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Abstract

In this research article, majority dominating set, connected majority dominating set,

majority domination number y,, (G) and connected majority domination number v, (G) for
corona graph G' = G - H of two graphs G and H are determined. Then the relationship among

the domination numbers v(G'), v, (G') and ygy, (G') are studied. Some results are also

established for Join of two graphs ¢ = ¢ + H.
1. Introduction

Let G be a finite, simple, connected and undirected graph with vertex set
v(G) and edge set E(G). Let G(v, E) be a graph with p = |V (G)| and

q¢ = | E(G)|, denote the number of vertices and edges of a graph G. Let

v eV(G) The neighbourhood of v is the set N;(@)=N(v)
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={ueV(G):w e EG). If X ¢ v(G), then the open neighbourhood of X is
the set N;(X)=N(X)=U,_yx Ng(@). The closed neighbourhood of X is
Ng[X]= N[X]= X UN(X) Asubset Sof v(G) is a dominating set [2] for G
if every vertex of G either belongs to S or is adjacent to a vertex of S. The

minimum cardinality of a minimal dominating set for G is called the

domination number of G and is denoted by y(G ). A dominating set S is said to
be a connected dominating set [6] if the subgraph (s) induced by S is

connected in G. The minimum cardinality of a minimal connected dominating
set is called the connected domination number of G and is denoted by v, (G).

A subset S of vV (G) is a majority dominating set (MD) [4] if at least half of

the vertices of v (G) are either belong to S or adjacent to the elements of S

V(e
2 |

ie., |N[S]]|= The minimum cardinality of a minimal majority

dominating set for G is called majority domination number of G and is

denoted by vy, (G). This parameter was introduced by and J. Joseline

Manora and V. Swaminathan in [5]. Let G be any graph with p vertices and
let v e V(G) Then u is said to be Majority Dominating (MD) vertex if

d(u) = ‘F§T| - 1.
A subset S of v (G) is a Connected Majority Dominating Set [3] (CMD) if
(i) S is a majority dominating set and (ii) the subgraph (s) induced by S is

connected in G. The minimum cardinality of minimal connected majority
dominating set for G is called the Connected Majority Domination number of
G, denoted by vy, (G).

2. MD and CMD Sets in the Corona Graphs

Definition 2.1 [1]. The Corona G - H of two graphs G and H is the
graph obtained by taking one copy of G of order n and n copies of H, and then
joining the ith vertex of G to every vertex in the ith copy of H. For every

v e V(G), denote by H' the copy of H whose vertices are attached one by

one to the vertex v. Subsequently, denote by v + H” the subgraph of the
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corona G - H corresponding to the join ({v})+ H", v e V(G ).

Example 2.2. Let the graphs ¢ = ¢, and # = Kk, andlet G' = G - H.
le, G' = C, o K.

A

G'=CyoKs
Figure 2.1

Consider the vertices of G’ is V(G')={v,, H" ,vy, H"? vy, H"? v, , H"*}
where H " denotes the ith copy of H joined to v, of G. Let m = 0(G) = 4. Let
S, = {v;, vy, vy, v,} be a Dominating Set of G'. Therefore, y(G') = | 5, | = 4.
Let s, = {v;, vy} be a MD set and CMD set of G'. This implies that
vy (G) =]8, | =2 Also, yo (G') = 2. Hence vy, (G") = v (G') < 7(G").

Example 2.3. Let 6 = P, and # = K, andlet G' = G - H. Consider the
vertex sets V(G) = {vy,..,v;} and V(G') = {vy,..,v;, vj,..,v;}. Here
S, = v(G) is a Dominating Set of G'. Hence, y(G')=]|S,|=7. Let
Sy, = {vy,vs} is a MD set of G Thus, y,(G)=]|S,]|=2. Let
Sy = {vy, vy, v,} 1s a CMD set of G'. Hence, yg, (G')=3. Hence
Y (G) < vy (G') < v(G').

