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Abstract 

Let  denote the class of all normalized analytic functions in the unit disk 

 1:  zz   and  denote the subclass of  consisting of functions f satisfying the first 

order differential inequality  

    .,21  zzfzfz  

In this paper we obtain radius results for a combination of functions in the class  to be in 

the subclass  under certain conditions on their coefficients. 

1. Introduction 

Let  be the class of analytic functions f defined on the unit disk 

 1:  zz   with Taylor’s series expansion   





2
.

n

n
nzazzf  

Denote by  the subclass of  containing univalent functions. De Branges 

Theorem states that the Taylor’s coefficients of functions in  satisfy the 

inequality 2,  nnan  (see [2]). But the converse of the theorem is not 

true. 
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For example,   22zzzf   is not a member of the class  though its 

coefficient satisfies de Branges Theorem. Therefore it is interesting to 

determine the radius of the largest disk inside the unit disk for which the 

converse holds. This problem is known as the radius problem for the class . 

In general, if  is a property which the functions in a class  may or may 

not possess in the disk ,rz   the radius of the property  in  is the 

largest 0R  such that every function in  has the property  in each disk 

 rzCz  :  for every Rr   [3]. If  and  are two subsets of  then the 

-radius of f in  is the largest R such that for each      rzfrf 1,  for 

each .Rr   In [12, 4] the authors had considered this problem for various 

standard subclasses of . Recent interest among the researchers has been to 

solve the radii problems for certain combinations of functions in certain 

subclass to belong to another subclass [5, 6, 7, 8, 11]. 

A subclass  of  satisfying certain first order differential inequality was 

introduced by Peng et al. and its various properties were examined [9, 10]. In 

this paper we determine the radii for certain combinations of functions in the 

class  to be in the subclass . We now recall the definition of the class . 

Definition 1.1 [9]. A function f in  belongs to the class  if  

    .,21  zzfzfz  

2. Main Results 

Let f and g be two functions in the class  having the Taylor’s series 

  






2n

n
nzazzf  and   







2n
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nzbzzg   (1) 

respectively. Define 
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Then G  and 

           
   

.2 
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Substituting the Taylor’s series for the functions f and g we get 

   











































 















222

11

n

n
n

n

n
n

n

n
n rarrbrranzGzGz  

.121

2

1

22

1












































 
















n

n
n

n

n
n

n

n
n rbrarrbn  (4) 

Theorem 2.1. Let gf ,  and G be given by (1) and (2) respectively. Let 

1na  for all .2n  

(i) If 1nb  for all ,2n  then G  in the disk 1Rz   where 1R  is 

the root of the equation 

    084211 22  rrrrr  

in  .1,0  

(ii) If nbn   for all ,2n  then G  in the disk 2Rz   where 2R  

is the root of the equation 

    04211 222
 rrrrr  

in  .1,0  

(iii) If 
n

bn
2

  for all ,2n  then G  in the disk 3Rz   where 3R  

is the root of the equation 

        02321log8121
2

 rrrrr  

in  .1,0  
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(iv) If 
2

1


n
bn  for all ,2n  then G  in the disk 4Rz   where 

4R  is the root of the equation 

  08721 234
 rrrr  

in  .1,0  

Proof. (i) Applying the conditions 1na  and 1nb  in (4) and 

using standard sums we get 
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which is less than 
2

1
 provided   01  r  where 

      .48211 22
1 rrrrrr   

Thus     21 zGzGz  in the disk ,0, 1Rrrz   where 1R  is a 

root of the equation 

    .084211 22  rrrrr  

in  .1,0  

(ii) Applying the conditions 1na  and nbn   in (4) we get 
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which is less than 
2

1
 if   ,02  r  where 

      .4211 222
2 rrrrrr   

Thus     21 zGzGz  in the disk ,0, 2Rrrz   where 2R   is 

a root of the equation 

    04211 222
 rrrrr  

in  .1,0  

(iii) Applying the conditions 1na  and 
n

bn
2

  in (4) we get 
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which is less than 
2

1
 if   03  r  where 

         .2321log8121
2

3  rrrrrr  

Thus     21 zGzGz  in the disk ,0, 3Rrrz   where 3R  is a 

root of the equation 

        02321log8121
2

 rrrrr  

in  .1,0  

(iv) Applying the conditions 1na  and 
2

1


n
bn  in (4) we get 
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which is less than 
2

