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Abstract 

In this paper, we introduce the notions of -#Nmg closed sets are obtain the unified 

characterizations for certain families of subsets between nano closed sets and -#Nmg closed 

sets. Also the relations of nano minimal structure spaces introduce and studied. 

1. Introduction 

M. K. R. S. Veera Kumar [11] introduced a new class of sets, namely 

-#g closed sets in topological spaces. Lellis Thivagar et al. [4] introduced a 

nano topological space with respect to a subset X of a universe which is 

defined in terms of lower approximation and upper approximation and 

boundary region. The classical nano topological space is based on an 

equivalence relation on a set, but in some situation, equivalence relations are 

nor suitable for coping with granularity, instead the classical nano topology is 

extend to general binary relation based covering nano topological space. 
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Bhuvaneswari et al. [3] introduced and investigated nano g-closed sets in 

nano topological spaces. Rajendran et al. [9] introduced the notion of nano 

-g closed sets and further properties of nano -g closed sets are 

investigated. Pandi et al. [5] introduced the notions of nano minimal 

-g closed sets in nano minimal structure spaces. In this paper, we introduce 

the notions of -#Nmg closed sets are obtain the unified characterizations for 

certain families of subsets between nano closed sets and -#Nmg closed sets. 

Also the relations of nano minimal structure spaces introduce and studied.  

2. Preliminaries 

Throughout this paper   xU R,  (or X) represent nano topological 

spaces on which no separation axioms are assumed unless otherwise 

mentioned. For a subset A of a space     ANclXU R ,,   and  AN int  

denote the nano closure of A and the nano interior of A respectively. We recall 

the following definitions which are useful in the sequel.  

Definition 2.1 [6]. Let U be a non-empty finite set of objects called the 

universe and R be an equivalence relation on U named as the indiscernibility 

relation. Elements belonging to the same equivalence class are said to be 

indiscernible with one another. The pair  RU,  is said to be the 

approximation space. Let .UX   

(1) The lower approximation of X with respect to R is the set of all objects, 

which can be for certain classified as X with respect to R and it is denoted by 

 .XLR  That is,         UxR XxRxRXL   ,:  where  xR  denotes the 

equivalence class determined by x. 

(2) The upper approximation of X with respect to R is the set of all 

objects, which can be possibly classified as X with respect to R and it is 

denoted by  .XUR  That is,         UxR XxRxRXU   :  

(3) The boundary region of X with respect to R is the set of all objects, 

which can be classified neither as X nor as not - X with respect to R and it is 

denoted by  .XBR  That is,      .XLXUXB RRR   
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Property 2.2 [4]. If  RU,  is an approximation space and ;, UYX   

then 

(1)    ;XUXXL RR   

(2)      RR UL  and     ;UUUUL RR   

(3)      ;YUXUYXU RRR    

(4)      ;YUXUYXU RRR    

(5)      ;YLXLYXL RRR    

(6)      ;YLXLYXL RRR    

(7)    ;YLXL RR   and    YUXU RR   whenever ;Yx   

(8)     cR
c

R XLXU   and      ;
c

R
c

R XUXU   

(9)      .XLXLUXUU RRRRR   

(10)      .XLXLUXLL RRRRR   

Definition 2.3 [4]. Let U be the universe, R be an equivalence relation on 

U and         XBXUXLUX RRRR ,,,,   where .UX   Then by the 

Property 2.2,  XR  satisfies the following axioms: 

(1) U and  ,XR  

(2) The union of the elements of any sub collection of  XR  is in  ,XR  

(3) The intersection of the elements of any finite subcollection of  XR  is 

in  .XR  

That is,  XR  is a topology on U called the nano topology on U with 

respect to X. We call   XU R,  as the nano topological space. The elements 

of  XR  are called as nano open sets and   cR X  is called as the dual nano 

topology of   .XR  
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Remark 2.4 [4]. If   XR  is the nano topology on U with respect to X, 

then the set     XBXLUB RR ,,,   is the basis for  .XR  

Definition 2.5 [4]. If   XU R,  is a nano topological space with respect 

to X and if ,UA   then the nano interior of H is defined as the union of all 

nano open subsets of A and it is denoted by  .int AN  

That is,  AN int  is the largest nano open subset of A. 