Example 2.4. Let ¢ = ¢; and H = kK, and let G’ = G - H. Consider
the vertices of G' is V(G') = {v,, H" , vy, H"2, vy, H"®, v,, H"*, v, H"?}

and |V(G')|:30. Let m = 0(G)=5. Let S, = {v;, vy, vy, v, v} be a

Dominating Set of G'. Therefore, v(G') = |S, | = 5. Let S, = {v,, v,} be a
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MD set of G'. This implies that v,, (G') = | S, | = 2. Let 5; = {v,, vy, v,} be
a CMD set of ¢'. Hence, v, (G') = 3. Hence v,, (G") < vgy (G") < v(G").
Observations 2.5.
1. For any graph G and H, the corona graph

G' = GoH,yy(G)s< {y(g,)} and yqy (G') < {V(S')}.

2. For any corona graph G', () v, (G') < vay (G") (A1) v (G) < v(G") (ii1)
Ym (G") < Ycom (G") < v(G").

3. For any graphs G and H with 0(G) = m and O(H) = n, if the corona
[
|

G'=GoH Wwith |V(G')|=p where p = mn + m then y, (G') < %1 and

,SFﬁT_
| 2 |

Theorem 2.6. Let G be a connected graph and H be any graph with order
m and n respectively. Let G' = G - H and theset S < V(G) is a MD set of G’

if and only if Vw+H")NS] is a MD set of (u+ H") such that

N[S]]|= Fﬁ?, or at least one vertex u < V (G).
|2 |

Proof. Let V (G') = {u,, H* , uy, H*?, .., u,,, H'™}. Let § = {u,} be a

m

MD set of G'. Then |Ng4.[S]]=

|

g-" Let |V(G')|:p:mn +m. If

u, € V(G) then {u,} is a MD set of (x,, H “'). Since every dominating set of
G is a MD set of G, [V(u, + H*)n S] is a MD set of (u, + H"). If
]
|

| N[u;1]2 = then [V(u, + H*' )N S] is a MD set of G', atleast one vertex

S [p
| 2
u, € V(G).

If not, take S = {u;, u,} isa MD set of G". Then [V(u, + H* )N S] isa

MD set of (v, + H*') and [V (uy, + H“2)N S] is a MD set of (v, + H*?) in

which », dominates at most (m + n) vertices and at least (n + 2) vertices
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and u, dominates only n vertices. For two vertices u,,u, € V(G),
‘l .
|

| N[u;1+ N[u,]|=>2n +2 such that |N[s]]= |F§ If not, continue this

argument till we obtain a set S with at least one vertex » e Vv (G) such that

| N[S]] = {?T' and [V(u + H*)N 8] is a MD set of (v + H"). Conversely, for

at most one vertex u ¢ V(G), [V(u + H*)N S] 1s a MD set of (v« + H*) such
that | N [u]] = {%1' It implies that s = {x} is a MD set of G'. Suppose for two
vertices u,, uy € V(G), [V(u; + HY)N S] and [V (v, + H"“2)N S] are the MD
sets of the subgraphs (v, + H*) and (u, + H"?) respectively such that
| N[u,1U Nuyl| 2 {%1‘ It implies that s = {u,, u,} is a MD set of G
Hence the set s < v (G) is a MD set of the corona graph G'.

Corollary 2.7. Let G be a connected graph and H be any graph with order
m and n respectively. Let G' = G - H and the set S ¢ V(G) is a CMD set of

G' if and only if [Vw + H*)N S] is a CMD set of (v + H") such that
| N[S]] = {%W‘ and the induced subgraph (s) is connected for at least one
vertex u € V(G).

Corollary 2.8. Let G be any connected graph and H be any graph with m

and n vertices respectively. Then vy, (G') < {%T' and yoy (G') < ‘F%}

3. vy (G and y, (G') for Some Classes of Graphs

In this section, it is worth noting that if G and H are connected and non-

trivial graph then v,, (G') > 1 and vy, (G') > 1.

Proposition 3.1. Let G = K,, be a complete graph of m vertices and

= K,. Then y,,(G') = yoy (G') = 1, where G' = G - H.
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Proposition 3.2. Let G = kK, and H be any complete graph with n > 3.

