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Abstract

In this paper, we introduce the notions of ng# - closed sets are obtain the unified

characterizations for certain families of subsets between nano closed sets and ng#- closed

sets. Also the relations of nano minimal structure spaces introduce and studied.
1. Introduction

M. K. R. S. Veera Kumar [11] introduced a new class of sets, namely
g#-closed sets in topological spaces. Lellis Thivagar et al. [4] introduced a

nano topological space with respect to a subset X of a universe which is
defined in terms of lower approximation and upper approximation and
boundary region. The classical nano topological space is based on an
equivalence relation on a set, but in some situation, equivalence relations are
nor suitable for coping with granularity, instead the classical nano topology is
extend to general binary relation based covering nano topological space.
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Bhuvaneswari et al. [3] introduced and investigated nano g-closed sets in

nano topological spaces. Rajendran et al. [9] introduced the notion of nano
g*-closed sets and further properties of nano g*-closed sets are
investigated. Pandi et al. [5] introduced the notions of nano minimal

g"- closed sets in nano minimal structure spaces. In this paper, we introduce
the notions of ng#- closed sets are obtain the unified characterizations for

certain families of subsets between nano closed sets and ng#- closed sets.

Also the relations of nano minimal structure spaces introduce and studied.
2. Preliminaries

Throughout this paper (U, tp(x)) (or X) represent nano topological

spaces on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (U, (X)), Ncl(A) and N int(A)

denote the nano closure of A and the nano interior of A respectively. We recall

the following definitions which are useful in the sequel.

Definition 2.1 [6]. Let U be a non-empty finite set of objects called the
universe and R be an equivalence relation on U named as the indiscernibility
relation. Elements belonging to the same equivalence class are said to be

indiscernible with one another. The pair (U, R) is said to be the
approximation space. Let X < U.
(1) The lower approximation of X with respect to R is the set of all objects,

which can be for certain classified as X with respect to R and it is denoted by
Lp(X). That is, Lp(X)=U, yiR(x): R(x) < X}, where R(x) denotes the

equivalence class determined by x.

(2) The upper approximation of X with respect to R is the set of all
objects, which can be possibly classified as X with respect to R and it is
denoted by Ug(X). That is, Up(X) = 7 {R(x): R(x) < X}

(3) The boundary region of X with respect to R is the set of all objects,
which can be classified neither as X nor as not - X with respect to R and it is
denoted by Bg(X). Thatis, BR(X) = Ur(X) — Lr(X).
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Property 2.2 [4]. If (U, R) is an approximation space and X,Y < Uj;
then

(1) Lg(X) c X < Up(X);

(2) Lr(9) = Ug(9) = ¢ and Lg(U) = Ur(U) = U;
3) Ur(XUY) = Up(X)U Ug(Y);

4) UR(XNY) c Ur(X)NUR(Y);

(5) Lrp(XUY) > Lp(X)U Lg(Y);

6) Lr(XNY) < Lr(X)U Lp(Y);

(7) Lp(X) < Lr(Y), and Ur(X) < Ur(Y) whenever x c Y;

(8) Up(X®) = [Lr(X)]° and Ug(X°) = [Ur(X)[";
(9) URUR(X) = URLR(X) = Lp(X).
(10) LrLp(X) = URLg(X) = Lg(X).

Definition 2.3 [4]. Let U be the universe, R be an equivalence relation on
U and 13(X)={U, ¢, Lp(X), Ur(X), Br(X)} where X < U. Then by the

Property 2.2, 1x(X) satisfies the following axioms:
(1) Uand ¢ € tp(X),
(2) The union of the elements of any sub collection of tz(X) isin t(X),

(3) The intersection of the elements of any finite subcollection of t(X) is

in TR(X).

That is, tp(X) is a topology on U called the nano topology on U with
respect to X. We call (U, t1x(X)) as the nano topological space. The elements

of tp(X) are called as nano open sets and [tp(X)|° is called as the dual nano

topology of [tx(X)].
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Remark 2.4 [4]. If [t5(X)] is the nano topology on U with respect to X,
then the set B = {U, ¢, Lr(X), Br(X)} is the basis for 15(X).

Definition 2.5 [4]. If (U, t5(X)) is a nano topological space with respect
to X and if A < U, then the nano interior of H is defined as the union of all

nano open subsets of A and it is denoted by N int(A).
That is, N int(A) is the largest nano open subset of A.

The nano closure of A is defined as the intersection of all nano closed sets
containing A and it is denoted by NcI(A).

That is, Ncl(A) is the smallest nano closed set containing A.