The nano closure of A is defined as the intersection of all nano closed sets 

containing A and it is denoted by  .ANcl  

That is,  ANcl  is the smallest nano closed set containing A. 

Definition 2.6 [7]. A subfamily Xm  of the power set  X  of a 

nonempty set X is called a minimal structure (briefly m-structure) on X if 

xm  and .XmU   

By  XmX   we denote a nonempty set X with a minimal structure Xm  

on X and call it an m-space. Each member of Xm  is said to be -Xm open 

(briefly m-open) and the complement of an -Xm open set is said to be 

-Xm closed (briefly m-closed). 

Definition 2.7. A subset A of a nano topological space   XU R,  is 

called 

(1) nano -open [4] if   .intint ANNA   

(2) nano regular-open [4] if   .int ANClNA   

(3) nano -open [1] if the finite union of nano regular-open sets. 

The family of nano -open (resp. nano regular-open, nano -open, nano 

open) sets is denoted by   XUON R ,     ,,.resp XUNRO R  

  ., XUON R  

The complements of the above mentioned sets are called their respective 

closed sets. 
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The nano -closure of a subset A of U is, denoted by  ,Acl  defined to be 

the intersection of all nano -closed sets containing A. 

Definition 2.8. A subset A of a nano topological space   XU R,  is 

called; 

(1) nano g-closed [2] if   ,GANcl   whenever GA   and G is nano 

open. 

(2) nano -g closed [9] if   ,GANcl   whenever GA   and G is nano g-

open. 

(3) nano -rg closed set [10] if   GANcl   whenever GA   and G is 

nano regular-open. 

(4) nano -g closed [8] if   GANcl   whenever GA   and G is nano -

open. 

The family of all nano g-open sets of U is denoted by   ., XUON Rg   

The complements of the above mentioned sets are called their respective 

closed sets. 

The nano g-closure of a subset A of U is, denoted by  ,ANgcl  defined to 

be the intersection of all nano g-closed sets containing A. 

Definition 2.9 [5]. A nano subfamily UNm  of the power set  U  of a 

nonempty set U is called a nano minimal structure (briefly -Nm structure) on 

U if UNm  and .UNmU   

By  ,, UNmU  we denote a nonempty set U with a nano minimal 

structure UNm  on U and call it a nano m-space (briefly -Nm space). Each 

member of UNm  is said to be nano -Um open (briefly -Nm open) and the 

complement of a nano -Nm open set is said to be nano -Um closed (briefly 

-Nm closed). 

Definition 2.10 [5]. A nano topological space   XU R,  with a nano 

minimal structure UNm  on U is called a nano minimal structure space 

   .,, UR NmXU   
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Remark 2.11 [5]. Let   XU R,  be a nano topological space. Then the 

families              ,,,,,,,, OXR  and   ,  are all nano minimal 

structure space   .,  

Definition 2.12 [5]. Let  ,  be an -Nm space. For a subset A of U, the 

-uNm closure of A and the -uNm interior of A are defined in as follows: 

(1)    .,: U
c

U NmFFAFAclNm    

(2)    .,:int UU NmVAVVANm    

Remark 2.13 [5]. Let    UR NmXU ,,   be a nano minimal structure 

space and A a subset of U. If  XNm RU   (resp. 

     ,,,, XUNgOXUON RR   then we have    ANclAclNmU   

(resp.    ., AclNgAclN  

Definition 2.14 [5]. Let    UR NmXU ,,   be a nano minimal structure 

space. A subset A of U is said to be 

(1) nano minimal generalized closed (briefly -Nmg closed) if   VANcl   

whenever VA   and V is -UNm open. 