Then v, (G o H) = yepy (G oH) =2 and v, (G') = yay (G') = (G

Corollary 3.3. When n =1, 2, vy, (G') = vy (G') = 1.

y(G')
-

Corollary 8.4. For G' = K, « K, n >3, v, (G") = yoy (G") =

Proof. Since y(G') = 4, by the above theorem, v,, (G') = v, (G') = 2.
Proposition 3.5. Let G = K, and H = K, where G' = K5 - K,. Then
@ vy (G)=vay (G)=2,if 2 <n <5.

(1) vy, (G = yor (G) =3, if n > 6.

Proposition 3.6. Let G = S(K,,) be a subdivision of a star and

H:Kl.ThenyM(GoH):YCM(GOH)=|“;17'+L

Corollary 3.7. Let G = K, be a star with (m + 1) vertices. Then

Yy (G o Ky)=rvey (GoKy)=1.
Proposition 3.8. Let G =D, ,, r<s be a double star with

m = (r+s+2) verticesand H = K,. Then y,; (G o H) = yoy (G o H) = 2.
Proof. Let 0(G)=m = (r+s+2) and O(H)=1 with p = 2( + s + 2).

Let the corona ¢' = (G - K;) = (D, , » K;). There are two vertices », and u,

with r and s pendants respectively in G.

Case (i): If » = s = 1 pendant at each vertices »;, and u, with m = 4

and p =8 then u», dominates (r + 3) =4 vertices. This implies that

| N[u;1]=4 = %. Therefore v,, (G') = vy (G') = 1.

Case (ii): When r,s > 2 and r = s. In G’, the vertex », dominates

(r + 3) and u, dominates (s + 1) vertices.

Choose S = {uy, uy}. Then |N[S]|=r+s+4 > 2 Since u, and u, are
2

adjacent, Sis a MD set for G'. Therefore y,, (G') = voy (G) = |S | = 2.
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Case (iii): When r, s > 2 and r <s and s > r + 1. In this case, the
vertex u, dominates (s + 3) and z, dominates (r + 1) vertices. Therefore

|N[u2]|:s+3<§. Then choose S = {u,, u,} with |N[S]|= (s + 3)

+(r+1)=r+s+4> L2 This implies that S is a MD and CMD set of G".
2
Hence v, (G") = vy (G') = 2.

Proposition 3.9. Let ¢ =w, and H = K, with 0(G)=m. Then

Yy (G oH)=yy (GoH)=1.

Proposition 3.10. Let G be a totally disconnected graph of m vertices and

H =K, Then vy, (G - H) = |F§T' and yqy, (G - H) does not exist.

Proposition 3.11. Let G =rK,,r>1 and H =K,. Then

Yy (G o H) = {%1' and yqy, (G - H) does not exist.
Proposition 3.12 Let G =cC, and =K,,n > 2. Then
GoH
y (G o H) = yoy (G o H) = 2 andyM(GoH)=yCM(GoH)=%.

Proposition 3.13. Let G = ¢,, be a cycle of m vertices, m > 3 and

H =K, If|v(G-H)|=p, then
@) vy (@) =

EJ, if p = 2(mod 4)

| | . '
, = 0 (mod 4
L 1 J f p ( )

Proof. Let ¢ =c,,m >3 and H =K,. Then G'=G.H. Let
V(G') = {vy, e, Uy, V], ..., U, } Where v; be the inner vertices and v} be the

pendants in G'.
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Case (i): Let S = {v,,.., b with  [s |- FQT' =t. Then
1

| 8

|N[S]| = z;ld(vi)+t: 3t + ¢t = 4¢ = 4|F£T| |F Pl

of G'. Hence, v, (G") < |S|= F%},

Suppose |S'|=|S|-1=¢t-1. Then |N[S’]|:Zt:d(ui)+(t71)

=4t -4 =4(-1) = 4[{5} - 1] < £ (Since p is even). Therefore s’ is not a

MD set of G

Hence, v, (G")

\%
@
1}
|
|u
_

. It implies that y,, (G') = 'T§T|.

Case (ii): When p = 2 (mod 4).

