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Abstract

In this paper, the separation axioms cubic W-T;; cubic W-Tj, cubic W-Hausdorff, cubic

K-Tj, cubic K-7; and cubic K-Hausdorff are introduced and analysed.

I. Introduction

Decision making is one of the most complex issues that need scientific
analysis of various factors both tangibles and intangibles like attitude, belief,
taste and preferences of people involved. Real world decision making
problems are very often uncertain or vague in a number of ways. In 1965,
Zadeh [7] introduced the concept of fuzzy set theory to meet those problems.
In 1975, Zadeh [8] made an extension of the concept of a fuzzy set by an
interval valued fuzzy set with an interval valued membership function.
Mondal and Samantha [6] defined the topology of interval valued fuzzy sets
and studied some of its properties. In 2012, Jun, Kim and Yang [4] introduced
cubic sets by combining an interval valued fuzzy set and a fuzzy set. Zeb et al.
[1] introduced the topological structure of cubic sets. In Section II of this
paper, preliminary definitions regarding cubic sets and cubic topological

spaces are given. Several versions of separation axioms have been defined
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and studied in the case of fuzzy topological spaces by many famous
topologists. In Section III of this paper the separation axioms of Gantner,
Steinlage and Warren [3] and Katsaras [5] are extended to cubic topological
spaces and it is proved that these axioms are hereditary and productive.

II. Preliminary Definitions

Definition 2.1[2]. Let X be a non empty set. A function f: X — I is

called a fuzzy set in X. I X denotes the collection of all fuzzy sets in X, where

Iis the closed unit interval [0, 1].
Definition 2.2[2]. For any two fuzzy sets f, geIX
1. f < g iff f(x) < g(x) forall x e X
2. f =g iff f(x) = g(x) forall x e X

3. The wunion fv g and the intersection f A g are defined

respectively,
(7 v g)(x) = max {f(x), g(x); and
(f A g)(x) = min {f(x), g(x)} for every x € X
4. The complement of f denoted by f¢ is defined by
fé(x) =1—f(x) for every x € X

5. For a family {f, ,;ca} of fuzzy sets defined on a set X, the union

Vaea (f1) and the intersection Ay A (fy) are defined respectively,
(Vaea )(*) Vaen (F. (%))
(Men H)(x) Men (. (%))

6. The constants zero and one in fuzzy sets are denoted as 0 and 1 are

defined respectively,

0(x) = 0 for every x € X and
1(x) =1 for every x € X.
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Definition 2.3[4]. Let X be a non empty set. A function p:X —[I] is
called an interval valued fuzzy set in X, where [I] is the set of all closed

subintervals of [0, 1].

[1 ]X denotes the collection of all interval valued fuzzy sets in X.

For every fie[I]¥ and xe X, f:(x)=[u(x) pt(x)] is called the
degree of membership of an element x to p, where u~ : X — I and
"1 X - I are called the lower fuzzy set and upper fuzzy set in X

respectively. For simplicity denote i as o = [u™, p*]
Definition 2.4[4]. For any two interval valued fuzzy sets p, A in [I]X
1. e A iff po(x) <A (x) and p*(x) < A*(x) for every x € X

2. Liff pcxand A c

=)
Il

3. The union [ U A and intersection i A A are defined respectively as

A= [w™va, pt va']

=)
O

A= An, pt AR

D)

4. The complement of [i, denoted by pn€is defined as u¢ = [1-u*, 1- p7}],

where 1 is the constant fuzzy set one.
5. For a family {u;/Ae A} of interval valued fuzzy sets on a set X, the

union U n, and the intersection N n, are defined respectively
reA reA

U R =[Vaea (D)5 Viea (5)]
reA

o, = [Vaea (20)s Vaea (13)]

m )
o D

A

6. The constants interval valued fuzzy sets zero and one are denoted as
0 and 1 which are defined respectively 0=[0,0],1=[1,1].
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Definition 2.5[4]. Let X be a nonempty set. A cubic set on X denoted as

is a structure (g, f) in which p is an interval valued fuzzy set in X and is

a fuzzy set in X. ¢X denotes the collection of all cubic sets in X.

Definition 2.6[4]. For any two cubic sets [A]=(p, f) and [B]= <X, g) in
cx.