Definition 2.6 [7]. A subfamily my of the power set @(X) of a

nonempty set X is called a minimal structure (briefly m-structure) on X if
¢ e my and U € myx.

By (X € mx) we denote a nonempty set X with a minimal structure my
on X and call it an m-space. Each member of myx is said to be myx- open
(briefly m-open) and the complement of an myx-open set is said to be

myx - closed (briefly m-closed).

Definition 2.7. A subset A of a nano topological space (U, tp(X)) is
called

(1) nano a-open [4] if A < N int (N int (A))).
(2) nano regular-open [4] if A = N int (NCI(A)).
(3) nano m-open [1] if the finite union of nano regular-open sets.

The family of nano o-open (resp. nano regular-open, nano w-open, nano
open) sets is denoted by N,OU, tg(X)) (resp. NRO(U, 1x(X)),
NO(U, t1x(X))).

The complements of the above mentioned sets are called their respective
closed sets.
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The nano a-closure of a subset A of U is, denoted by acl(A), defined to be

the intersection of all nano a-closed sets containing A.

Definition 2.8. A subset A of a nano topological space (U, tp(X)) is
called;

(1) nano gclosed [2] if Ncl(A) < G, whenever A < G and G is nano

open.

(2) nano g*-closed [9] if Ncl(A) < G, whenever A < G and G is nano g-
open.

(3) nano rg-closed set [10] if Ncl(A) < G whenever A — G and G is
nano regular-open.

(4) nano ng-closed [8] if Ncl(A) c G whenever A — G and G is nano n-
open.

The family of all nano g-open sets of U is denoted by N O(U, tx(X)).

The complements of the above mentioned sets are called their respective
closed sets.

The nano g-closure of a subset A of U is, denoted by Ngcl(A), defined to

be the intersection of all nano g-closed sets containing A.

Definition 2.9 [5]. A nano subfamily Nmy; of the power set o (U) of a
nonempty set U is called a nano minimal structure (briefly Nm- structure) on

Uif ¢ € Nmy and U € Nmy;.

By (U, Nmy), we denote a nonempty set U with a nano minimal
structure Nmy on U and call it a nano m-space (briefly Nm-space). Each
member of Nmg 1is said to be nano my-open (briefly Nm-open) and the
complement of a nano NNm-open set is said to be nano m - closed (briefly

Nm- closed).

Definition 2.10 [5]. A nano topological space (U, t15(X)) with a nano
minimal structure Nmgy on U is called a nano minimal structure space

(U, ‘L'R(X), NmU).
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Remark 2.11 [5]. Let (U, tx(X)) be a nano topological space. Then the
families t(X), OG (), G (), G()),( () and (,()) are all nano minimal

structure space (, ( )).

Definition 2.12 [5]. Let (,) be an Nm-space. For a subset A of U, the

Nm,,- closure of A and the Nm,,- interior of A are defined in as follows:

(1) Nmy —cl(A) = N{F : A < F, F® « Nmy).
(2) Nmy —int(A)=N{V:V < A, V € Nmy}.

Remark 2.13 [5]. Let (U, 1x(X), Nm;) be a nano minimal structure
space and A a subset of U. If Nmy =r15(X) (resp.
NaO(U, 1x(X)), NeO(U, tr(X))), then we have Nmy —cl(A)= Ncl(A)
(resp. Nocl(A), Ngcl(A)).

Definition 2.14 [5]. Let (U, 1z(X), Nmy;) be a nano minimal structure
space. A subset A of U is said to be

(1) nano minimal generalized closed (briefly Nmg-closed) if Ncl(A) c V

whenever A ¢ V and Vis Nmg - open.

(2) nano minimal generalized open (briefly Nmg- open) if its complement
is called Nmg-closed. The family of all Nmg-open sets in U is an
Nm- structure on U and denoted by NmgO(U, tx(X), Nmyy).

Definition 2.15 [5]. Let (U, tg(X), Nmy;) be a nano minimal structure

space. A subset A of U is said to be

(1) nano minimal generalized closed (briefly Nmg- closed) if Ncl(A) < V
whenever A < V and Vis Nmg- open.

(2) nano minimal generalized open (briefly Nmg- open) if its complement
is Nmg- closed. The family of all Nmg-open sets in U is an Nm- structure on

U and denoted by NmgO(U, 1x(X), Nmy).
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3. Nano Minimal g#- Closed Sets

We obtain several basic properties of nano minimal g#- closed sets.