1
 provided   04  r  where 

    .8721 234
4 rrrrr   

Thus     21 zGzGz  in the disk ,0, 4Rrrz   where 4R  is 

a root of the equation 

  08721 234
 rrrr  

in  .1,0  □ 

Theorem 2.2. Let gf ,  and G be given by (1) and (2) respectively. Let 

nan   for all .2n  

(i) If nbn   for all ,2n  then G  in the disk 5Rz   where 5R  

is the root of the equation 

  081
5

 rr  

in  .1,0  

(ii) If 
n

bn
2

  for all ,2n  then G  in the disk 6Rz   where 6R  

is the root of the equation 

          0141log412211 2  rrrrrrr  

in  .1,0  

(iii) If 
2

1


n
bn  for all ,2n  then G  in the disk 7Rz   where 

7R  is the root of the equation 
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  089721 2345
 rrrrr  

in  .1,0  

Proof. (i) Applying the conditions nan   and nbn   in (4) we get 
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which is less than 
2

1
 provided   05  r  where     .81

5
5 rrr   Thus 

    21 zGzGz  in the disk ,0, 5Rrrz   where 5R  is a root of 

the equation 

  081
5

 rr  

in  .1,0  

(ii) Applying the conditions nan   and 
n

bn
2

  in (4) we get 
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which is less than 
2

1
 provided   06  r  where 

           .141log412211 2
6 rrrrrrrr   

Thus     21 zGzGz  in the disk ,0, 6Rrrz   where 6R  is 

a root of the equation 
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         .141log412211 2 rrrrrrr   

in  .1,0  

(iii) Applying the conditions nan   and 
2

1


n
bn  in (4) we get 
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which is less than 
2

1
 if   07  r  where 

    .89721 2345
7 rrrrrr   

Thus     21 zGzGz  in the disk ,0, 7Rrrz   where 7R  is a 

root of the equation   .089721 2345
 rrrrr  in  .1,0  □ 

Theorem 2.3. Let gf ,  and G be given by (1) and (2) respectively. Let 

n
an

2
  for all .2n   

(i) If 
n

bn
2

  for all ,2n  then G  in the disk 8Rz   where 8R   

is the root of the equation 

      01log321log241log248 223  rrrrrrrr  

in  .1,0  

(ii) If 
2

1


n
bn  for all ,2n  then G  in the disk 9Rz   where 

9R  is the root of the equation 

        01log121log161log44931 2233
 rrrrrrrrr  

in  .1,0  
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Proof. (i) Applying the conditions 
n

an
2

  and 
n

bn
2

   in (4) we get 
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which is less than 
2

1
 provided   ,08  r  where 

       .1log321log241log248 223
8 rrrrrrrrr   

Thus     21 zGzGz  in the disk ,0, 8Rrrz   where 8R  is 

a root of the equation    rrrrrrr  1log241log248 223  

  .01log32  r  in  .1,0  

(ii) Applying the conditions 
n

an
2

  and 
2

1


n
bn  in (4) we get 
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which is less than 
2

1
 provided   ,09  r  where 

         .1log121log161log44931 2233
9 rrrrrrrrrr   

Thus     21 zGzGz  in the disk ,0, 9Rrrz   where 9R  is 
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a root of the equation      rrrrrrrr  1log161log44931 2233
  

  01log12  r  in  .1,0  □ 

Theorem 2.4. Let gf ,  and G be given by (1) and (2) respectively. 

If 
2

1


n
an  and 

2

1


n
bn  for all ,2n  then F  in the disk 

10Rz   where 10R  is the root of the equation 

      03421 25
 rrrrr  

in  .1,0  

Proof. By proceeding as in previous theorems and by applying the 

conditions 
2

1


n
an  and 

2

1


n
bn  in (4) we get 
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which is less than 
2

1
 if   010  r  where  

       .3421 25
10 rrrrrr   

Thus     21 zGzGz  in ,0, 10Rrrz   where 10R  is a root of 

the equation 

      03421 25
 rrrrr  

in  .1,0  
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