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Abstract 

A Diophantine equation is a polynomial equation   0,,, 21 nxxxP   where the 

polynomial P has integral coefficients such that the only solutions of interest are the integer 

ones. But in another direction, we seek Gaussian integer solution. On account of that, we are 

considering a elliptic Diophantine equation .129630475134 22  JKKJ  To do so, we entail 

on linear transformation, Pell equation. 

1. Introduction 

Number theory is a branch of mathematics that deals mainly with the 

zero, counting numbers and negative of them. It has so many interesting 

things which has to be used in other areas. Apart from theories, there is an 

engrossing content which motivates many researchers to carry number 

theory in their hands is solving a Diophantine equation. A Diophantine 

equation is a polynomial equation over  with one or more variables and has 

to be over integers alone [5]. Many researchers contributed themselves in 
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finding the integer solutions of Diophantine equations. [7-11] discusses the 

solutions of certain Diophantine Equations. 

As days pass by, there is some development in the concept of Diophantine 

equations. One such development is extension of solutions from integers to 

Gaussian integers. [13] is an example for this kind. A Gaussian integer is one 

having the form iba   where ba,  are integers. It is denoted by  .i  For 

example, the Diophantine equation 
244 zyx   where yx,  and z being 

Gaussian integers was examined by Hilbert. It was proved that there is only 

inconsequential solutions in  .i  Elliptic curves are also used to show that 

the Diophantine equation 
333 zyx   has only inconsequential solutions in 

Gaussian integers. These results have motivated us to find non-zero distinct 

Gaussian integer solutions to a homogeneous quadratic Diophantine equation 

in three variables. 

In this paper, we investigate Gaussian integer solutions of the 

Diophantine equation 129630475134 22  JKKJ  which is transformed 

into a Pell’s equation by suitable transformation. To solve the reduced Pell 

Equation over integers, we make use of [3] and [14]. Using those solutions, 

we derive the Gaussian integer solutions. 

2. Reduction to Pell’s Equation 

Consider the Diophantine equation  

129630475134: 22  JKKJD  (1) 

to be solved over  .i  It is complicated to solve and find the nature and 

properties of the solutions of (1). So we apply a linear transformation T to (1) 

to transfer it to a simpler form for which we can determine the integral 

solutions. 

Let 









ikyxK

iyhxJ
T :  (2) 

be the transformation where  .,,, ikhyx    
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Applying T to D, we get 

           129630475134:
~ 22

 ikyxiyhxikyxiyhxDDT  (3) 

Equating the imaginary part to zero and coefficient of 2x  and 
2y  to least 

integer, we get 5h  and .2k  Hence for iyxJ  5  and ,2iyxK   we 

have the Diophantine equation 

1630:
~ 22  yxD  (4) 

This is a Pell equation. Now we try to find all integer solutions  nn yx ,  of 

D
~

 and then we can reverse all results from D
~

 to D by using the inverse 

process of T. 

3. Solutions of Pell Equation 1630 22  yx  

Theorem 1. Let D be the DE in (4). Then 

1. The CFE of 30  is  10,2,530    

2. The fundamental solution of 130 22  yx  is    2,11, 11 vu  

3. For ,2n   

11 6011   nnn vuu  

11 112   nnn vuv  

4. For ,4n  

  32123   nnnn uuuu  

  32123   nnnn vvvv  

Proof. 

1. The CFE of 30  is given as 

 530530   
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530

1

1
5



  

5

530

1
5


  

5

530
2

1
5




  

530

5

1

2

1
5




  

530

1
2

1
5




  

53010

1
2

1
5




  

Therefore, the CFE of 30  is  10,2,530   

2. Clearly  2,11  is a solution of .130 22  yx  

3. If    2,11, 11 vu  is the minimal solution of ,130 22  yx  then the 

further solutions  nn vu ,  of 130 22  yx  can be derived by using the 

equalities 

   nnn vuvu 3030 11   for .2n  

In other words, 

  

























0

1

2

30

1

11
n

n

n

u

vu

v

u
 

4. We prove that nu  satisfy the recurrence relation. For ,4n  we get 
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.116161nu  Now 

   1234 23 uuuu   

  11241529234 u  

.1161614 u  

So,   1234 23 uuuu   is satisfied for .4n  Let us suppose that this 

relation is satisfied for ,1n  that is   .23 4321   nnnn uuuu  

Now to prove the outcome is true for n. Using the earlier statement, we 

terminate that 

  32123   nnnn uuuu  for 4n  

Likewise, 

  32123   nnnn vvvv  for 4n  

Now we think about the problem 1630 22  yx  

Note that we indicate the integral solutions of 1630 22  yx  by 

 nn yx ,  and indicate the integral solutions of 130 22  yx  by  ., nn vu  

Then we have the following theorem. 