Definition 3.1. Let (U, 13(X), Nmy) be a nano minimal structure
space. A subset A of U is said to be

(1) nano minimal g%-closed (briefly Nmg®-closed) if Ncl(A)< V
whenever A < V and Vis ng#-open.

(2) nano minimal g#-open(brieﬂy ng#-open) if its complement is
ng#-closed.

Definition 3.2. Let (U, Nmg#O(U, tx(X), Nmy)) be a nano minimal

structure space. For a subset A of U, the Nmg*-closure of A and the

Nmg " -interior of A are defined as follows:
(1) Nmg™ —cl(A)=N{F : Ac F,U - F € Nmg O(U, tp(X), Nmg)},
(2) Nmg* —int (A)=N{V:V < A, V e Nmg*O(U, tx(X), Nmy;)}.
Definition 38.3. Let (U, Nmg*O(U, t1x(X), Nmy;)) be a nano minimal
structure space and A be a subset of U. Then Nmg"-Frontier of
A, Nmg*— Fr(A), is defined as follows: Nmg" — Fr(A)= Nmg" —cl(A)
N Nmg* —cl(U - A).
Theorem 38.4. Let (U, Nmg*O(U, t1p(X), Nmy;)) be a nano minimal

structure space and A be a subset of U. Then x € Nmg™ — cl(A) if and only if

VN A # ¢, for every Nmg™-open set V containing x.

Proof. Suppose that there exists Nmg"-open set V containing x such
that VNA=¢ Then AcU-V and U-U-V)=Ve
Nmg*O(U, tr(X), Nmgs). Then by definition 3.12, Nmg™ —cl(A) c U -V.
Since x € V, we have x ¢ Nmg™ — cl(A).

Advances and Applications in Mathematical Sciences, Volume 18, Issue 10, August 2019



1100 S. JEYASHRI, PANDI and R. SENTHILKUMAR

Conversely, suppose that x ¢ Nmg™ — cl(A). There exists a subset F of U
such that U — F € Nmg"O(U, tx(X), Nmy;), A < F and x ¢ F. Then there
exists Nmg™*-open set U — F' containing x such that (U — F)N A = ¢.

Definition 3.5. A Nm- structure Nmg *O(X) on a nonempty set U is said
to have property R, if the union of any family of subsets belonging to

Nmg*O(U, tx(X), Nmy;) belongs to Nmg*O(U, tp(X), Nmyy).

Example 3.6. Let U ={a, b,¢c,d} with U/R = {{a}, {b, ¢, d}} and
X ={a, b}. Then the nano topology tr(X)=1{9, U, {a}, {b, ¢, d}} and
Nmyg; = {0, U, {a, b}, {a, c}}. Then Nmg™-open sets are 0, U, {a}, {b}, {c}, {d},
{a, b}, {a,c}, {b,d} and {b, c, d}. It is shown that Nmg*O(U, tx(X), Nm;)

does not have property R ,s.

Remark 3.7. Let (U, 15(X), Nmy;) be a nano minimal structure space.
Then the families t(X), NaO(U, 1g(X)) and NgO(U, 1x(X)) are all
Nm- structure with property R ;.

Lemma 3.8. Let U be a nonempty set and Nmg O(U, tx(X), Nmgy) be a
Nm-structure on U satisfying property R . For a subset A of U, the
following properties hold:

(1) A € Nmg*O(U, t15(X)) if and only if Nmg™ —int (A) = A.

(2) Ais Nmg™-closed if and only if Nmg™ —cl (A) = A.

3) Nmg® —int(A) e Nmg*OU, tp(X)) and Nmg® —cl(A) s
Nmg™-closed.

Remark 3.9. Let (U, tz(X), Nmy) be a nano minimal structure space
and A be a subset of U. If Nmg*O(U, t1x(X), Nmg7) = NsO(U, tx(X)) (resp.
1,.(X), NrO(U, t5(X)), NRO(U, t15(X))) and A is nano g"-closed, then A is

ng#- closed (resp. nano g-closed, nano ng-closed, nano rg-closed).
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Proposition 3.10. Let Nmg*O(U, tx(X), Nmgr) < NgO(U, t(X)). Then
the following implications hold:

nano close — nano g -closed — ng#-closed.

Proof. It is obvious that every nano closed set is nano g*-closed.
Suppose that A is a nano g'-closed set. Let AcV and
V e Nmg*O(U, 1p(X), Nmy;).Since Nmg*O(U, 1p(X), Nmy;) = NeO(U, 1p(X)),
Ncl(A) < V and hence A is Nmg¥- closed.

