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Abstract 

One of the important concepts of Graph Theory is Matching Theory. Several Concepts on 

Matching Theory has been dealt in [1, 2, and 3]. The technique of maximum matching on 

directed graphs have been studied in [1]. In this paper, a new approach of forming Aztec 

diamond using Domino tiling is studied and the Aztec Diamond graph is formed by dimer 

covering which will be a sparse graph. The matching of sparse graph is found based on 

geometric multiplicity of Eigen values using exact controllability network. 
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1. Introduction 

One of the important concepts of Graph Theory is Matching Theory. 

Under this topic we discuss the method to find maximum matching of an 

undirected Aztec diamond graph using Largest Geometric Multiplicity of 

Eigen values. Maximum matching nodes can be obtained using the largest 

geometric multiplicity through the transpose of adjacency matrix. In this 

paper an Aztec diamond graph of order N is the dual graph of Aztec diamond 

of order N which is obtained from Dominoes by Domino tilling. Basic idea of 

this graph is obtained from [1]. Maximum Matching based on largest 

geometric multiplicity of an undirected graph is obtained from [3]. 

Notation:  ,, zzz EVG   where zG  is the Undirected Aztec diamond 

graph, zV  be the vertices (Corners of the unit squares) and zE  is the Edges 

(lines joining the vertices). 

2. Preliminaries 

Definition 2.1. (Size): The size of undirected Aztec graph is the number 

of nodes in the graph zG  and it is denoted by .NGz   

Definition 2.2. (Geometric Multiplicity (Aztec graph)): The largest 

number of linearly independent Eigen vectors corresponding to an Eigen 

value is known as Geometric Multiplicity. 

Definition 2.3. (Matching of an undirected graph): The independent 

set of edges where no two share a node is matching M of an undirected graph. 

Definition 2.4. (Matching Node): If a node is incident to an edge then 

it is matched, otherwise it is unmatched. 

Definition 2.5. (Sparse graph): A graph is called Sparse if the number 

of edges is much less than the possible number of edges. 

Note: An Undirected graph can have at most 
 

2

1nn
 edges. 

Definition 2.6. (Maximum Matching of an undirected graph): The 

Matching of Maximum cardinality among all matching is known as Maximum 

Matching M  if all the nodes are matched then the Maximum Matching M  
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is a perfect matching. The edges corresponding to the matched nodes are the 

matched edges. 

Definition 2.7. (Domino): A Domino is the union of two adjacent units 

square [4].  

 

Figure 1. Domino. 

Definition 2.8. (Domino Tiling): A Domino Tiling is a set of dominoes 

whose interior is disjoint and the union is the whole Aztec Diamond [4]. 

  

Figure 2. Domino Tiling. 

3. Aztec Diamond Using Domino Tiling’s 

The Domino tiling of Domino the union of two adjacent squares forms a 

perfect Dominoes covering of an Aztec diamond of order N if the interior is 

disjoint without any overlap. Then the interior of the covering is filled by 

adjacent unit squares forms an undirected Aztec Diamond of order N 

The Aztec diamond of order N is illustrated below: 

No. of Domino Domino tiling  Dominoes covering of 

Aztec Diamond of order 

Aztec Diamond of 

order  
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Definition 3.1. (Diamond graph): The Aztec diamond graph dual of the 

Aztec diamond is formed by dimer covering of each domino tiling of the dual 

graph of the Aztec diamond. 

Definition 3.2. (Dimer covering): A Dimer covering is a subset of edges 

so that each vertex is incident to only one edge. 
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Figure 3. Aztec diamond graph of the Aztec diamond of order 2. 

4. Largest Geometric Multiplicity 

The minimum number of driver’s node DN  of an undirected graph is 

obtained by the largest geometric multiplicity  i  of the Eigen value i  of 

iA   

   AIrankNV Nji j
 dim  (4.1) 

Where Nj ,,3,2,1   represent the distinct Eigen values of A and 

NI  is the unit matrix with the same as A. 

  jDN  max  (4.2) 

4.1. Maximum matching of an Undirected Graph based on Largest 

Geometric Multiplicity 

From the condition explained in [2] for any undirected graph in general 

 j  is the largest geometric multiplicity of the Eigen values j  of A. Let 

matrix A  be the column canonical form of matrix .AINj   Then Linearly 

independent rows in A  are matched nodes and linearly dependent rows are 

unmatched nodes. 

