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Abstract

Farey sequence in [0, 1] is a sequence of real numbers generated using median properties.
A subsequence of Farey sequence, FE Farey N-subsequence has been established as a

topological space and a Hausdorff space by appropriately defining basis and open sets. Also the
axiom has been discussed with an illustration. A Lebesgue measure of Farey sequence of both
odd and even order has been presented in this paper.

1. Introduction

The Farey Sequence usually referred to as the Farey series, maybe a
chain of sequences during which every series includes rational numbers that
move in estimate from zero to one [2].

3

In “Extraction of Cantor Middle (0) - % a

j from Non-Reducible Farey
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Subsequence” -Cantor ternary sets and some higher ordered Cantor sets have
been extracted from Farey sequences of like order. There are many properties
observed on the Farey sequence in “Farey to Cantor” [1]. In “Farey Triangle
Graphs and Farey Triangle Matrices” [4] the terms of a Farey sequence have
been considered as ordered pairs and a pattern of matrices and graphs have

been identified.

It is mentioned in “https:/ncatlab.org/nlab” that Cantor sets may be
developed into topological space and Hausdorff space. Having identified the

terms of Fpy, Fp,; 1s written by writing the mediant of all the successive
terms of Fp. With slight modification, sequence whose terms are Farey

sequences has been establishedas various spaces namely topological space,
Hausdorff space and 77 space. A Hausdorff space is basically a topological

space. To form a topology a nonempty set with basis elements should be

defined clearly.

2. Preliminaries

Definition 1. Farey sequence [1] A Sequence of rational numbers g

with (p, @) =1 in [0,1] and ¢ < n is called a Farey Sequence of order n,
denoted by F),.

Example 1.

Definition 2. Farey N-subsequence [1] In a Farey sequence Fj the

elements with denominators precisely N are classified as Farey N-
subsequence and denoted by (Fy ).
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(Fj\,):{%/OSuisN,OsigN}

Example 2. The Farey N-Sequence of order 4 is

\_[0_0_1_3_4_1
<FN>‘{1‘4<4<4<4‘1}

Definition 3. Non - Reducible Farey Sequence [1] A subset of the
Farey sequence Fpy whose denominator not exceeding N is taken as Non —

Reducible Farey Sequence. It is denoted by [:*'E .

Example 3. The quaternary Non - Reducible Farey Sequence of order 4 is

Fo-J0_0111_ 223 4_1
4711 424322~ B

Definition 4. Non-Reducible Farey N-Subsequence [1] For Fj;, the
element of the sequence with denominator N is taken as Non-Reducible Farey

N-subsequence. It is denoted by F’N.

Example 4. The Non- Reducible Farey N-Subsequence of order 4 is

Fo-J01 234 1
171441404 1
Non-Reducible Farey N-subsequenceoforder F~'4 and its higher powers

have been given below.

F, ={9 123 é=1} (2.1)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 _
16°16°16°16°16°16°16°16°16°16°16°16°16°16°16°16° 16
(2.2)

Fy -

I T A e

6464 64764 64 64°64°64 64 64°64 7 64
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3. A Subsequence of Farey Sequence-Topological Space

Theorem 1. For any integer N >3 a subsequence of Farey sequence,

Farey N-subsequence denoted by F Wk is a topological space.

Proof. To define a topology on a set first a basis and hence open sets
should be described clearly. Here the basis is defined as follows.

i=0123, ..
Consider X = /- k=123 4,
Nk
N =3,4,5, ...

ﬁmeBz{Ew,k:LZ3V}

Here every element of B is a sequence of real numbers.

Claim. B constitute a basis for X

= 1 2 3
Clearl = = = = &2 2
earyF ﬂFNk7k 17 27 3’00 {O’ 47 47 471}

Case (i). If x € F then choose basis elements as any one of FN’nk, k=2

Case (ii). Suppose that x is not in F. X may be any one of the following

forms.
0<i<NF-1
Xz;;Nngigj*Nk_1/j=1,2,3,_,,,Nfork:1,2,3,...,oo.
Nk+1
Choose basis elements as any one of ﬁNk’ kR=23,.., 0

Then clearly B; N B i contains a basis element in which x is a members.