1.[AcBliff pch and f<g.

2. [A]=[B] iff [A] < [B] and [B] < [4]

3. The union [A]U[B] and the intersection [A][B] are defined respectively
as

[AJU[Bl = (RO2, fv g)
[AN[Bl = (LAL, f A g).

4. The complement [A]° is defined as [4]° = (¢, f€)

5. For a family {[4]/A e A} of cubic sets defined on a set X, the union

U and the intersection () are defined respectively as
AeA reA

Ul=(U @,V

KeA <7\,EA Hao Viaea fx>
A4l=(N @ s A

XEA <keA Ha» 7aen f;h>

6. The constants cubic sets zero and one are denoted as [0] and are

defined respectively as
[o]=(0,0), i]=1(1,1)

Definition 2.7[1]. Let X be a nonempty set and be a family of cubic sets
of X. The family is called a cubic topology on X iff C satisfies the following

conditions

@ [ol. e
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(i1) [A] [B] € C implies [A]N[Ble C
(iii) e C for each L e A implies ( U eC)
reA

Definition 2.8. Let [4] =(, f) and [B]= <X, f) be two cubic sets on X and
Y respectively. The Cartesian product of [4] and is a cubic set on X xY
denoted [A]*[B] as and is defined as ([A]*[B]) =((0*1)(x, ), (f *g)(x, ).

Where (*2) (%, ) = {min(u (x), A" (¥)), min(u* (x), A" ()} and
(f*g)(x,y)=min(f (x), g(y))

Definition 2.9. Let (X, ) and (Y, ;) be two cubic topological spaces.
Then the cubic product topology C xC, on XxY is the cubic topology

having the collection {([A]*[B])/[ale C;,[Bl € Cy} as a basis.
Definition 2.10. Let {(X, C, )/A €A} be a family of cubic topological

spaces and X = H KGAXX. The cubic product topology on X is the one with

basic cubic open sets of the form H?\.E/\’ where [4,]eC, and [4]=[,]
except for finitely many A\’s.

Definition 2.11. Let (X, C) be a cubic topological space. Let Y < X and
eC. Define [4]/Y as follows: ([4]/Y)(z)=[4l(z) if zeY Define
(C¢/Y)={(Al/Y)/[Ale C)}. Then (C/Y) is called a cubic subspace topology
of Yand (Y, C/Y) is called a cubic subspace of (X, C).

II1. Separations Axioms

Definition 3.1. A cubic topological space (X,C) is said to be cubic

W-Tj, if for any two distinct points x,y € X, there exist a cubic open set
~(fi, f) € C such that [&(x) =, [4)(y) =[0] (or) [@(x) = [0} [&)(y) = i}

Definition 3.2. A cubic topological space (X,C) is said to be cubic

W-T13, if for any two distinct points x, y € X, there exist two cubic open sets
=(i, f),[B=(1, f) C such that [](x) =[], [a](y) = [0, [Bl(x) =[0], [Bl(y) = L.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



318 D. BHAVANI GOKILA and A. KALAICHELVI

Definition 3.3. A cubic topological space (X, C) is said to be cubic W-
Hausdorff or cubic W-T;, if for all pair of disjoint points x,y e X, there

exist two cubic open sets [A]=(p, f)eC and =<X,g>eC such that
[A](x) =[1, [Bl(y) =[] and [4]N[B] =0l

Remark 3.4. From the above three definitions it follows that
(1) Cubic W-T, = Cubic W-T; = Cubic W-Tj

(2) Subspace of a cubic W-T, space is a cubic W-T, space

(3) Subspace of a cubic W-T; space is a cubic W-1; space.

Definition 3.5. A cubic topological space (X, C) is said to be cubic K-7j,

if for any two distinct points x,ye X, there exist cubic open sets
[A]=(p, f) €C such that [A](x) > 0], [4](y) =[0] (or) [4](x)=[a], [A](y) > [0}

Definition 3.6. A cubic topological space (X,C) is said to be cubic

K-T;, if for any two distinct points x, y € X, there exist two cubic open sets
=(iL, f),[Bl = (1, g) € C such that [4](x) > [d], [a](y) = [o]. [B](x) = [0}, [Bl( ) > [0l

Definition 3.7. A cubic topological space (X,C) is said to be cubic K-
Hausdorff or cubic K-T,, if for all pair of disjoint points x,y e X, there

exist two cubic open sets =(n, f), =<?:, g)eC such that [4](x)> 0],
[B](y) >[0] and [A]N[B] =[o]

Remark 3.8. From the above three definitions it follows that
(1) Cubic K-T; = Cubic K-T; = Cubic K-Tj

(2) Subspace of a cubic K-Tj space is a cubic K-Tj, space

(3) Subspace of a cubic K-1; space is a cubic K-1; space.