5. Theorem. The Aztec diamond graph of order N dual to the Aztec 

diamond of order N is perfectly matched if the graph is sparse and the rows of 

its adjacency matrix are linearly independent. 
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Proof. Consider an undirected Aztec diamond graph of order 

2,  ii nnN  which is formed by adjacent squares. The vertices of the 

graph is the squares and the edges that are incident on the vertices without 

any self-loops. In this graph the number edges will be much less than the 

possible number of edges (Sparse graph) and in the adjacency matrix all rows 

will be linearly independent then the expected Eigen values 

 Njj 3,2,1  of the adjacency matrix A will be zero. 

    


N

j

N

j
jjj a

NN
E

1 1
0

11
 (5.1) 

If the rows are linearly independent then by equation (4.1) the Geometric 

Multiplicity  j  corresponding to the Eigen values 0 j  is also zero. 

      NArankArankAIrank Nj   (5.2) 

(N number of non-zero rows) 

Therefore,     0 NNAIrankN Njj  (5.3)  

Thus, all the nodes (N) are matched nodes, since according to maximum 

matching of an undirected graph the largest Geometric multiplicity  j  is 

related to unmatched nodes and if it is zero means all the nodes are matched. 

In general, the maximum matching of an undirected Aztec diamond 

graph of order N with V vertices formed by the Recurrence Relation as, 

3,12,4 21   nFnFF nn  (5.4) 

Edges 2,4 2  ii nnE  (5.5)  

Then the graph without self-loops based on its Largest Geometric 

multiplicity will have a perfect matching with maximum number of matched 

edges 
2

N
 and exactly two .perfectly matched graph for each graph of order N 

if all the rows of its adjacency matrix A is linearly independent. 

The above proof is illustrated by an undirected Aztec diamond graph by 

choosing the order of graph as N. 

Consider an undirected Aztec diamond graph of order N. 
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Figure 4. Aztec diamond graph of order N. 

5.1 Matrix Form. The Adjacency matrix is, NNRA   of a graph 

 EV ,  with vertices. 

 NvvvV ,,, 21   is given by 

 



 


otherwise,0

,if,1 Evv
a ji

ij  





































01100...0

10010...0

10011...0

.........

.........

.........

0...11001

0...01001

0...00110

A  

It is a sparse graph without self-loops and from the Theorem 5 it is 

known that the expected mean Eigen value is zero (i. e) .0 j  

5.2. Largest Multiplicity of a Sparse Graph. The Eigen value zero 

corresponds to the largest geometric multiplicity. Each Eigen value of A has 

geometric multiplicity exactly 0 and each row in A is linearly independent. 

The nodes corresponding to the linearly independent rows are matched nodes 

with numerical. 
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      nNm FArankArankAIrank    (5.6) 

Therefore, all nodes are perfectly matched. 

5.3. Perfectly Matched Edges: The Perfectly Matched Edges for the nF  

matched nodes are 
2
nF

 given in red lines. It is given in a way that no two 

edges share a node. Figure 3 shows that there are 2 different perfectly 

matched graphs for an undirected Aztec diamond graph with nF  nodes and 

24 inE   edges. 

  

Figure 5. Perfectly matched edges for order. 

The Aztec diamond graph for ,5,4,3,2N  is illustrated below: 

Order Aztec diamond of 

order  

2,  ininN  

No. of vertices  
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4. Conclusion 

In this topic the new method for finding maximum matched nodes of an 

undirected Aztec diamond graph based on largest geometric multiplicity of 

Eigen values. The result proved in this paper is for an undirected Aztec 

diamond (sparse) graph if the rows of its adjacent matrix are linearly 

independent then based on geometric multiplicity it gives a perfectly matched 
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nodes and the corresponding matched edges. Perfect Matching of an 

undirected Aztec diamond graph for order 2,  ii nnN  and the number of 

vertices formed as a Recurrence relation nFF nn 41    for ,3,12  nFn  

the corresponding edges 24 inE   and the number perfectly matched graph is 

2 discussed and calculated in this paper. 
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