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Abstract

In this communication, we define the Mersenne hybrid quaternions and give some of their
properties. Further, we analyze the relations between the Mersenne hybrid quaternions and the
Mersenne-Lucas hybrid quaternions which connected Mersenne quaternions and Mersenne-
Lucas quaternions. Also, we give the Binet formulas and moreover, well known identities like
Catalan identity, Cassini identity and d’Ocagne’s identity for these quaternions.

1. Introduction

In [10], Ozdemir introduced hybrid numbers as a new type of numbers.
Hybrid numbers are generalizations of complex, hyperbolic and dual
numbers. A hyperbolic complex structure has many applications in both pure
mathematics and various areas of Physics [2, 11]. Hybrid numbers can be
connected with the family of Mersenne type numbers. Herewith, we recall

hybrid number definition as

H=a+bi+ce+dh, a b, c declR,
i2=-1,e2=0h =1, ih=-hi=c+i.

The conjugate of the hybrid number H is denoted by
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HE = a — bi — ce — dh.

A quaternion has an extension of the complex numbers was first defined
by Hamilton [6]. The quaternion of sequences was first considered by
Horadam [8]. A real quaternion is defined as

Q = zy + 2l + 29] + 23k, where z, 21, 29, 23 € R.

Also i, j, k are the units of the real quaternions which satisfy the

equalities
2=2 =k =ijk=—1,ij=—ji=k, jk=—kj =i, ki=—ik=].

The conjugate of the quaternion Q is denoted by

Q =2y — 21i — 29j — 23k.

Although, the advantages of the quaternions appeared in the
fundamental equations of some field of science [3, 4, 5, 7]. Recently, many
mathematicians are trying more and more to use algebraic properties of
quaternions to make easy and efficient calculations [1, 9, 12, 13]. This system
has a strong algebraic structure and it is a generalization of dual and
hyperbolic quaternion. Moreover, hybrid quaternions are also generalized
features of quaternions system such as inner product, vector product and

norm.

The Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers are
defined as

M, =M, + M, i+ M, oc+ M, sh
ML, = ML, + ML, i + ML, 9¢ + ML, sh

The Mersenne quaternions and Mersenne-Lucas quaternions are defined
as

M, =M, +iM,  + M. +an+3

ML, = ML, +iML, ., + jML, o+ kML, 5
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Table 1. Notations.

Notations Numbers

M, Mersenne numbers

ML, Mersenne-Lucas numbers

]Fn Mersenne quaternions
Mersenne-Lucas quaternions

ML, K

Mn Mersenne hybrid numbers

. Mersenne-Lucas hybrid numbers
ML,
V Mersenne hybrid quaternions
n

Mersenne-Lucas hybrid quaternions

——

ML,

——
Definition. The nt» Mersenne hybrid quaternions M,, is defined by

M, = Mn + iMn+1 + jMn+2 + an+3

where i, j, k are quaternion units.

We will restate M: by

—— —
M, =M, +iM, ; +eM, o+hM, s

Definition. The Mersenne-Lucas hybrid quaternions are defined as

ML, = ML, +iML, ; + jML,, o + kML,

can be written as

——
ML, = ML, +iML, ., +eML, ., + hML, 5

Definition. Let 5; and \7; be the nth terms of the Mersenne hybrid

quaternion sequences such that
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U =U, +iU, 1 +jU, o+ kU, +3—U +iU, 4 +eU, o +hU, 5
and
{/szn+ivn+1+jvn+2+kvn+3—v +lV 1+8V 2+hV+3

Then the addition and subtraction of the Mersenne hybrid quaternions
are defined by

Un * Vn = (Un + iUn+1 +J'Un+2 +kUn+3)i(Vn + iVn+1 + jVn+2 + kVn+3)

= (Un * Vn) + i(Un+1 * Vn+1) + ](Un+2 * Vn+2) + k(Un+3 + Vn+3)

— o~ —
U,+V, =(U, +iU, 1 +jU, .o +kU, )+ (V, +iV, 1 +jV, .0 +kV,.3)

( V)'H( n+1iVn+1)+J( +2)+k( n+SiVn+3)

Definition. The multiplication of the Mersenne hybrid quaternions in
terms of Mersenne hybrid numbers is defined as

Vn = (Un + iUn+1 + jUn+2 + kUn+3 )(Vn + iVnJrl + jvn+2 + kVn+3)
= (UnVn - Un+1Vn+l U, +2V Un+3V 3)

n

(U Vn+l +Un+1V + Un+2Vn+3 Un+3Vn+2)

(U Vn+2 + Un+1Vn+3 + Un+2V Un+3Vn+l)

+ k(UnVn+3 + Un+1vn+2 Un+2V U +3V )

In terms of Mersenne quaternions we defined as

— .

