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Abstract 

In this paper, we determine some stability results concerning the cubic functional equation 

         xfyxfyxfyxfyxf 122222   in Neutrosphic Normed Spaces.  
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1. Introduction 

Fuzzy set theory is a powerful hand set for modeling uncertainly and 

vagueness in various problems arising in the field of science and engineering. 

It has also very useful applications in various fields, computer programming, 

nonlinear dynamical systems, nonlinear operators, statistical convergence 

etc. The fuzzy topology proved to be a very useful tool to deal with such 

situations where the use of classical theories breaks down. The most 

fascinating application of fuzzy topology in quantum particle physics arises in 

string and  e -theory.  

Stability problem of a functional equation was first posed by Ulam [23] 

which was answered by Hyers [6] and then generalized by Rassias [14] for 

addictive mappings and linear mappings respectively. Since then several 

stability problems for various functional equations have been investigated in 

[14] and various fuzzy stability results concerning Cauchy, Jensen and 

quadratic functional equations were discussed.  

After a while, Smarandache [18] introduced the notion of Neutrosophic 

Sets [NS], which is the different kind of the notation of the classical set 

theory by adding an intermediate membership function. This set is a formal 

setting trying to measure the truth, indeterminacy and falsehood. Later on, 

the concepts of statistical convergence of double sequences have been 

analyzed in IFNS by Mursaleen and Mohiuddin [9]. Quite recently, Kirisci 

and Simsek [7] introduced the notion of Neutrosophic normed space and 

statistical convergence. Since Neutrosophic Normed Space [NNS] is a natural 

generalization of IFNS and statistical convergence.  

In this paper, we determine some stability results concerning the cubic 

functional equation          xfyxfyxfyxfyxf 122222   in 

NNS. We define the Neutrosophic continuity of the cubic mappings of the 

function and prove that the existence of a solution for any approximately 

cubic mappings implies the completeness of NNS.  

Definition 1.1. The 6-tuple  ,,,,, X  is said to be a Neutrosophic 

Normed Space (NNS) if X is a vector space,  and  are the CTN and CTC, 

respectively and  ,,  are Normed spaces on   ,0X  fulfilling the 
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conditions below: For each Xyx ,  and for each ,00,0, ts   

(NNS-1)       ,1,0,1,0,1,0  txtxvtx  for all  ;,0 t   

(NNS-2)       ;3,,,  txtxvtx    

(NNS-3)   ;0,  tx    

(NNS-4)   ;0,  tx  if and only if ;0x   

(NNS-5)   ,
0

1
,,0 










 xtx  for each ;00    

(NNS-6)      ;,,, styxsytx   

(NNS-7)      1,0,0:,  x  is continuous and increasing;  

(NNS-8)   1,lim  txt  and   ;0,lim 0  txt   

(NNS-9)   ;1, txv   

(NNS-10)   0, txv  if and only if ;0   

(NNS-11)   










0

,,0
t

xtxv  for each ;00   

(NNS-12)      ;,,, styxvsyvtxv    

(NNS-13)      1,0,0:, xv  is continuous and increasing;  

(NNS-14)   0,lim  txvt  and   ;1,lim 0  txvt  

(NNS-15)   ;1,  tx   

(NNS-16)   0,  tx  if and only if ;0  

(NNS-17)   ,
0

,,0 










t

xtx  for each ;00   

(NNS-18)      ;,,, styxsytx     

(NNS-19)      1,0,0:,  x  is continuous and increasing;  

(NNS-20)   0,lim  txt  and   ;1,lim 0  txt  
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Then   ,,  is called Neutrosophic Norm (NN).  

Example 1.2. Let  ,X  be a normed space, abba   and 

 1,min baba   for all .1,0, ba  For all Xx   and every ,0t  

consider  

   
























0if0

0if
,,

0if0

0if
,

t

t
xt

x

txv

t

t
xt

t

tx  and 

 










0if0

0if,
t

t
t

x
tx  

Then  ,,,,, X  is an NNS.  

The concepts of convergence and Cauchy sequences in an NNS are 

studied. 

Let  ,,,,, X  be an NNS. Then, a sequence  kxx   is said to be 

Neutrosophic convergent to XL   if    tLxvtLx kk ,lim,1,lim   

0  and   ,0,  tLxk  for all .0t  In this case we write Lxk   as 

.k  

Let  ,,,,, X  be an NNS. Then  kxx   is said to be 

Neutrosophic Cauchy sequences if    txxvtxx kpkkpk ,lim,1,lim    

0  and   0,   txx kpk  for all 0t  and .,2,1 p   

Let  ,,,,, X  be an NNS. Then  ,,,,, X  is said to be 

complete if every neutrosophic Cauchy sequences if  ,,,,, X  

neutrosophic convergent in  .,,,,, X  

2. Neutrosophic Stability 

The functional equation        yxfyxfyxfyxf  2222   

 xf12  (2.1) is called the cubic functional equation, since the function 

  3cxxf   is its solution. Every solution of the cubic functional equation is 

said to be a cubic mapping. We begin with a generalized Hyers-Ulam-Rassias 
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type theorem in NNs for the cubic functional equation.  