Subcase (a). Let s b owith |5 = ‘Lﬁj = ¢.  Then

IN[S]|=% t.ld(v)71:3t—1:£+1>£,pz2(m0d 4). Since the induced
i= 2 2

subgraph (s) is connected, S a CMD set of G'. Hence,
rar @2 |5 |- 2 .

Suppose s |=|s|-1=1¢t-1. Then  |N[s]|=% ! d(,)-1=

3t -4 = |L Jl - 4 < —. (Since p 1s even). Therefore S’ is not a CMD set of

G'. Hence,
vCM<G)>|SI=‘H| 2).

From (1) and (2), yoy (G') = ‘L P |

Iy

Subcase (b) When p = 0 (mod 4).
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Proceeding the same discussion as in subcase (a), we conclude that

vou (G') = lth;lJ, if p =0 (mod 4).

Corollary 3.14. Let G = P, be a path of m vertices, m > 3 and

m

H -k, If |v@G-H)|=p then () yM(af):'Fﬁ' and (i)

|L§J|, if p = 2(mod 4)
P

|L 4_1J|,ifp20(m0d 4)

|
Yom (G') = {l
l

4. Relationships among y(G - H), y,, (G - H) and vy, (G - H)

Theorem 4.1. If a connected graph G has at least one full degree vertex u
with 0(G)=m and O(H) =1 ifandonly if v, (G o H) = ygy (G - H) = 1.

Proof. Let 0(G) = m and H = k,. Then |V (G')| = 2m. If G has only
one full degree vertex u then | N[u]| = m and u dominates (m + 1) vertices of
G'. This implies that S = {u} is a MD and CMD set of G’. Suppose G has two
full degree vertex «, and u,. Then | N[u;]|=m +1 and | N[u,]|=m + 1.
But », dominates (m + 1) vertices and u, dominates (m + 1) vertices of G'.
This implies S = {u,} or S = {u,} isa MD and CMD set of G'. If the graph G

has more than two full degree vertices then each vertex of G dominates

(m +1) vertices of G' = G - K,, S = {u}, for any vertex u ¢ V(G) is a MD
and CMD set of G'. This implies that v, (G - H) = vy, (G - H) = 1. The
converse is obvious.

Proposition 4.2. If a graph G has exactly two MD vertices and others are
pendants such that O(G)=m, m > 6, then vy, (GoH) =y (GoH) =2,

where H = K.

Theorem 4.3. If 0(G)< O(H) G and H are complete then

[v(G o Hﬂ_

VM(G°H)=YCM(G°H)=| 5 |
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Proof. Let o0(G)=m and OH)=n and G =G -H. Let

V(G)={u;, ...,u,}and V(H) = {v,, ..., v,}. Consider p=mn +m =m(n +1)
+ 1 .
and |21 _ [mn + )] _ mn + 2. In G, a vertex u, dominates (m + n)
2l 2 [ 2 T
vertices i.e., | N[u;]| = m + n and u,, u,, ... dominates n vertices only since

they are adjacent. Let 8 = {uy, uppq} € VI(G) Then
|

|=

|N[S]|:n(’—ﬂ—i—1)+n+m:ﬂ+m>mn +ﬁ:i—
2

|
is a MD set of G'. Hence, v, (G') < |S|= 'F%T‘ = ’H(jﬂ‘. S

. 1| It implies that S

ince all vertices

are adjacent in S and S is a CMD set of ¢’ It implies that

G
Ve (G1) = |Fv(2 )T‘

Corollary 4.4. If 0(G)=0(H), G and H are complete then
V(G’)T’

where G' = G - H.

Yu (G') = vey (G') < |r 3

Result 4.5. There exists a graph G'=G -H with 0(G)=m and

oH)-1 for which () 4@)=m (@) 1, (G- %W, (iii)

J,ifm = 1(mod 2)

-1, m = 0 (mod 2)

Proof. Let 0(G) = m and G' = G - kK,. Then |V (G')| = p = 2m. There

is a graph G = P,, and the corona graph G' = P, - kK,. It implies that

m

y(G') = m.