U,V,=(U, +iU, 1 +eU, .o +hU, )V, +iV,  +eV, .o +hV, .3)

= (Un Vn n+1V +1 +U V n+3 +U n+3 Vn+2 + Un+2 Vn+1)

+i (ﬁ;Vnﬂ n+1 V + U Vn+3 - Un+3 Vn+1 )

+8((F];Vn+2 +

+h( n+3 Un+1V +2 T _Un+3‘7;)
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Definition. The conjugate of Mersenne hybrid quaternions is defined by

1. Quaternion conjugate:

——

M, = ﬁrz"_iMnH +eM, 0 +hM, 3

1. Hybrid conjugate:

C
—N—

M, =M, -iM, -eM, o _th+3

n

1. Hybrid quaternion conjugate:

(Mn)c = M‘r:"_iMnH +8Mn+2 +th+3
—— —— .
Theorem 1. Let M, and ML, be Mersenne hybrid quaternion and

Mersenne-Lucas hybrid quaternion. The Binet formulas for these hybrid
quaternions are given as

—N

i. M, =o"a"A-p"s*B
I * 7 * T
ii. ML, =a"o"A+B"B'B
where o =1+io+ g0 +ha3,B* :1+i[3+8[32+h[33,f~1:1+ia+ja2+ka3

and B=1+iB+jp% + k>, 0 =2,p=1.

Proof of Theorem 1. The Binet formulas for the Mersenne quaternions

and  Mersenne-Lucas  quaternions  are ZTI: =a"A-B"B and
ML, =o"A-p"B

—N—

Mn = E+ iMn+1 + 8]Wn+2 + th+3

= (o"A-p"B)+i(a" A~ B)+e(a 2 A~ EB) + h(a A B)
= 0" A(1+io+ea® +had)—B"B(1+iB +ep> + h>)

=a"a*A-p"B*B
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ML, = ML, +iML,_ +cML, 5 +hML_.
(" A-B"B)+i(a T A—pB) + (o 2A - B2B) + (a3 A - p3B)
= o"A(1+io+ea® +had)— B B(1+ip +ep> + hp>)

= a"a*A-B"B*B

Theorem 2. Let ﬂ: and MZ: be Mersenne hybrid quaternion and

Mersenne-Lucas hybrid quaternion. Then

——

i M, M, 1 = 3a"a"A—-2"B"B

—— —— ~ =
ii. ML, + ML, , = 3" A — 28"p" B
Proof of Theorem 2. By theorem 1, we have Mr_: =o"0*A-B"B*B

M, M, a1 = (" A—B"B*B) + (o a* A BB B)
"o A(a+1)-p"B*B(B+1)
=3a"a*A-28"p*B
—— - g

And by using ML, = oA -B"B*B, we can prove (ii).

Theorem 3. (Catalan’s Identity) Let n,r € Z, then we have

A — - -~
i M, M, —M>=2""M/[p o B AB-o B o BA]

n—-r
— N 9 « w o <
ii. ML, , ML,,, - MI2 =2"" M, [o/B*c*BA - o "p*AB]

Proof of Theorem 3.

et Vst '—,?
L Mn—r Mn+r - Mn

_( nTro* A Bn rB B)( nAT o E A Bn+rB B) (Otn(X*A—BnB*B)2
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_ a”B”_rB*oc*BA(Br _ Otr)—an_anOL*B*AB(Br —a")
_ o [Bra*B*AE(Zr ~1)- och*oc*BA(T ~1)]

= 2" M, [p"a*B*AB - o B o BA]

Similarly, proceeding like this we obtain identity (ii).

By substituting r =1 in Theorem 3, we get Cassini’s Identity.