The open sets may taken as a sequence of union of members of B. Then

for every elements in U there exists a member in B such that x € B < U.

1=0,1,23,...
Illustration 1. Consider X = Lk’ k=123, 4,
N
N =34,5,..
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B={F, k=123, ..

Take N=4,k=1,23, ...

U=F3UF;
Suchthatxei2 andxeﬁ'g cU
4 4

Letr—{Fl, F43,...}

425

Consider 1, = F A

and 1 = F42

1 2 3 15
_{0_6_6_6 ’E’l}

Then
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T]_U’E2=ﬁ41 UF‘42

1 2 3 1 2 3 15
_{07 Z7 Z9 Z;l}u{05 E; Ey Ey R} E’l}
1 2 3 15
—{O,E,E,E, ,E,l} eT

Therefore the union of the elements of a subset of t1s in 7.

Consider 1; = F 43

and T = F44

_fo L 2 3 255
~ 1" 256° 256 256 " 256

Then

‘[31U‘52=F~'43 Uﬁ44

:{O,LE 3 63 1}U{0 1 2 3 255 1}

64°64°64° " 64° ’ 256’ 256° 256 ° " 256°

={0 12 3 .8 1}“
6476464777 64°

Therefore the intersection of the elements of any finite subcollection of t
is in 1. In well known that in a Hausdorff space every pair of elements is
separated by open sets the following is the theorem of Farey N-subsequenceas
Hausdorff space.

Theorem 2. For set consisting of rational numbers of ﬁ the form the

basis defined in the above theorem forms a Hausdorff space.

Proof. A Hausdroff space is in fact a topological space. To define a
topology a basis should be describe in the basis for the topology is defined as
above. Here an open set is taken in the form
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N g k=1,23, ..
Wk = X_Uj:IFNj where N=345 ..

Consider the points x; = L and X9 = L, r,t=1,2,3,... clearly
N’ Nt

# € ﬁN, and # € ﬁNt which are disjoint by their construction.

Therefore any two disjoint points of X have disjoint neighbourhoods.

Therefore X is a Hausdorff space.

k=123, ..

. o~ k-1
Hlustration 2. W) = X - Uj:l Fj where N-345 ..

Take N=4,k=1,2, 3, ...

Consider S = VV41, W42, VV43,
8 = 6—; and sy = % are distinct points of S.
4 4

Then there exist neighborhoods
=W 3 and Dy = W 4 of s; and s, that are also disjoint.
4 b =W, 1 2

Therefore the topological space S is called a Hausdorff space.

Corollary 1. On the same construction above the topological space X also

satisfies T} axioms.

k=123 ..

. = Rl
Hlustration 3. W), = X — Uj=1 F j where N-345 ..

Take N=4,k=1,2 3, ...

Consider T = VT/;Q’ W42, VV43,

Given two points g = 411_ and g = 5:57 of T

There exist an open set I] = VT/42 and Iy = W45 of T
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Therefore ¢ VT/42 and ¢; ¢ @5

q9 € ‘;1745 and qs & VT/42.

Theorem 3. F = UFy, Fiy is a Farey sequence is bounded by 0 and 1.

The subsequence V = UFNk of F'it has convergent subsequence.

Proof. Consider the Farey sequence Fjp, where N =1, 2, 3, ... for all

positive integers N, Fj; is a bounded sequence and is bounded by 0 and 1.

The set F'is defined above is also bounded by 0 and 1.

Now the subsequence of V namely {%/k =1, 2, 3, } it 1s a

convergence sequence and converges to 0. This is because ﬁ —> 0 as
k — oo and for all positive integers NN.

The Farey N subsequence of order 4 can be depicted in the graph as
follows X axis = Farey N-subsequence

Y axis Y axis = Integer

Advances and Applications in Mathematical Sciences, Volume 21, Issue 7, May 2022
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Figure 1.

From the above graph, it is clear that the curve resembles inverse

5. Conclusion

their topology space, Hausdorff space and space.

We have established the Farey N-Subsequence and also we have shown
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