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Abstract

In this paper, we present some identities for the sums of k-Lucas numbers with m+1

consecutive members of k-Lucas numbers and the same thing for even, for odd, for their product
and alternating sums of adjacent k-Lucas numbers. Mainly, Binet’s formula will be used to
establish properties of k-Lucas numbers.

1. Introduction

Fibonacci and Lucas sequences are the two most well-known linear

homogeneous recurrence relations of order two with constant coefficients.

The sequence of Fibonacci numbers F,, is defined by
F,=F,1+F, s, n2>2 with F =0, Fy =1. (1.1)

The sequence of Lucas numbers L,, is defined by
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Ln = Ln,1 + Ln,2, n > 2 with LO = 2, L2 =1. (12)

The second order recurrence sequence has been generalized in two ways
mainly, first by preserving the initial conditions and second by preserving the
recurrence relation.

Let us remember the k-Lucas numbers defined by Falcon [5], themselves
as well as looking at its close relationship with the k-Fibonacci numbers, the
k-Lucas sequence is defined recurrently by

Lipnit = kLpy + Ly 1, n 21 with L g = 2, Ly; = k. (1.3)
First few generalized Lucas numbers are
{Lint =142k k2 + 2, k3 + 3k, k* + 4% + 2, B + 5k + Bk, ...}
Particular cases: On the k-Lucas numbers
e For k =1, the classical Lucas sequence appears: {2,1,3,4,7,11,18,...}

e For k=2, we obtain the Pell-Lucas sequence:
{2,2,6,14,34,82,198,...}.

Among other properties, the Binnet Identity establishes:

Ly, = R{ +R3 (1.4)
[1,2 [1,2
Being R, = % and Rgy = % the characteristic roots of

the recurrence equation x2 = kx +1.

Evidently,
Ry + Ry =k, R Rg = -1, Ry — R = VEZ +4, R —1 = kR, RE -1 = kR,

Falcon [7], present Lucas triangle and its relationship with the k-Lucas
numbers, combinatorial formula for k-Lucas numbers, generating function
and defined Properties of the diagonals of the Lucas triangle and the rows of
the Lucas triangle. Falcon [5], study the properties of the k-Lucas numbers
and will prove these properties will be related with the k-Fibonaci numbers.

From a special sequence of squares of k-Fibonacci numbers, the k-Lucas
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sequences are obtained in a natural form. Also examine some of the
interesting properties of the k-Lucas numbers themselves as well as looking
at its close relationship with the k-Fibonacci numbers. The k-Lucas numbers
have lots of properties, similar to those of k-Fibonacci numbers and often
occur in various formulae simultaneously with latter. Falcon [6], study the k-
Lucas numbers of arithmetic indexes of the form an+r and present a
formula for the sum of the square of the k-Fibonacci even numbers by mean

of the k-Lucas numbers.
2. Preliminary

Cerin [16], defines some sums of squares of odd and even terms of Lucas
sequence. Rajesh and Leversha [11], define some properties of Fibonacci
numbers in odd terms. Cerin [15], consider alternating sums of squares of odd
and even terms of the Lucas sequence and alternating sums of their products.
Cerin [17], improve some results on sums of squares of odd terms of the
Fibonacci sequence by Rajesh and Leversha. Belbachir and Bencherif [3],
recover and extend all result of Cerin [15], Cerin and Gianella [19]. Yazlik et
al. [14], investigate some properties additive of k-Fibonacci and k-Lucas
sequences and obtain new identities on sums of powers these sequences and
obtain the recurrence relations for powers of k-Fibonacci and k-Lucas
sequences. Also they will be given new formulas for the powers of k-Fibonacci
and k-Lucas sequences. Gnanam and Anitha [1], present some identities for

the sums of squares of Fibonacci and Lucas numbers with consecutive
primes, using maximal prime gap G(x) ~ log,r2 x, as indices. Panwar et al.

[12], present the sum of consecutive members of k-Fibonacci numbers.
Panwar and Gupta [13], define the sum of consecutive members of Fibonacci
sequence and the same thing for even and for odd and their product of
adjacent Fibonacci numbers. In this paper we present the sum of consecutive

members of k-Lucas numbers.
3. Main Results

In this section, we prove some identities for sums of a finite number of
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consecutive terms of the k-Lucas numbers.

Theorem 3.1. For m >0 and v=>0 the following equality holds:

m
1
Z Lk,v+i = E [Lk,v+m + Lk,v+m+1 - Lk,v - Lk,u—l]-
1=0
Proof. By Binet’s formula, we have

m m . .