Theorem 2.1. Let X be a linear space and let   ,,, vZ  be an NNS. 

Let ZXX  :  be a function such that for some   tx ,0,2,0    

        txvtxvtx ,0,,0,2,,0,   and  

     txtx ,0,,0,2    (2.1.1)  

and       n
nnn

n tyx lim,18,2,2lim      08,2,2  tyxv nnn  and 

    ,08,2,2lim  tyx nnn
n  for all yx,  in X and .0t  Let 

  ,,,Y  be an neutrosophic Banach space and let YXf :  be a 0 -

approximately cubic mapping in the sense that  

              ,,,0,122222 tyxtxfyxfyxfyxfyxf   

              tyxvtxfyxfyxfyxfyxfv ,,0,122222   and  

              tyxtxfyxfyxfyxfyxf ,,0,122222     

(2.1.2)  

for all 0t  and all ., Xyx   Then there exists a unique cubic mapping 

YXC :  such that          ,8,0,, txtxfxC   

         txvtxfxCv  8,0,,  and        ,0,, xtxfxC    

  t8  for all Xx   and all .0t   (2.1.3)  

Proof. Put 0y  in (2.1.2). Then for all Xx   and 0t   

 
    

 
    txv

t
xf

xf
vtx

t
xf

xf
,0,

16
,

8

2
,,0,

16
,

8

2








 






   and 

 
    tx

t
xf

xf
,0,

16
,

8

2








   (2.1.4) Replacing x by xn2  in (2.1.4) and 

using (2.1.1) we obtain  

   

 
      ,,0,,0,2

816
,

8

2

8

2
1

1































n
n

nn

n

n

n t
xtx

txfxf
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   

 
      






























n
n

nn

n

n

n t
xvtxv

txfxf
v ,0,,0,2

816
,

8

2

8

2
1

1

 and 

   

 
      ,,0,,0,2

816
,

8

2

8

2
1

1































n
n

nn

n

n

n t
xtx

txfxf
 for all 

0,  tXx  and .0n  By replacing t by ,tn  we get  

   

 
   ,,0,

816
,

8

2

8

2
1

1

tx
txfxf
n

n

n

n

n

n













 






 

   

 
   txv

txfxf
v

n

n

n

n

n

n

,0,
816

,
8

2

8

2
1

1













 






 and  

   

 
   .,0,

816
,

8

2

8

2
1

1

tx
txfxf
n

n

n

n

n

n













 






 

It follows from 
 

 
   




 


















1

0 1

1

8

2

8

2

8

2 n

k k

k

k

k

n

n xfxf
xf

xf
 and (2.1.5) 

that  

 
 

 

   

 




 




 











 













 


1

0 1

1
1

0 8168

2

8

2

816
,

8

2 n

k k

k

k

k

k

k
n

k k

k

n

n txfxft
xf

xf
 

  ,,0, tx   

 
 

 

   

 


1

0 1

1
1

0 8168

2

8

2

816
,

8

2 

 




 











 













 
 

n

k k

k

k

k

k

k
n

k k

k

n

n txfxf
v

t
xf

xf
v  

  txv ,0,  and  

 
 

 

   

 


1

0 1

1
1

0 8168

2

8

2

816
,

8

2 

 




 











 













 
 

n

k k

k

k

k

k

k
n

k k

k

n

n txfxft
xf

xf
 

  tx ,0,  (2.1.6)  

for all 0,  tXx  and ,0n  where  


n

j nj aaaa
1 21 ,  

.
1 21 

n

j nj aaaa


   By replacing x with  
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xm2  in (2.1.6) we have,  

   

 
      ,,0,,0,2

816
,

8

2

8

2 1

0
























 
 



 



m

mn

k mk

k

m

m

mn

mn t
xtx

txfxf
 

   

 
      
























 
 



 



m

mn

k mk

k

m

m

mn

mn t
xvtxv

txfxf
v ,0,,0,2

816
,

8

2

8

2 1

0
  

and 

   

 
      .,0,,0,2

816
,

8

2

8

2 1

0
























 
 



 



m

mn

k mk

k

m

m

mn

mn t
xtx

txfxf
 

Thus 
   

 
   ,,0,

816
,

8

2

8

2 1
tx

txfxf mn

mk k

k

m

m

mn

mn














 
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Cauchy sequence in  .,,,  vY  Since   ,,, vY  is complete, this sequence 

converges to some point   .YxC   Fix Xx   and 0m  in (2.1.7) to obtain  
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for large n. Taking the limit as n  and using the definition of NNS, we 

get 
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observe that C fulfills (2.1). To prove the uniqueness of the cubic function C, 

assume that there exists a cubic function YXD :  which satisfies (2.1.3). 

