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Abstract 

We will give solution of Schwarz problem of higher order after applying different 

combinations of boundary value conditions on the quarter plane. 

1. Introduction 

Here we will write the solution of inhomogeneous polyanalytic equations 

[1] with Schwarz Boundary value conditions on the Quarter plane. In the 

case of unbounded domains (like quarter plane and upper half plane), while 

finding the solution of differential equations under different boundary 

conditions, the technique of using iteration method gets failed due to arising 

of unbounded integrals. While in case of bounded domains, it works well [2, 3, 

4, 6, 7, 11, 12, 13]. Therefore, higher order representation of Gauss theorem 

and Cauchy-Pompeiu formula are first developed on the Quarter plane to 

solve these problems [14, 15, 16, 17] under different boundary conditions. 

Similar technique of using Gauss theorem and Cauchy-Pompeiu formula is 

also developed on the upper half plane [8, 9, 10].  

2. Schwarz Boundary Value Problem 

For a function ( ) ( ) ;; 11
1 CCw   satisfying ( ) ;11Lw    and 
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for which ( )zwz  for some 0  is bounded in 1  besides the Cauchy-

Pompeiu representation formula (2.1) according to Gauss theorem [3, 4, 14] 

and because 1,, −− zzz  if 1z  the relations 
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−




−

+
−

−
= 

+ +

1

0
1

2

1

2

1

0 0  z

dd
w

izs

ds
isw

izs

ds
sw

i
zw  (2.1) 

( ) ( ) ( )  
+ +

 =
+





−

−
+

−
−

0 0 1

0
1

2

1

2

1

 z

dd
w

izs

ds
isw

izs

ds
sw

i
 (2.2) 

( ) ( ) ( )  
+ +

 =
+





−

+
+

+
−

0 0 1

0
1

2

1

2

1

 z

dd
w

izs

ds
isw

izs

ds
sw

i
 (2.3) 

( ) ( ) ( )  
+ +

 =
+





−

−
−

+ 0 0 1

0
1

2

1

2

1

 z

dd
w

izs

ds
isw

izs

ds
sw

i
 (2.4) 

hold for .1z  Adding equation (2.3) to equation (2.1) and subtracting (2.2) 

and (2.4) from this sum gives 
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If instead equations (2.3) and (2.4) are subtracted from the sum of (2.1) 

and (2.2) similarly  
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( ) ( ) 

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The representations (2.5) and (2.6) suggest two formulations of a Schwarz 

boundary condition. They are dual to one another as can be seen by replacing 

w by .iw−   

Theorem 2.1. The Schwarz problem is uniquely solvable. The solution is 
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Proof. By the assumptions all the improper integrals involved exist. 

From 
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follows for + 0s  
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Moreover, as all terms in (2.7) are analytic in 1  up to 
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( ) ( ) −





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1

1
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dd
fzfT  

and ffTz =  in the weak sense (2.7) is seen to be a weak solution to the 

differential equation.  

In an analogue way a Schwarz problem can be formulated and solved on 

the basis of representation (2.6). Before writing expression for higher orders 

we recall the following theorem, for proof see [14]. 

Theorem 2.2. Let kF  be the space of functions in ( ),1
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for .1z    

Lemma 2.3. For a function ( ) ( ) ;; 11
1 CCw   satisfying 

( ) ( ) ;11
2 Lzwz n

z
n −  and for which ( )zwz  for some 0  is bounded in 

1  besides the representation formula (2.9), according to Gauss theorem and 

because 1,, −− zzz  and if 1z  then the relations (2.10), (2.11) and 
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Proof. Equations (2.10), (2.11) and (2.12) are clear for 1=n  by Gauss 

theorem. Assume Rz 1  
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which is (2.10) for 1+n  
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which tends to zero as R tends to 1. Now, applying R  in (2.13), we have 
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which exists by the respective assumptions. Hence the required result.  

Now, adding (2.9) and the complex conjugate of (2.11) and subtracting 

(2.12) and complex conjugate of (2.10) leads to 
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Similarly adding (2.9) and the complex conjugate of (2.10) and 

subtracting (2.12) and complex conjugate of (2.11) shows 
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These representation formulas (2.13) and (2.14) suggest Schwarz 

Boundary value problem for inhomogeneous polyanalytic equation. 
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Theorem 2.4. Let w be as in Lemma 2.1 then the Schwarz problem 

( ) ( )zfzwn
z =  in =wRe z,1  for ,100,0 −=+ nyx  

( ) = zwIm n
z  for 

 ===+ wRexy z,,6,4,2,00,0   for 

,7,5,3,10,0 ==+ xy  is uniquely weakly solvable for 

( ) ( ),;,,,;11  +
  CLf   such that ( ) ( ),, ssss 

+


+    

( )ss 
+   are bounded on  )+=+ ,0  for some 0  and .10 − n  

The solution is 

( )
( )

( )
( )

( )

( )

( )


1

0
0

11

!

n
s z s z

w z s ds
i s z s z

−   +



=

− − +
=  −

  − +   

( )

( )
( )

( )
( )

 
−

=

+ 





−

+−
−

+

+



−


−

1

,6,4,2,0
0!