(2) nano minimal generalized open (briefly -Nmg open) if its complement 

is called -Nmg closed. The family of all -Nmg open sets in U is an 

-Nm structure on U and denoted by    .,, UR NmXUONmg   

Definition 2.15 [5]. Let    UR NmXU ,,   be a nano minimal structure 

space. A subset A of U is said to be 

(1) nano minimal generalized closed (briefly -Nmg closed) if   VANcl   

whenever VA   and V is -Nmg open. 

(2) nano minimal generalized open (briefly -Nmg open) if its complement 

is -Nmg closed. The family of all -Nmg open sets in U is an -Nm structure on 

U and denoted by    .,, UR NmXUONmg   
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3. Nano Minimal -#g Closed Sets 

We obtain several basic properties of nano minimal -#g closed sets.  

Definition 3.1. Let    UR NmXU ,,   be a nano minimal structure 

space. A subset A of U is said to be 

(1) nano minimal -#g closed (briefly -#Nmg closed) if   VANcl   

whenever VA   and V is -#Nmg open. 

(2) nano minimal -#g open(briefly -#Nmg open) if its complement is 

-#Nmg closed. 

Definition 3.2. Let     UR NmXUONmgU ,,, #   be a nano minimal 

structure space. For a subset A of U, the -Nmg closure of A and the 

-Nmg interior of A are defined as follows: 

(1)       ,,,,: UR NmXUONmgFUFAFAclNmg     

(2)       .,,,:int UR NmXUONmgVAVVANmg     

Definition 3.3. Let     UR NmXUONmgU ,,,   be a nano minimal 

structure space and A be a subset of U. Then -Nmg Frontier of 

 ,, AFrNmgA   is defined as follows:    AclNmgAFrNmg    

 .AUclNmg   

Theorem 3.4. Let     UR NmXUONmgU ,,,   be a nano minimal 

structure space and A be a subset of U. Then  AclNmgx    if and only if 

,AV   for every -Nmg open set V containing x. 

Proof. Suppose that there exists -Nmg open set V containing x such 

that .AV   Then VUA   and    VVUU  

   .,, UR NmXUONmg   Then by definition 3.12,   .VUAclNmg   

Since ,Vx   we have  .AclNmgx    
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Conversely, suppose that  .AclNmgx    There exists a subset F of U 

such that     FANmXUONmgFU UR   ,,,  and .Fx   Then there 

exists -Nmg open set FU   containing x such that   . AFU   

Definition 3.5. A -Nm structure  XONmg   on a nonempty set U is said 

to have property   if the union of any family of subsets belonging to 

   UR NmXUONmg ,,   belongs to    .,, UR NmXUONmg   

Example 3.6. Let  dcbaU ,,,  with     dcbaRU ,,,  and 

 ., baX   Then the nano topology       dcbaUXR ,,,,,  and 

    .,,,,,0 cabaUNmU   Then -Nmg open sets are        ,,,,,,0 dcbaU  

     dbcaba ,,,,,  and  .,, dcb  It is shown that    UR NmXUONmg ,,   

does not have property .  

Remark 3.7. Let    UR NmXU ,,   be a nano minimal structure space. 

Then the families     XUONX RR  ,,  and   XUOgN R,  are all 

-Nm structure with property .  

Lemma 3.8. Let U be a nonempty set and    UR NmXUONmg ,,   be a 

-Nm structure on U satisfying property .  For a subset A of U, the 

following properties hold: 

(1)   XUONmgA R  ,  if and only if   .int AANmg   

(2) A is -Nmg closed if and only if   .AAclNmg   

(3)     XUONmgANmg R  ,int  and  AclNmg   is 

-Nmg closed. 

Remark 3.9. Let    UR NmXU ,,   be a nano minimal structure space 

and A be a subset of U. If       XUNgONmXUONmg RUR  ,,,  (resp. 

       XUNROXUONX RRr  ,,,,  and A is nano -g closed, then A is 

-#Nmg closed (resp. nano g-closed, nano -g closed, nano -rg closed). 
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Proposition 3.10. Let       .,,, XUNgONmXUONmg RUR   Then 

the following implications hold: 

closed.-closed-nanoclosenano #Nmgg    

Proof. It is obvious that every nano closed set is nano -g closed. 

