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Abstract 

In this paper, we introduce the average domination on anti fuzzy graph. Further, we 

investigate the exact value of average domination number for some standard anti fuzzy graphs. 

Also, establish the relationship between the average domination number and independent 

domination number on anti fuzzy graph with suitable example. 

1. Introduction 

A. Rosenfeld introduced the concept of Fuzzy graphs in 1975. R. 

Seethalakshmi and R. B. Gnanajothi [7] introduced the concept of Anti fuzzy 

graphs. Further, R. Muthuraj and A. Sasirekha [5, 6] developed the concept 

on anti fuzzy graph and also introduced the domination on anti fuzzy graph. 

Henning [1] introduced the concept of average domination and independent 

domination numbers. In this paper, average domination number is studied 

for some standard anti fuzzy graphs and the relationship between the 

average domination number and independence number on anti fuzzy graph is 

established. 
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2. Preliminaries 

Definition 2.1. A pair of functions  1,0:  V  and  1,0:  VV  

with      bVaba  ,  for all ba,  in V is called an anti fuzzy graph where 

V is a finite non empty set and V denote maximum. It is denoted by .  

Definition 2.2. If the underlying graph   is complete and 

     bVaba  ,  for every  ba,  in E then the anti fuzzy graph  is called 

the complete anti fuzzy graph. 

Definition 2.3. Every vertices and edges in an anti fuzzy graph  have 

same membership value then  is called uninodal anti fuzzy graph.  

Definition 2.4. If for every vertex   DVb \  then there exists a in D 

such that a is a strong neighborhood of b otherwise it dominates itself. Then 

the set  VD   is said to be a dominating set of an anti fuzzy graph . 

Among all minimal dominating set in  the maximum fuzzy cardinality is 

called a domination number of an anti fuzzy graph . It is denoted by .   

Definition 2.5. An anti fuzzy graph   ,  is said to be strong if 

     bVaba  ,  for all  ba,  in E  

3. Main Results 

Definition 3.1. The maximum fuzzy cardinality taken over all minimal 

dominating set of  that contains the vertex a is called the lower domination 

number on an anti fuzzy graph. It is denoted by  .a  A dominating set of 

cardinality  a  is called the -a set of anti fuzzy graph. The -a set is 

denoted by .aD  

Definition 3.2. The average domination number on anti fuzzy graph is 

defined as 
 

V
Va a 
 

 where  a  is the lower domination number. It is 

denoted by  .Ag  
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Example 3.3.  

 

Figure 1. Anti Fuzzy graph . 

 3a  forms a dominating set of .1   

Table 1. Lower Domination number on Anti Fuzzy graph. 

 Va   -a set  a  

1a   31, aa  0.8 

2a   42, aa  1 

3a   3a  0.5 

4a   34 , aa  1.1 

 
 

.85.0
4

4.3

4

1.15.018.0







 

V
Va

a

Ag


  

Theorem 3.4. If   ,  is a complete anti fuzzy graph then 

  .VpAg    

Proof. Let  be a complete anti fuzzy graph with n vertices 

 .,,,, 321 naaaa   Then, ia  is adjacent to all the other vertices 

 .,,,,,,, 11321 nii aaaaaa    

By the definition of complete anti fuzzy graph, each ia  dominates all the 

other vertices. Moreover, by the definition of lower domination number 

          .
1

21 paaaa
n

i
in

Va
a   

  Clearly  Ag  

.Vp  

Theorem 3.5. If an anti fuzzy graph   ,  is a uninodal path with 
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effective edges then  

 

 

   

 




















 










 



23
263

131

3
23

2

2

knfora
V

kk

knforak

knfora
V

kk

Ag   

,,3,2,1 kwhere  and .nV   

Proof. Let  be a uninodal path anti fuzzy graph with effective edges.  

Case 1: For ,3kn   Let  be a uninodal path anti fuzzy graph with n 

vertices  kaaaa 3321 ,,,,   where ,3,2,1k  Then 1a  is adjacent to 2a  

and 1na  is adjacent to in aa ,  is adjacent to 1ia  and .1ia  It is obvious that 

1a  dominates 2a  and 1na  dominates in aa ,  is dominated by 1ia  and 

.12,1  niai  By the definition of lower domination number, In 

 -,3  


Va akP  set having the fuzzy cardinality of    ak  1  in 2k times 

and  ak   in k times.  

Therefore, we get           22 2221 kkkakkkk
Va

a  
   

     .23 2 akka   Hence,     ,2,1,
23 2








 
 ka

V

kk
Ag    

Case 2: For ,13  kn  Let  be a uninodal path anti fuzzy graph with n 

vertices  13321 ,,,, kaaaa   where ,3,2,1k  From the definition of 

lower domination number,  - 


Va a  set having the fuzzy cardinality of 

   ak  1  in 13 k  times. Therefore, we get   


Va a    

     .131 akk   Clearly,  
     

   ,1
13

131
ak

kV

akk
Ag 




    

.,2,1 k  

Case 3: For ,23  kn  Let  be a uninodal path anti fuzzy graph with n 

vertices  23321 ,,,, kaaaa   where ,3,2,1k  By the definition of 
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lower domination number, in  -,23   
Va akP  set having the fuzzy 

cardinality of    ak  1  in  22 k  times and    ak  2  in k times.  

