WY {R(2) - Zayy1]
= Y W [Y16(202y + 22y + 2920y) ~ Zayyyl)
1 3 {4+r(2x+1)}

"5 Um0y

and so forth.

Then the exact solution in series form is attained by

N
2y, ©) = Tim > 2,3, 1)
n=0

A 2\ 3\
T 21 T {4+r(2x+1)}+”}

Lo, _nh
=gl ){ "Too+1) "TEA+1)  TEr+1) r(h+ 1)

When A =1, the exact solution of (19) is attained by

N
2y, %) = lim B %,(5, 1)
n=0

1 T 212 3 r(2)
60 ‘”{1 TO ' TE) ' TE) {4 ' r(1)2} ' }
= %(y—l)(l+r+r2 +10 4.

Ly, 1) = %({T_lj

T

5. Conclusion

This paper develops an elegant incorporation of the HPT, the Yang
integral transform and J. H. He’s polynomials to solve nonlinear time partial
differential equations of fractional order. Splitting up the nonlinear terms in
fractional differential equations using Adomian polynomials is simple but

computing Adomian polynomials is very complicated.
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Figure 5. The exact solution Figure 6. The approximate

for A =1 of example 4.3. solution for A =1 of example 4.3.

This

deficiency is overcome by J. H. He polynomials in the proposed

technique. The proposed technique is also effective in lowering the amount of

computational work as compared to the traditional approaches while still

retaining good accuracy of the numerical results. In addition, the proposed

technique generates solutions in a faster convergent series that yields the

closed form solutions.
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