Example 3.11. (1) Let U={a,b,c} with U/R={{b},{a,c},{a,c}} and
X ={c}. Then the nano topology tx(X)=1{0,U,{a,c}} and Nmy ={0,U}. Then
nano g-closed are 0,U,{b},{a,b},{b,c}; and nano g"-closed sets are
0, U, {b}, {a, b}, {b, c}. It is clear that {a, b} is nano g”- closed set but it is
not nano closed.

(2) In Example 3.6, ng#- closed sets are 0,U, {a}, {a, d}, {b, ¢}, {c, d},
{a,b,c},{a,b,d},{a,cd},{bc,d and nano g~*-closed sets are 0,U, {a},
{b,c,d}. Tt is clear that {a, d} is Nmg”-closed set but it is not nano

g"- closed.

Proposition 3.12. If A and B are ng#-closed sets, then AUB is

ng# - closed.

Proof. Let AUB c V and V € Nmg*O(U, tp(X), Nmg7). Then A c V
and BcV. Since A and B are ng#- closed, we have
Nel(AU B) = Nel(A)U Nel(B) V. Therefore, AU B is Nmg™- closed.

Proposition 3.13. If A is ng#- closed and ng#- open, then A is nano

closed.
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Proof. Since A is Nmg®-closed and Nmg*-open, then Ncl(A) = A but
A < Ncl(A). Therefore Ncl(A) = A. Hence, A is nano closed.

Proposition 3.14. If A is Nmg*- closed and A ¢ B < Ncl(A), then B is
ng#- closed.

Proof. Let Bc V and AV € Nmg O(U, tx(X), Nmg;). Then AcV
and Ais Nmg¥- closed. Hence Nel(B) = Nel(A) = A and Bis Nmg?- closed.

Proposition 3.15. If A s ng#- closed and AcV e
ng#O(U, t1r(X), Nmy7), then Nmg™ — Fr(V) < Nint (U — A).

Proof. Let A be Nmg¥-closed and A = V e Nmg*O(U, tp(X), Nmy).
Then Ncl(A) c A. Suppose  that x € Nmg™ — Fr(V). Since
V e Nimg*O(U, t(X), Nmyy), Nmg* — Fr(V) = Nmg* —cl (V) Nimg”* —cl(U - V')
=Nmg* —cl(V)N(U-V)=Nmg* —cl(V)-V.Therefore, x ¢V and x ¢ Ncl(A).
This shows that x € Nint (U — A) and hence Nmg® — Fr(V)c Nint(U - A).

Proposition 3.16. A subset A of U is ng#-open if and only if
F ¢ Nint (U - A). whenever F c A and Ais Nmg™-closed.

Proof. Suppose that A is ng#- open. Let Fc A and F be
Nmg*-closed. Then U~ A c U~ F € Nmg"O(U, 1x(X), Nmgy) and U- A

is Nmg®-closed. Therefore, we have U - Nint(A)= NelU-A)c U - F
and hence F' < N int (A).

Conversely, let U-A c G and G e Nmg O(U, tx(X), Nmg7). Then

U-GcA and U-G is Nmg™-closed. By hypothesis, we have
U-G c Nint(A) and hence Ncl(U - A)=U - Nint(A) < G. Therefore,

U- A is Nmg®-closed and A is Nmg*- open.
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Corollary 3.17. Let Nmg* O(U, tx(X), Nmy;) < NgO(U, t(X)). Then
the following properties hold:

(1) Every nano open set is ng#- open and every ng#- open set is nano
g -open,

(2) If A and B are ng#- open, then A B is ng#- open,

B)IfAis ng#- open and ng#- closed, then A is nano open,

(4) If A is Nmg®-open and Nint (A) c A, then B is Nmg™- open. This

follows from propositions 3.10, 3.12, 3.13 and 3.14.

4. Characterizations of ng#- Closed Sets

We obtain some characterizations of ng#- closed sets.

Theorem 4.1. A subset A of U is ng#-closed if and only if
Ncl(A)N F = 0 whenever ANF =0 and Fis Nmg"-closed.

Proof. Suppose that A is ng#- closed. Let ANF =0 and
F be Nmg*-closed. Then A cU-F € Nmg"OU, t1p(X), Nmy) and
Ncl(A) < U - F. Therefore, we have Ncl(A)N F = 0.

Conversely, let AcV and V e Nmg*OU, tx(X), Nmg;). Then
ANU-V)=0 and U-V is Nmg®-closed. By the hypothesis,
Nel(A)N (U - V) = 0 and hence Ncl(A) = V. Therefore, A is Nmg? - closed.