Suppose that A is a nano -g closed set. Let VA   and 

   .,, UR NmXUONmgV   Since       ,,,, XUNgONmXUONmg RUR   

  VANcl   and hence A is -#Nmg closed. 

Example 3.11. (1) Let  cbaU ,,  with       cacabRU ,,,,  and 

 .cX   Then the nano topology     caUXR ,,,0  and  .,0 UNmU   Then 

nano g-closed are      ;,,,,,,0 cbbabU  and nano -g closed sets are 

     .,,,,,,0 cbbabU  It is clear that  ba,  is nano -g closed set but it is 

not nano closed. 

(2) In Example 3.6, -#Nmg closed sets are        ,,,,,,,,,0 dccbdaaU  

       dcbdcadbacba ,,,,,,,,,,,  and nano -g closed sets are  ,,,0 aU  

 .,, dcb  It is clear that  da,  is -#Nmg closed set but it is not nano 

-g closed. 

Proposition 3.12. If A and B are -#Nmg closed sets, then BA   is 

-#Nmg closed. 

Proof. Let VBA   and    .,, UR NmXUONmgV    Then VA   

and .VB   Since A and B are -#Nmg closed, we have 

      .VBNclANclBANcl    Therefore, BA   is -#Nmg closed. 

Proposition 3.13. If A is -#Nmg closed and -#Nmg open, then A is nano 

closed. 
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Proof. Since A is -#Nmg closed and -Nmg open, then   AANcl   but 

 .ANclA   Therefore   .AANcl   Hence, A is nano closed. 

Proposition 3.14. If A is -#Nmg closed and  ,ANclBA   then B is 

-#Nmg closed. 

Proof. Let VB   and    .,, UR NmXUONmgAV    Then VA   

and A is -#Nmg closed. Hence     AANclBNcl   and B is -#Nmg closed. 

Proposition 3.15. If A is -#Nmg closed and  VA  

   ,,,O#
UR NmXUNmg   then    .int AUNVFrNmg   

Proof. Let A be -#Nmg closed and    .,,O UR NmXUNmgVA    

Then   .AANcl   Suppose that  .VFrNmgx    Since 

         VUclNmgVclNmgVFrNmgNmXUONmgV UR   ,,,  

      .VVclNmgVUVclNmg    Therefore, Vx  and  .ANclx   

This shows that  AUNx  int  and hence    .int# AUNVFrNmg   

Proposition 3.16. A subset A of U is -#Nmg open if and only if 

 .int AUNF   whenever AF   and A is -Nmg closed. 

Proof. Suppose that A is -#Nmg open. Let AF   and F be 

-Nmg closed. Then    UR NmXUONmgFUAU ,,    and AU   

is -#Nmg closed. Therefore, we have     FUAUNclANU  int  

and hence  .int ANF   

Conversely, let GAU   and    .,, UR NmXUONmgG    Then 

AGU   and GU   is -Nmg closed. By hypothesis, we have 

 ANGU int  and hence     .int GANUAUNcl   Therefore, 

AU   is -#Nmg closed and A is -#Nmg open. 
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Corollary 3.17. Let       .,,, XUONgNmXUONmg RUR   Then 

the following properties hold: 

(1) Every nano open set is -#Nmg open and every -#Nmg open set is nano 

-g open, 

(2) If A and B are -#Nmg open, then BA   is -#Nmg open, 

(3) If A is -#Nmg open and -#Nmg closed, then A is nano open, 

(4) If A is -#Nmg open and   ,int AAN   then B is -#Nmg open. This 

follows from propositions 3.10, 3.12, 3.13 and 3.14. 

4. Characterizations of -#Nmg Closed Sets 

We obtain some characterizations of -#Nmg closed sets. 

Theorem 4.1. A subset A of U is -#Nmg closed if and only if 

  0FANcl   whenever 0FA   and F is -Nmg closed. 