Theorem 3.9. Subspace of a cubic W-Hausdorff space is a cubic
W-Hausdorff space.

Proof. Let (X,C) be a cubic W-Hausdorff space. Let Y be a subspace of
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X. Thatis (Y,C/Y) is a cubic of (X, C) where C/Y ={([A]/Y :[A] e C)}.
To Prove: (Y,C/Y) is a cubic W-Hausdorff space.

Consider y;, y, €Y such that y; # y,. Then y;, ¥, € X. Since (X,C) is a
cubic W-Hausdorff space, there exist [4]=(f, f) e C,[Bl=(A, g)eC such that
[4](51) =, [Bl(y2) =[] and [4]N[B]=[o]

Therefore ([4] /Y), (Bl /Y)eC/Y

Also
(4l /Y)(n) =[4l(») if 3 €Y
=
(Bl /Y)(y2) =[Bl(y2) if y2 €Y
=
((A/Y)N([B/Y (y2)y=(([A/Y) (»)N(BI/Y)) (¥) for every yeY = X
= ([/Y)(y)N([Bl/Y)(y) forevery yeY < X
—[A(»)NB] (y) for every yeY c X
= ([AN[B])(y) forevery yeY = X
=[0l(y) for every yeY < X
([@/Y)N(B/y) =l
Hence (Y, C/Y) is a cubic W-Hausdorff space.

Theorem 3.10. Product of two cubic W-Hausdorff spaces is a cubic
W-Hausdorff space in the product topology.

Proof. Let (X, C;) and (Y, Cy) be two cubic W-Hausdorff spaces.
To Prove: (XxY,C;x Cy) is a cubic W-Hausdorff space.

Consider two distinct points (x;, y;), (%9, ¥9) € XxY. Either x; # x5 or

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



320 D. BHAVANI GOKILA and A. KALAICHELVI

) #Yy. Assume x; #x9. Therefore there exists two cubic open sets

(4] =(p, f)eC,:@, g) € C such that [4](x;) =[], [Bl(xy) =[] and [A]N[B]=[0].
Therefore [Al*[]e(C xCy, since [Ale(,[JeC and [B]*[1leC xC,, since
[Ble G ,[] € Gy, where [A]*[1]]=((n*1),(f*1)) and [B]*[]=((r*1), (g *1)).

Consider

(Al 1) (xp, y1) =((p*1), (f *1) > (x1, 31)) for all (xp, ) e XxY

= (p*1), (%, 1), (f*1)(xp, ) forall (x;, 5, ) e XxY

[ *17) (e, 31 )s (W #17) (361, 1) 1o (F #1) (%1, 3 ) forall (xp, 3, ) € XxY

— [mmin (s ()1 (34)), min (s (x1.), T (3 )]s min(F (), 1(34)) for al
(21, 3) e XxY

=([min(1,1), min (1, 1)], min(1, 1))

=([1,1],1)=(1,1)=[1] and

(B [) (g, y9) =(( 1), (8 #1)) (x2, 35) for all (xg, 7p) € XxY
=[(A7*17) (g, 32), (A" *17) (32, ¥2)] (8 *1) (32, 3p ) for all (x5, 35) € XxY

=[min (A" (x3),17 (35)), min(A" (x2), 1" (y2))], min(g(x2), 1(2)) for all
(29, ¥9) € XXY

=([min(1,1), min(1,1)], min(1,1))

=([1,1],1)=(1,1) =1
Also

[AINE = [0 =(p, £)N (%, &)=(0,0)
= (1AL, rg)=(0,0)