ZLk,m = Z(%YH +Ry")

=0 1=0

_ mi)+m+1 _ 9‘*1’ . mg+m+l _ mg
Ry -1 Ry —1

(g —1) - (R )+ (B - DRSTT - RY)
M -1)Re - 1) ’

| RV(RRy) - RIR, - RYTL L Ry

+ R (R NR,) - KNG - R+ mY
9%19{2 —9%1 —fRQ +1

(R RET™) — (RYR, + RyRY)

_ (m11)+m+1 n ml2;+m+1) T (mll) n mg)
- (R +Ry)

= IO ) - @R+ )
+ (@Y 4 RETL) 4 (RY + )Y
= 1
ZLk,vH' = E [Lk, v+m T Lk,v+m+1 - Lk,v - Lk, v—l]'
1=0

This completes the proof.
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Theorem 3.2. For m > 0 and v > 0 the following equality holds:

m

1
E Ly, ov+90i = ;(Lk,2v+2m+1 = Ly 20-1) (3.2)
i=0

Proof. By Binet’s formula, we have

m m

20+21 20+21
E Ly 2p12i = E (M1 +MR")
i=0 i=0

_ m120+2m+2 _ %120 . m%v+2m+2 _ m%v
kR kR

A R, Ry

m

1
ZLk,2v+2i = ;(Lk,2u+2m+1 — Ly, 9p-1).
i=0

This completes the proof.

The alternating sums of consecutive k-Lucas number are treated in the

following theorem.

Theorem 3.3. For m > 0 and v > 0 the following equality holds:

m

; 1
D Y Ly = £ D" Lpamer = Liwem) - Lo ~ Lpo)l (33)
1=0

Theorem 3.4. For m > 0 and v > 0 the following equality holds:
m
i 1
> (A Ly i = m@k, -2 = Li,2vr2m + Li, 20 = Li vr2me2). (3.4)
i=0

12

The sum of squares of consecutive k-Lucas number is treated in the following

theorem.

Theorem 3.5. For m > 0 and v > 0 the following equality holds:
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m

1 1
E L%e,2v+2i = %[Lk,20+2m+1 = Lp, 9p1 + R{(-1)"T" = (1)} (3.5)
i=0

Proof. By Binet’s formula, we have

m m
. .9
D Lhv = ) (A + w5+
i=0 i=0
1 . . .
_ Z {m%v+2l n m%v+2l n 2(%1%2)UH}
i=0
2m+2 2m+2 m+l
— m]Z-U S)%]_ 5 1 + m%U 99‘2 5 1 + z(mlmZ)U (m1m2) 1
My -1 Ry -1 RNy —1
_ m%v+2m+2 _ m%v . %%v+2m+2 _ m%v o (_1)v+m+1 _ (_1)v
kR, kR, RRy — 1

m1m2(m12v+2m+1 + m%U+2m+1) + (m%l}—l + m%l}—l)
RNy

1
!
= RA-1)T - ()]

m

1 1
E L}, opi2i = 3 [Lk, 2v+2m+1 — L, 2p-1 + RAL)"™ = (1)}
i—0

This completes the proof.

Identities on Sums of Squares of k-Lucas Numbers in terms of k-
Fibonacci numbers.

The k-Fibonacci numbers defined by Falcon and Plaza [8, 9 and 10],
depending only on one integer parameter k as follows, for any positive real

number £, the k-Fibonacci sequence is defined recurrently by
Fk,n+1 = ka,n + Fk,nfl’ n >1 with Fk,O =0, Fk,l =1. (36)
The Binet’s formula for k-Fibonacci Sequence is given by

R —RY
Fkn_ ! 2

= . 3.7
TR ;R 3.7
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Here the following formulae are repeatedly used.

2 9 2
o Lp;+ L = (R +4)F, 94
2
o Ly +Lpiq =0k +4)F,;
2
o Lyl + Ly Ly i = (k" +4)F; ..

Theorem 3.6. For m > 0 and v > 0 the following equality holds:

m 2

kY +4
E (L%z,i + L%,m) = ( A ij,2m+2- (3.8)
i=0

Theorem 3.7. For m > 0 and v > 0 the following equality holds:

L k? + 4
Z(Lk, i1+ Ly i) = ( 7 j[Fk,mﬂ + F o — 1] (3.9)
i20

Theorem 3.8. For m > 0 and v > 0 the following equality holds:

m 2
kR°+4
Z(Lk,n+1Lk,i + Ly yLp i) = [ A J
i=0

[(Fk,m+n+1 + Fk,m+n) - (Fk,nfl + Fk,n)]' (310)
Conclusion

In this paper, we have stated and derived many identities. We define the
sum of m +1 consecutive members of k-Lucas numbers and the same thing

for even, for odd, for their product and alternating sums of adjacent k-Lucas
numbers.
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