Proof. Suppose that A is -#Nmg closed. Let 0FA   and                     

F be -Nmg closed. Then    UR NmXUONmgFUA ,,    and 

  .FUANcl   Therefore, we have   .0FANcl   

Conversely, let VA   and    .,, UR NmXUONmgV    Then 

  0 VUA   and VU   is -Nmg closed. By the hypothesis, 

    0 VUANcl   and hence   .VANcl   Therefore, A is -#Nmg closed. 

Theorem 4.2. Let       XUOgNNmXUONmg RUR  ,,,  and 

   UR NmXUONmg ,,   have property .  A subset A of U is 

-#Nmg closed if and only if   AANcl   contains no nonempty -Nmg closed. 
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Proof. Suppose that A is -#Nmg closed. Let   AANclF   and F be 

-Nmg closed. Then  ANclF   and AF   and so  FUA  

   UR NmXUONmg ,,   and hence   .FUANcl   Therefore, we have 

 .ANclUF   Hence .0F  

Conversely, suppose that A is not -#Nmg closed. Then by Theorem 4.1, 

  VANcl 0  for some    UR NmXUONmgV ,,    containing              

A. Since         XUONgNmXUONmgX RURR   ,,,  and 

   UR NmXUONmg ,,   has property   VANclUARN  ,   is 

-Nmg closed. Moreover, we have     ,AANclVANcl   a contradiction. 

Hence A is -#Nmg closed. 

Theorem 4.3. Let       XUONgNmXUONmg RUR  ,,,  and 

   UR NmXUONmg ,,   have property .  A subset A of U is 

-#Nmg closed if and only if   AANcl   is -#Nmg open. 

Proof. Suppose that A is -#Nmg closed. Let   AANclF   and F be 

-Nmg closed. By Theorem 4.2, we have 0F  and   AANclNF  int  

it follows from Proposition 3.16,   AANcl   is -#Nmg open. 

Conversely, let VA   and   ., XUONmgV R   Then    VUANcl   

  AANcl   and   AANcl   is -#Nmg open. Since    XR  

      XUONgNmXUONmg RUR  ,,,  and    UR NmXUONmg ,,   has 

property    VUANcl ,  is -#Nmg closed and by proposition 3.16, 

      .int AANclNVUANcl  Now      ANclNAANclN intint 

           .intint  ANclUANclAUNANclAUN  Therefore, we 

have     0 VUANcl   and hence   .VANcl   This shows that A is 

-Nmg closed. 
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Theorem 4.4. Let     UR NmXUONmgU ,,,   be an -Nm structure 

with property .  A subset A of U is -#Nmg closed if and only if 

   0 AxclNmg   for each  .ANclx   

Proof. Suppose that A is -#Nmg closed and    0 AxclNmg   for 

some  .ANclx   By lemma 3.8,   xclNmg   is -Nmg closed and 

      ., XUONmgxclNmgUA R   Since A is -Nmg closed, 

       ,xUxclNmgUANcl    a contradiction, since  .ANclx   

Conversely, suppose that A is not -#Nmg closed. Then by Theorem 4.1, 

  VANcl 0  for some    UR NmXUONmgV ,,    containing A. There 

exists   .VANclx   Since ,Vx   by Theorem 3.4,    0 VxclNmg   

and hence       .0  VxclNmgAxclNmg   This shows that 

   0 AxclNmg   for some  .ANclx   Hence A is -#Nmg closed. 

Corollary 4.5. Let       XUNgONmXUONmg RUR  ,,,  and 

   UR NmXUONmg ,,   have property .  For a subset A of U, the 

following properties are equivalent: 

(1) A is -#Nmg open. 

(2)  ANA int  contains no nonempty -Nmg closed set. 

(3)  ANA int  is -#Nmg open. 

(4)      0 AUxclNmg   for each  .int ANAx   

This follows from Theorems 4.2, 4.3 and 4.4. 

5. Conclusion 

We think that our approach is an important meeting point between nano 

topology and nano minimal structure spaces. In future, we will discuss more 

applications of nano topological concepts in nano minimal structure spaces. 
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