Theorem 4. (Cassini’s Identity). Let n be any integer then
. —— '_/E 1 P % xm
i M, M, —-M;=2""[Ba B AB—oap a BA]

.. —— 9 n-1 % x= xS
ii. ML, { ML, ; — ML; =2""[of"a” BA—-Bo B AB].
Theorem 5. (d’'Ocagne’s Identity). Let m, n be any integers then

— "
i M M, M

mMn+l_ n+l “"n

= o o B AB - o p"B o BA

.o — — * * ~ o~ * * ~ o~
ii. ML, ML, ., - ML, ; ML, = o"B"'B"o" BA - o"B"o"B" AB.
Proof of Theorem 5.

—

i My My~ My M, = (0" A~ B B) (o " A -1 B)
~(a™ o A~ BB B) (oA~ "B B)

= a"p"B " BA(B -~ o) —o"B"o "B AB(B 1)

= oo B AB— o p"B*o* BA

In a similar way, the second identity can be proved.

Theorem 6. (Vajda Identity). Let k, n,r be any integers then

1 EYa n kRno* *DA *0%k 3 T
M, M, MM, ., =2"M, 2"« BA - o"B* AB]

n+r “tn+k — n

s YT *n% X T kno* *D2A
ii. ML,,, ML, ., - ML, ML,,,,., =2" M, [o*B*AB-2"p*o* BA].
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Proof of Theorem 6.

L

L MLn+r MLn+k - mn MLn+r+k

= (2" a*"A-B*B) (2"’ A-B*B)-(2"a*A-B*B) (2" a* A - B*B)
= 2" RE* G BA(2" —1)-2" o "B*AB(2" —1)

= 2" M, [2Fp*o* BA - o*B* AB]

The identity (ii) can be proved similarly by using Binet formula.

Theorem 7. (Honsberger Identity). Let m, n be any integers then

i M, My + My My =277 (5)(a” (A -

2™ (3)B* " BA -2" (3)o*B* AB +2(B*)? (B)>

ii. ML, ML, + ML, , ML, ., =2"*" (5)(a" 2 (A)? +

n+1
™ (3)B*a*BA +2" (3) "B AB+2(B*)* (B)?.
Proof of Theorem 7.

———— ——

LM, My, - M, 1 My,

—(2"a"A-B'B)(2"a*A—p*B)- (2" a* A—p*B)(2™ a* A—p*B)

= 2" (0P (A (27 -1)-2"B'a " BA(2+1) - 2" a B AB(2+1) + 2(B")* (B)?
= 2™ (5)(a*)? (A)? —2™ (3)B " BA - 2" (3)a"B* AB +2(B*)* (B)?

In the same way, using Binet formula one can prove (ii).

——
Theorem 8. Let M, be the n'" term of the Mersenne hybrid quaternion

sequence, then

—— — —
3M, . —2M, =M, .

Proof of Theorem 8. First, we prove this relation by using Mersenne
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hybrid numbers
SMn —2M =3(M, 4 +iM, o +eM, 4 +hM,,,)
~2(M,, +iM, ; +&M, 5 +hM, )
= (38Myy —2M,,) +i1(38 M —2M,, 0 ) +€(38Myy,5 —2M0) + h(3Myy g —2M,,.5)

= Mn+2 + iMn+3 + 8]‘4n+4 + th+5

—

=M,
Next, by using Mersenne quaternions
— — —_—
3M,, -2M, = 3(]Wn+1 +iM,.5 n+2 +eM, 3 n+3 Th n+4)

—~2(M, +iM, | +eM, o +hM, )

:(3Mn -2M, )+L(3Mn+2 2M +1)+8(3M 2]Mn+2)"'h(?’1un+4_2JMn+3)

n+2 T LMn+3 + 8Mn+4 + th+5

— —— . .
Theorem 9. Let M, and ML, be Mersenne hybrid quaternion and
Mersenne-Lucas hybrid quaternion. Then

— —— ——
2ML, ., -3ML, = M, .
Proof of Theorem 9.
2ML,,, —-3ML, =2(ao* A+p"1p* B)-3(a”a* A +B"B* B)
=20 Mo A+ 28" " B- 300" A — 3p"B*B
= oo A(20—3)+B"B*B(2B - 3)

~ —

"o*A-B"B*B=M

n-
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