Case (i): Since each middle vertex dominates 4 vertices of G' with the

]

. m . .
distance d(v;, v;) > 3,i # j, v, v; € V(G), 'FT‘ vertices needed to dominate

[m]

(§1| vertices of G’. Hence v, (G') = ITD
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Case (ii): Choose the middle vertices are adjacently in G'. Then ‘L%J

vertices needed to dominate [%T' vertices of G'. Hence, vy, (G') = lL%J if
. . m
m =1 (mod 2). Again applying the same argument, we get, v, (G') = 5 1,

if m = 0(mod 2).

Hence, we obtain an inequality v, (G') < vy, (G') < v(G').

Result 4.6. There exists a graph ¢’ = G - H with 0(G)=m +1 and
O(H) =1 for which y(G') - Y (G)=m and y(G") - vy (G') = m.

Proof Let G'=Go-H with 0(G)=m+1 and O(H)=1. Then

|vG)|=p =2m +2. There exists a graph G = K and H - K, with

1,m

p = 2m + 2. Then the corona ¢’ = (K, , - K;). By the known result in [1],

v(G') = m +1(1)

Let u be a center vertex of G with d(u) = m +1 and [ N[u]|=m + 2 > %.

This implies that S = {u} is a MD and CMD set of G’ Hence

YM(G’) =1=rvey (G")(2)

From (1) and (2), v(G') - v, (G') = m and y(G') - v (G') = m.
5. MD and CMD Sets in Join of Two Graphs

Definition 5.1 [1]. The join ¢ + H of two graphs G and H is the graph
with vertex set V(G + H)=V(G)UV(H) and edge set E(G+H)

~E(G)UEH)U{w :ueV(G)veV(H). Itisdenotedby ¢7 = (G + H).

Proposition 5.2. If G and H both are any two connected graphs then

vm (G7) = yay G7) =1
Proof. Let Vv(G)=1{u,,..,u,} and V(H)={v,..,v,}. Then

d? (uy) =n+d(u,) and 47 (v;) = m + d(v;). A vertex u; e V(G) dominates
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(n+1 +d(u,)) vertices of ¢7 and v, ¢ V(H) dominates (m +1 + d(v,))

vertices of 67 .

Case (i): When m = n. Then v(G?) = p = 2m. Certainly, there exists at
least one MD vertex in ¢ 7. It implies that S = {x,} is a MD (or CMD) set of
¢”7. Hence vy, (G”7) = vy (G7) = 1.

Case (ii): When m < n, where n=m+r,rz1l. Then
p=m+n=2m+r,r>1. In this case, a vertex u;, ¢ V(G) is adjacent with

n  vertices adding with its  degree (d(uy) + 1) Therefore,

| Nluyl|=n+1+d()=m+r+1+d()r=1. Since G and H are

Pl

connected d(u,)> 2. It implies that | N[u,]]|> '(2 | and each vertex

uy e V(G) is a MD(or CMD) set of ¢ 7. Hence vy, (G”7) = v, (G7) = 1.

Case (iii): When m > n, applying the same argument, each vertex

v, € V(H) is adjacent to m vertices plus (d(v) + 1) vertices. It implies that v,
is a MD vertex of G”. Hence v,, (G7) = y¢y (G7) = 1.

Corollary 5.3. If the graphs G and H both are complete then
Yu (G +H)=9y,(G+H)=1.

Corollary 5.4. If G is any connected graph and H is complete then

ym(GT) =y (G7) =1,
Corollary 5.5. Let G = K,, and H = K,. Then v, (G”) = v, (G”) = 1.

Proof. Since ¢ =G + H = K a complete bipartite graph, each

m,n

vertex of v (G) (or v (H)) is a MD vertex of ¢ 7 .

6. Conclusion

In this article, the researcher thus discussed Majority Domination and
Connected Majority Domination parameter of a graph G. Also, Majority
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Domination number vy, (G) and Connected Majority Domination number
vy (G) determined for some classes of Corona and Join of two graphs. Then

bounds of y,, (G) and vy, (G) are established for corona of complete graph.
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