Theorem 4.2. Let Nmg O(U, 1x(X), Nmy) < NgOWU, (X)) and
Nmg*O(U, 1g(X), Nmg;) have property Ry. A subset A of U is

ng#- closed if and only if Ncl(A)— A contains no nonempty Nmg " -closed.
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Proof. Suppose that A is Nmg®-closed. Let F < Nel(A)- A and F be
Nmg™-closed. Then F < Ncl(A) and F g A and so AcU-Fe
Nmg*O(U, 1p(X), Nmg;) and hence Necl(A) c U - F. Therefore, we have
F c U - Ncl(A). Hence F = 0.

Conversely, suppose that A is not Nn1g#-closed. Then by Theorem 4.1,
0 % Ncl(A)-V  for some V e Nmg*O(U, tx(X), Nmyy) containing
A.  Since 1r(X) € Nmg*O(U, tr(X), Nmg;) < NgO(U, tp(X))  and
Nmg*O(U, 1p(X), Nmy) has property RyA c U, Ncl(A)-V is
Nmg ™ -closed. Moreover, we have Ncl(A) -V < Ncl(A) - A, a contradiction.

Hence A is ng#- closed.

Theorem 4.3. Let Nmg O(U, tp(X), Nmy;) < NgO(U, 15(X)) and
Nmg*O(U, 1p(X), Nmyy) have property Ry. A subset A of U is
Nmg¥- closed if and only if Ncl(A)— A is Nmg?- open.

Proof. Suppose that A is Nmg®-closed. Let F < Nel(A)- A and F be
Nmg™-closed. By Theorem 4.2, we have F =0 and F < N int (Ncl(A) - A)

it follows from Proposition 3.16, Ncl(A) - A is ng#- open.

Conversely, let AcV and Ve Nmg O(U, 1p(X)). Then Nel(A)N({U -V)
c Nel(A)-A  and Nel(A)-A is  Nmg™-open. Since 15(X)c
Nmg*O(U, t15(X), Nmg;) < NeO(U, 15(X)) and Nmg*O(U, 1z(X), Nmg;) has
property R, Nel(A)N (U -V) is Nmg®- closed and by proposition 3.16,
Nel(A)N(U - V)< Nint(Nel(A)- A). Now N int(Nel(A)— A) = N int(Nel(A))
Nint(U-A)< Nel(A)NNint(U - A) = Nel(A)N (U — Nel(A)) = ¢. Therefore, we
have Ncl(A)N (U -V) =0 and hence Ncl(A) < V. This shows that A is

Nmg ™ -closed.
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Theorem 4.4. Let (U, Nmg*O(U, t1p(X), Nmy;)) be an Nm-structure
with property R . A subset A of U is ng#-closed if and only if
Nmg™ —cl({x}) N A # 0 for each x € Ncl(A).

Proof. Suppose that A is Nmg®-closed and Nmg* — cl(fx}))N A = 0 for
some x € Ncl(A). By lemma 3.8, Nmg™ —cl({x}) is Nmg~-closed and
A c U~ (Nmg™ —cl({x})) € Nmg*O(U, tp(X)). Since A is Nmg"-closed,
Nel(A) c U — (Nmg™ - cl({x})) < U — {x}, a contradiction, since x € Ncl(A).

Conversely, suppose that A is not ng#-closed. Then by Theorem 4.1,
0 # Ncl(A)-V for some V € Nmg O(U, tx(X), Nmy;) containing A. There
exists x € Ncl(A) - V. Since x ¢ V, by Theorem 3.4, Nmg™ —cl({x}) NV = 0
and hence Nmg® —cl({x})N A < Nmg™ —cl({x}) NV = 0. This shows that
Nmg* - cl({x}) N A = 0 for some x e Ncl(A). Hence Ais Nmg¥- closed.

Corollary 4.5. Let Nmg O(U, 1z(X), Nmy;) < NgO(U, (X)) and
Nmg*O(U, 1x(X), Nmy;) have property R . For a subset A of U, the

following properties are equivalent:
(1) Ais ng#- open.
(2) A - Nint(A) contains no nonempty Nmg " -closed set.
(8) A- Nint(A) is ng#- open.
(4) Nmg™ —cl({x}) N (U — A) # 0 for each x € A — N int (A).
This follows from Theorems 4.2, 4.3 and 4.4.

5. Conclusion

We think that our approach is an important meeting point between nano
topology and nano minimal structure spaces. In future, we will discuss more

applications of nano topological concepts in nano minimal structure spaces.
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