= (1AM, 1" ALT)=[0,0],(fA8)=0
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=S (1 AL )(x)=0 and = (p" ALT)(x)=0,(f ~rg)(x)=0 forall x e X,
=p (x)Ar (x)=0 and p" A(x)Ar"(x) =0, f(x)Arg(x)=0 for all xeX,

= either p (x)=0 or A (x)=0 and either p"(x)=0 or A" (x)=0,
either f(x)=0 or g(x)=0 forall xe X

= either p (x)A=1"(y)=0 or A (x)Al (y)=0 and either
p (x)A1"(y)=0 or AT(x)Al"(y)=0, either f(x)Al(y)=0 or
g(x)A1(y)=0 forall x e X and yeY

=  either (p *1)(x,y)=0 or (A *17)(x,y)=0 and either
(p"*17)(x, ¥)=0 or (A" *17)(x, y)=0,
either (f*1)(x, y)=0 or (g*1)(x,y)=0 forall (x,y)e XxY

=S (W *1I7)A(X *17))(x, ¥)=0 and ((u" *17)A(X" #1%))(x, y) for all
(x,y)e XxY

=((p*1),(f*1))=(0,0) and (A *1),(g*1))=(0,0)
=(l4]*[1)) =[o] and ([B]*1]) =[o

=([Al=L)N[Bl*a =[o]

Hence (XxY,C; xCy) is a cubic W-Hausdorff space.

Theorem 3.11. Arbitrary product of cubic W-Hausdorff spaces is a cubic
W-Hausdorff space in the product topology.

Proof. Let {(X;[4,] /A € A)} be a collection of cubic W-Hausdorff spaces.

Consider X = er A X, 1in the product topology.

Consider two distinct points (x;), .x (¥1),cr € er 1%~ Therefore

Xy # Yy for some p e A.
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Therefore there exists two cubic open sets u“,
<7‘u’ 8,) € G, such that [4,](x,) =[1,], [B,](y,) =[] and [4,] -ﬂ- —.

Let [A]l= 1_[7L [4,]) where [4,]=[1,] for A#p and =HKEA(),
where [B,|=[1,] for A # . Then [4],[B] € [T,..C,

. H - H}\.EA(}]}L)’ HKE/\fx>
N <[er/\“}“_’ H}\.E/\ H{]’ H}\.E/\ f}”>

T () ) = min{()(x,))} for all 2en

= (p, )(x, ) for some pen
=1

T, () () =min{ () ()} for all e

=(u, )(x,) for some pen
=1
H}\’EAfk(xl):min{f}\,(x)\,)} for all =N

=(fu)(x,) for some pen

=1

N H}\,E/\( ) :<H}\,E/\(7A\’>\‘ )’ HKE/\gX>
- <[er/\7\’x’ HKE/\A‘X], ]jka\g}L>

[T, () =min{(7 ()}, forall 2.e

=2, (y,), for some pen
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=1

[T, % () =min{(2{ ()}, forall hen

=2, (y,), for some pen
=1
1_[x 2, (x,) =min{g, (x,)} forall Aen
EN

=(8,)(x,) for some pen

=1

Consider

[T Enl L 2=d L e I L. ond L, o011, o
(L. @Al Lo L A1 e
[L.m L Go=d Lo Lo woad Lo TL o)
([ Low AT Lo Al T2

Then
(Hm Ty AHKEAx;)(xx) = (HKEA (%)) A(meg (x,) forall & e A
= [min {( 1) (%, 1] A [min {(25,)(x;, )}] for all 2. A
= (1)(®) A () (%)
= (Mg A2)(3,) =0
TLowATLo e =T, w@na( ], @) forall xen

= [min {( ) (x, )} A [min {(2)) ()} for all & € A
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= () () A () ()
= (u: AK;)(xH) =0

(HXEAfK /\er/\gk)(xk) = (er/\fk (% ))/\(HKEAgk (x;)) forall Len

=min{f, (x, )} Amin{g, (x,)} forall % e A
= () (=) A (8,)(x,)

=(furgu)(xy)

~0.

Theorem 3.12. Subspace of a cubic K-Hausdorff space is a cubic
K-Hausdorff space.

Proof. Let (X, C) be a cubic K-Hausdorff space. Let Y be a subspace of X.
That is (X, C/Y') is a cubic of (X, C) where C/Y ={([A]/Y :[A]e C)}.