For fix ,Xx   clearly    xCxC nn 82   and    xDxD nn 82   for all .n  

It follows from (2.1.3) that  

    
       






























2
,

8

2

8

2
,

8

2

8

2
,

txfxC
t

xDxC
txDxC

n

n

n

n

n

n

n

n

 

   
 

 
 

 
,

2

88
,0,

2

88
,0,2

2
,

8

2

8

2






























 
















n

nn
n

n

n

n

n t
x

t
x

txDxf
 

    
       






























2
,

8

2

8

2
,

8

2

8

2
,

txfxC
vt

xDxC
vtxDxCv

n

n

n

n

n

n

n

n

 

   
 

 
 

 































 

















n

nn
n

n

n

n

n t
xv

t
xv

txDxf
v

2

88
,0,

2

88
,0,2

2
,

8

2

8

2
  

    
       






























2
,

8

2

8

2
,

8

2

8

2
,

txfxC
t

xDxC
txDxC

n

n

n

n

n

n

n

n

 

   
 

 
 

 































 

















n

nn
n

n

n

n

n t
x

t
x

txDxf

2

88
,0,

2

88
,0,2

2
,

8

2

8

2
  

Since 
 

,
2

88
lim 




 n

n

n
t

 we get  



ON STABILITY OF A CUBIC FUNCTIONAL EQUATION … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022 

1985 

 
 

 
 

0
2

88
,0,lim,1

2

88
,0,lim 



































  n

n

nn

n

n
t

x
t

x  and 

 
 

.0
2

88
,0,lim 

















 n

n

n
t

x  

Therefore,           0,,1,  txDxCtxDxC  and  

     ,0,  txDxC  for all .0t   

Hence    .xDxC   

Example 2.2. Let X be a Hilbert Space and Z be a normed space. Denote 

by   ,,  and   ,,  the Neutrosophic norms given as in Example (1.2) 

on X and Z, respectively. Let ZXX  :  be defined by 

    ,8, 0
22

zyxyx   where 0z  is a fixed unit vector in Z. Define 

XXf :  by   0
22
xxxxxf   for some unit vector .0 Xx   Then 

          
22

88
,122222

yxt

t
txfyxfyxfyxfyxf


   

  ,,, tyx  

          
22

22

88

88
,122222

yxt

yx
txfyxfyxfyxfyxf




     

  tyx ,,  and  

          
t

yx
txfyxfyxfyxfyxf

22
88

,122222


    

  .,, tyx  

Also,      ,,0,4
32

,0,2
2

tx
xt

t
tx 


   

     tx
xt

x
tx ,0,4

32

32
,0,2

2

2




  and  

     .,0,4
32

,0,2
2

tx
t

x
tx   Hence, conditions of Theorem (2.1), 
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for 4  are fulfilled. Therefore, there is a unique cubic mapping 

XXC :  such that             txfxCtxtxfxC ,,4,0,,   

  tx 4,0,  and        txtxfxC 4,0,,   in the following 

theorem we consider the case .8   

Theorem 2.3. Let X be a linear space and Let   ,,,Z  be an NNS. 

Let ZXX  :  be a function such that for some ,8   

              txtxtxtxtx ,0,2,,0,,0,2,,0,,0,2   

  tx  ,0,  and  

        ,0,2,28lim,1,2,28lim  



 tyxtyx nnn

n
nnn

n  

    ,0,2,28lim  
 tyx nnn

n  for all Xyx ,  and all .0t  Let 

  ,,,Y  be an Neutrosophic Banach Spaceand let YXf :  be a -

approximately cubic mapping in the sense of (2.1.2). Then there exists a 

unique cubic mapping YXC :  such that  

                   txtxfxCtxtxfxC 8,0,,,8,0,,     

         txtxfxC 8,0,,   for all Xx   and for all .0t   

Proof. The techniques are similar to that of Theorem (2.1). Hence we 

present a sketch of proof. Put 0y  in (2.1.1), we get,  

               txtxfxftxtxfxf ,0,,1622,,0,,1622   and    

       ,,0,,1622 txtxfxf   for all Xx   and .0t  Therefore,  

         txt
x

fxftxt
x

fxf 





























 2,0,,
2

8,2,0,,
2

8  and 

    ,2,0,,
2

8 txt
x

fxf 














  for all Xx   and .0t  For each 

0,0,  mnXx  and ,0t  we can deduce 

          

 

,

816

,0,,2828

1









mn

mk k

k

mmmnmn t
xtxfxf  
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          

 













mn

mk k

k

mmmnmn t
xtxfxf

1 816

,0,,2828  and  

          

 

.

816

,0,,2828

1









mn

mk k

k

mmmnmn t
xtxfxf  (2.3.1) 

Thus,   xf mm 28  is a Cauchy sequence in Neutrosophic Banach Space. 

Therefore, there is a function YXC :  defined by 

   ,28lim xfxC nn
n


  (2.3.1) with 0m  implies       txfxC ,  

              txtxfxCtx 8,0,,,8,0,   and  

         ,8,0,, txtxfxc   for all Xx   and for all .0t   

3. Conclusion 

We linked here two different disciplines, namely, the fuzzy spaces and 

functional equations. We established Hyers-Ulam-Rassias stability of a cubic 

functional equation          xfyxfyxfyxfyxf 122222   in 

the set of NNS.  
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