11
n

ds
izs

zis

izs

zis

i


  

( )

( )
( )

( )
( )

 
−

=

+ 





−

+−
−

+

+




−


−

1

,7,5,3,1
0!

11
n

ds
izs

zis

izs

zis
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 ( )
( )
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( )
( )
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−

−

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−
+

−−

1

11
1

!1

1

 z

z

z

z
f

n

nnn

 

( )
( )
( )

( )
( )

  
+

+
−

−

−
−

−−

dd
z

z

z

z
f

nn 11

 (2.16) 

Theorem 2.5. Let w be as in Lemma 2.1 then the Schwarz problem 

( ) ( )zfzwn
z =  in =wIm z,1  for ,100,0 −=+ nyx  

( ) = zwRe n
z  for 

 ===+ wImxy z,,6,4,2,00,0   for 

,7,5,3,10,0 ==+ xy  is uniquely weakly solvable for 

( ) ( ),;,,,;11  +
  CLf   such that ( ) ( ),, ssss 

+


+    

( )ss 
+   are bounded on  )+=+ ,0  for some 0  and .10 − n  

The solution is 
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+
−

−

−
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−−

dd
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nn 11

 (2.17) 

Solution of all other combinations of Schwarz boundary conditions can 

also be written in the similar way. 

References 

 [1] M. B. Balk, Polyanalytic Functions, Akademie Verlag, Berlin, 1991. 

 [2] H. Begehr, Complex Analytic Methods for Partial Differential Equations. An Introductory 

Text, World Scientific, Singapore, 1994. 

 [3] H. Begehr, Boundary value problems in complex analysis, I, F. Bol. Asoc. Mat. 

Venezolana XII (1) (2005), 65-85. 

 [4] H. Begehr, Boundary value problems in complex analysis, II, F. Bol. Asoc. Mat. 

Venezolana XII (2) (2005), 217-250. 

 [5] H. Begehr and G. Harutyunyan, Complex boundary value problems in a Quarter Plane, 

Complex Variables and Elliptic Equations (2006), 1-10. 

 [6] H. Begehr and G. N. Hile, A hierarchy of integral operators, Rocky Mountain J. Math. 27 

(1997), 669-706. 

 [7] H. Begehr and A. Kumar, Boundary value problems for inhomogeneous polyanalytic 

equation I, Analysis 25 (2005), 55-71. 

 [8] A. Chaudhary and A. Kumar, Boundary value problems in upper half plane, Complex 

Variables and Elliptic Equations 54 (2009), 441-448. 

 [9] A. Chaudhary and A. Kumar, Mixed boundary value problems in the upper half plane, 

Journal of Applied Functional Analysis 5 (2009), 209-220. 



HIMANI DEM, RAVINDRA KUMAR and ARUN CHAUDHARY 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 10, August 2021 

2468 

 [10] A. Chaudhary and A. Kumar, Bi-polyanalytic functions on the upper half plane, Complex 

Variables and Elliptic Equations 55 (2010), 305-316. 

 [11] A. Kumar and R. Prakash, Iterated boundary value problems for the inhomogeneous 

polyanalytic equation, Complex Variables and Elliptic Equations 52 (2007), 921-932. 

 [12] N. Taghizadeh, V. Soltani Mohammadi and M. Najand Foumani, Schwarz boundary 

value problem in half lens and half lune, Complex Variables and Elliptic Equations 61(4) 

(2016), 484-495. 

 [13] A. Mohamed and S. R. Mondal, Dirichlet problems in Lens and Lune, Bull. Malays. Math. 

Sci. Soc. 41 (2018), 1029-1043. 

 [14] A. Chaudhary and R. Kumar, Cauchy integral formula for Bi-polyanalytic functions on 

the quarter plane, Advances and Applications in Mathematical Sciences 20(9) (2021), 

1965-1976.  

 [15] H. Dem, A. Chaudhary and R. Kumar, Schwarz boundary value problem for Poisson 

equation on the quarter plane, Advances and Applications in Mathematical Sciences 

20(9) (2021), 1977-1984.  

 [16] H. Dem, A. Chaudhary and R. Kumar, Cauchy integral formula for Bi-polyanalytic 

functions on the quarter plane, Advances and Applications in Mathematical Sciences 

20(9) (2021), 1985-1994. 

 [17] A. Chaudhary, Dirichlet boundary value problem on the Quarter plane, Advances and 

Applications in Mathematical Sciences (2021), to appear. 