To Prove: (Y, C/Y) is a cubic K-Hausdorff space.

Consider y;, y5 €Y such that y; # y5. Then y,y, € X

Since (X,C) is a cubic K-Hausdorff space, there exist
=(p, f)eClBl = <7:, g) € C such that [A](y;)> o], [Bl(y;) >[0] and [A]N[B] =[0].
Therefore ([4l/Y), (Bl /Y)eC/Y.

Also
(4l /Y) (o) =[al(x) if 3 eY
> [o].
(Bl /Y)(y2) =[Bl(y2) if yp €Y
> [o].
(4l /Y)N(B [Y))y = ([l /Y)(x)N((B] [Y)() for every yeY = X
—([A/Y)(»)N(B /Y)(y) forevery yeY X
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=[Al(y)N[Bl(y) for every yeY c X
=([4]N[B])(y) for every yeY c X
=[0](y) forevery yeY <X
(L4l /Y)N(8l/Y)ll.
Hence (X, C/Y) is a cubic K-Hausdorff space.

Theorem 3.13. Product of two cubic K-Hausdorff spaces is a cubic
K-Hausdorff space in the product topology.

Proof. Let (X, C;) and (Y, Cy) be two cubic K-Hausdorff spaces.
To Prove: (XxY, C;xCy) is a cubic K-Hausdorff space.

Consider two distinct points (x;, 3 ), (%9, y9) € XxY.

Either x; # x5 or y; # ys.

Assume x; #x9. Therefore there exists two cubic open sets
[4]=(p, f>e£’,:<7z, g)eC, such that [4](x;))>[0],[Bl(x9)>[0] and
N[g =[ol.

Therefore [A]*[1] e C; xC,, since [A]e (), [l e Gy and
[B]*[1] € ¢ xCy, since [Bl e, [1] € Gy, where

[4)+[) = ((1*1), (£ 1)) and [B*[]=((%+1), (g*1))

Consider

(@ D)1, 30) = {(#1), (F# 1), ) for all (31, 34) € XxY

= (*17) (g, 1), (F %) > (%1, 1) for all (x1, 31) € XXV

=[(0 *17) (2, 1), (7 #17) (20, 1) (F * 1) (g, 1) for all (a7, 31) € XxY

— [min (4™ (x,,), 17 (34)), min (" (3., 1° (1)), min (£ (3, ), 1(3y) for  all
(x1,3) e XxY
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> [o].
(B *[U)(xg, 35) =((2*1), (g ¥1)) (%2, 35) for all (xp,35) € XxY
=[(2" #17) (g, 9), (A" *17)(xg, ¥9) for all (xg, y5) € XxY

=[min(%" (x2),17 (32)), min(A7 (x3), 1" (32))], min(g(x2), 1(yp)) for all
(29, ¥9) € XXY

> [ol.
Also

[ANE == (& f)N(% ) =(0,0)

= (iAk fAg)=(0,0)

= (1AL, 1T ALT)=[0,0],(frg)=0

= (0" AL )(x)=0 and (4" ALY)(x) =0, (f A g)(x)=0 forall x € X,

= (x) A% (x)=0 and p* (x) AL (x) =0, f(x) A g(x) =0 forall x <X,

= either p (x)=0 or A" (x)=0 and either u*(x)=0 or A" (x)=0,
either f(x)=0 or g(x)=0 forall x e X

= either p (x)Al (y)=0 or A (x)Al7(y)=0  and either

pr()Al"(y)=0 or AT(x)Al"(y)=0, either f(x)Al(y)=0 or
g(x)A1(y)=0 forall xe X and yeY

= either (u *17)(x,y)=0 or (A *17)(x,y)=0 and either
(u" *1%)(x, y) =0 or (A" *1%)(x, y) =0,

either (f*1)(x,y)=0 or (g+*1)(x, y)=0 for all (x,y)e XxY

S (AT (@) =0 and (6T AT 1) (x, )

=0((f*1)A(g*1))(x, y)=0 for all (x, y) e XxY
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— ((*1).(F 1) =(0.0) and (=), (g+1))=(0,0)
= (la]*[1]) =[] and ([B]*[1]) =[0
= ([al*JN((B]*[1] =[]
Hence (XxY, C xCy) is a cubic K-Hausdorff space.