Theorem 2. Define a sequence  nn yx ,  of positive integers by 

   8,44, 11 yx  and 

11 24044   nnn vux  

11 24044   nnn vuy  

where  nn vu ,  is a sequence of positive integer solutions of .130 22  yx  

Followed by  

1.  nn yx ,  is a solution of  1630 22  yx  for any integer .1n   

2. For ,2n  

nnn yxx 60111   
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nnn yxy 1121   

3. For ,4n  

  32123   nnnn xxxx  

  32123   nnnn yyyy  

Proof. 

1. It is easily seen that    8,44, 11 yx  is a solution of ,1630 22  yx  

since  

 222
1

2
1 8304430  yx  

   22 2301116   

  16116   

Note that by description  11,  nn vu  is a solution of ,130 22  yx  that 

is, 

130 2
1

2
1   nn vu  (5) 

Also we see as above that  11, yx  is a solution of ,1630 22  yx  that is, 

1630 2
1

2
1  yx  (6) 

Applying (5) and (6), we get 

   211
2

11
22 448302404430   nnnnnn vuvuyx  

     3022
42

1
42

1   nn vu  

   2
1

2
1

4
302   nn vu  

 42  

Therefore  nn yx ,  is a solution of .230 422  yx  

2. Recall that    .1111 dyxdvudyx nnnn    Therefore 
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nnn dyvxux 111   

nnn yuxvy 111   

So nnn yxx 60111   and nnn yxy 1121    (7)  

3. Applying the equalities 

   1
3

1
2 302112   nnn vux  and nnn yxx 60111   

we find by induction on n that   32123   nnnn xxxx  for .4n  

Similarly, it can be shown that   .23 321   nnnn yyyy  From the above, 

we can see that the DE D might be altered into the DE D
~

 via the conversion 

T. Also we proved that iyxJ  5  and .2yixK   So we know how to re 

transfer all outcomes from D
~

 to D by using the inverse of T. Thus we know to 

give the following main theorem. 

Theorem 3. Let D be the DE in (1). Then 

1. The primary solution of D is    .1644,8220, 11 iiKJ    

2. Define the sequence    nnnnnnn yixiyxKJ 2,5, 1   where 

 nn yx ,  defined in (7). In that case  nn KJ ,  is solution of D. 

3. The solution  nn KJ ,  satisfy 

    2,11260115 1111   nyxiyxJ nnnnn  

    .2,1126011 1111   nyxiyxK nnnnn  

4. The solutions  nn KJ ,  convince the recurrence associations 

        4,235115 321311   nyyyixxxJ nnnnnnn  

        .4,24623 321321   nyyyixxxK nnnnnnn  

Proof. 

1. It is without difficulty seen that    iiKJ 1644,8220, 11   is the 

primary solution of D since 
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        .01296164482203041644751822034
22

 iiii  

2. We verify it by induction. Let .1n  Then  

     iiyixiyxKJ 1644,82202,5, 111111   which is the primary 

solution and so is a solution of D. Let us suppose that the DE in (1) is fulfilled 

for ,1n  that is,    211
2

11 2751534   nnnn yixiyx  

    .0129625304 1111   nnnn yixiyx  Now, we desire to prove that 

this equation is also fulfilled for n. 

129630475134 22  JKKJ  

       01296253042751534
22

 nnnnnnnn yixiyxyixiyx   

 163081 22  nn yx  

0  

So    nnnnnn yixiyxKJ 2,5,   is also a solution D. 

3. From (7), we have 11 6011   nnn yxx  and .112 11   nnn yxy  

Substitute these in  ,5 nnn iyxJ   we get 

   1111 11260115   nnnnn yxiyxJ  (8) 

Similarly,  

   .1126011 1111   nnnnn yxiyxK  (9) 

4. We show that nJ  fulfill the recurrence relation. We have 

2323220,3864105820,1764820,8220 432  JiJiJiJn

.84832i  

Now, 

       112233123 5552323 iyxiyxiyxJJJ   

     817638642322096421164115  i   

.848322323220 i  

So the recurrence relation is satisfied for .4n  Let us suppose that this 

relation is fulfilled for ,1n  that is, 
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     4433221 55523   nnnnnnn iyxiyxiyxJ  (10) 

Then using the preceding statement, (8) and (10), we terminate that nJ  

fulfill the recurrence relation. Now, we show that nK  gratify the recurrence 

relation. For ,4n  we get 21164,352964,1644 321  KiKiK  

.169664464644,7728 4 iKi   

Hence 

       817638644644964211642323 1234  iKKKK  

.1696644464644 ii  

So  

       321311 24623   nnnnnnn yyyixxxK  for .4n  

Let us suppose that this relation is fulfilled for ,1n  that is 

     424323222231  nnnnnnn iyxiyxiyxK  (11) 

Then using the preceding declarations (9) and (11), we conclude that 

       ,32214632123  nnnnnnn yyyixxxK  for 

.4n  

4. Conclusion 

Diophantine equations are wealthy in diversity. There is no common 

technique to discover all feasible Gaussian integer solutions (if it exists) for 

DEs. This method looks to be trouble-free but actually it is extremely complex 

for attainment of solutions. One may search for other choices of Diophantine 

equations to find their corresponding Gaussian integer solutions. 
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