Theorem 3.14. Arbitrary product of cubic K-Hausdorff spaces is a cubic
K-Hausdorff space in the product topology.

Proof. Let {X;[4,]/;.a)} be a collection of cubic K-Hausdorff spaces.
Consider X = er A X, 1in the product topology.

Consider two distinct points (x; ), s » (3.),.cn €] [ 1 X

Therefore x,, # y, for some pe A.

Therefore there exist two cubic open sets =Ry fu) € Gu[By
= <7:H, gM> eC,

Such that [4,)(x,) > [0, [B] () > [0,] and [4]N[B.]=[o,]

Let [a=[T,_,([4]) where [4]=[;] for 2=pn and [B=]T,_, (Bl
where [B,|>[1;] for & # p

Then [4],[Ble[],_ G,

N Hle/x N <]~_[ke/\(ljl }\’)’ HKE/\fk>
- <[H7\.€/\HX’ H}\,E/\ M{]’ H?\.E/\ fx>

[T, (4)() = min () ()} for all 2.e o

= (1, )(x, ) for some pen

> 0.
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[T s)0e) = min{((15)(x,))} for all 2. A

= (u, )(x,) for some pe A
>0
Hh f. (2, ) =min{f, (x; )} for all Le A

=(f,)(x,) for some pen

>0

[T, B=01_06> 11,
- <[H7»6/\7\{, HKE/\KX], HKE/\gX>

HXEA”X () =min{(A5 ()}, forall 1 e

=2, (y,), for some pen

>0
]‘_‘[7L Ay () =min{(A{ (3,.))}, for all A e
EN
=7u: (yu), for some pe A
>0
1_17L 8. (x; ) =min{g, (x, )}, forall L e
EN

=(8,)(x,) for some pen
>0

Consider

H}\,E/\ ona\ - <Hxa\(m)’ er/\ﬁ“) n <erA(&)’ Hxagk)
=L@l oL a~T1_&»
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[L.w L. eo=dL sl Lo~ d L 2 1140
([ Low AT Lo 20w aT T, 20
Then
H T H ()= (H () A (H (x,)) forall A e A
= [min{(u, ) (% )}] A [min {(2;)(x;, )}] for all 2. A
= (1) (%) A 04 (%)
= (b A %) (%) = 0
TLow AT Lo =( ], wiena( ], #0) forall rea
= [min {(1) (%3 }] A [min {(2)(x; )}] for all %€ A
= ()(®) A () ()
=(w; AN)(x,) =0

DL AT &) =T, A cna (T, & @) forall e

—min{ f, (x; )} Amin{g, (x, )} forall A e A
= (£) (%) A () (%)
=(furgu)(xy)
~0.
IV. Conclusion

In this paper the separation axioms cubic W-T, cubic W-T7, cubic
W-Hausdorff, cubic K-Tj, cubic K-17, cubic K-Hausdorff are introduced and

some basic properties of these axioms are proved.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



330

(1]

(2]

(3]

[4]

(5]

(6]

(7
(8]

D. BHAVANI GOKILA and A. KALAICHELVI
References

Akhtar Zeb, Saleem Abpullah, Majip Khan and Abdul Majid, Cubic topology,
International Journal of Computer Science and Information Security (UCSIS) 14(8)
August 2016.

C. L. Chang, Fuzzy topological spaces, J. Math. Anal. 24(1968), 182-190.

T. E. Gantner, R. C. Steinlage and R. H. Warren, Compactness in fuzzy topological
spaces, J. Math. Appl. 62 (1978), 547-562.

Y. B. Jun, C. S. Kun and K. U. Yang, Cubic sets, Annals of Fuzzy Mathematics and
Informatics 4(1) (2012), 83-98.

A. K. Katsaras, Ordered fuzzy topological spaces, Journal of Mathematical Analysis and
Applications 84 (1981), 44-58.

T. K. Mondal and S. K. Samanta, Topology of interval valued fuzzy sets, Indian J. Pure
Appl. Math. 30(1) (1999), 23-38.

L. A. Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338-353.

L. A. Zadeh, The concept of a linguistic variable and its application to approximate
reasoning-I, Inform. Sci. 8 (1975), 199-249.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