Therefore, we get             akkkk
Va a  

2221   

       .26322222 222 akkakkkkk   Hence,  Ag   

  .,2,1,
263 2








 
 ka

V

kk
 

Theorem 3.6. If  is an anti fuzzy path then    pAg   where p is 

the order and  is the minimum degree of .  

Proof. Let  be an anti fuzzy path with order p and  be the minimum 

degree of .  

In an anti fuzzy path, except starting and ending vertices have maximum 

two neighbors. Clearly, from the definition average domination number of an 

anti fuzzy graph is less than .p  Hence,   . pAg   

Theorem 3.7. If an anti fuzzy graph   ,  is a cycle nC  with all 

effective edges then  

 
 

V

p
n

CnAg
3  for kn 3  where ,2,1k  and .nV   

Proof. Let nC  be the anti fuzzy cycle with n vertices 

 03321 ,,,, aaaaa kn   where ,3,2,1k  such that ia  is adjacent 

with 1ia  and .1ia  Also, ia  is dominated by 1ia  and .32,1 kniai   

By the definition of lower domination number, In  -,  


Va anC  set having 

the fuzzy cardinality p in  3n  times. Therefore,     .3 pn
Va

a  
   

Hence,  
V

p
n

CnAg











3

 for kn 3  where ,2,1k  and nV   

Theorem 3.8. If an anti fuzzy graph   ,  is a wheel with all 
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effective edges then  
  

V

bnp
WnAg


 1  for 7n  where b is the center 

vertex of the wheel.  

Proof. Let 1nW  be the anti fuzzy wheel with vertex set 

 03321 ,,,,, aaaaab kn   such that ia  is adjacent with 1ia  and .1ia  

Then, ia  is dominated by 1ia  and .1ia  Also b dominates .,,2,1, niai   

By the definition of lower domination number, each vertex must be included. 

Hence,  - 


Va a  set having the fuzzy cardinality        ,,,, 21 abab   

     .,,, bab n    (i.e.) It has  b  in n times and p.  

             times211 nbaaabW n
Va

na   
  

 bnp   Hence,  
  

.1 V

bnp
WnAg


    

Theorem 3.9. If an anti fuzzy graph   ,  is a star nK ,1  with all 

effective edges then  
  

V

bnp
K nAg


 ,1  where b is the root vertex.  

Proof. Let nK ,1  be the star anti fuzzy graph with the vertex set 

 naaaab ,,,,, 321   such that b is adjacent with .,,2,1, niai   

Clearly, b dominates .ia  Hence,  - 


Va a  set having the fuzzy cardinality 

             .,,,,,,, 21 bababab n    

             times21,1 nbaaabK n
Va

na   
 

  bnp   Hence,  
  

V

bnp
K nAg


 ,1  

Theorem 3.10. If an anti fuzzy graph   ,  is a uninodal cycle nC  

then  
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 






















 



















knfor
V

p
n

knfor
V

p
n

CnAg

3

1
3

3
3

 

where 






3

n
 is the greatest integer port of 

3

n
 and .,3,2,1 k  

Proof. Let nC  be the anti fuzzy uninodal cycle with n fuzzy vertices 

 .,,,, 321 naaaa   

Case 1: For iakn ,3  is adjacent with 1ia  and .2,1 niai   

Clearly, ia  is dominated by 1ia  and ,1ia  By the definition of lower 

domination number, in ,nC   - 


Va a  set having the fuzzy cardinality p in 

 3n  times. Therefore,      .13 pnC
Va

na  
 

Hence,   .

1
3

V

p
n

CnAg








 







  

Case 2: For kn 3  since  be the uninodal cycle, one strong arc can 

dominate two other arcs adjacent to it. Hence, by the definition of lower 

domination number,  - 


Va a  set having the fuzzy cardinality p in 

  13 n  times.  

Therefore,      .13 pnCnVa a  
 Hence,   .

3

V

p
n

CnAg










  

Theorem 3.11. For any strong anti fuzzy graph     Ag ,,   

   .  i  

Proof. Let  be a strong anti fuzzy graph. Suppose 1 n  of a graph 

then   npa    and    iai   where ia  has the maximum fuzzy value.  
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Then, 
     

 .1
i

n a
n

aaa


 
 It is enough to prove that for 

1 n  of a graph G. Because the independence domination number of a 

graph G with 1 n  is 1. Clearly, 1 n  graphs have the 

independence domination number greater than 1.  

Therefore,    . iAg   Obviously,    . i  Hence,     iAg   

 .  

Example 3.12.  

 

Figure 2. Strong Anti Fuzzy graph. 

Table 2. Lower Domination number on Strong Anti Fuzzy graph. 

 Va   -a set  a  

1a   41, aa  1.3 

2a   42, aa  1.2 

3a   13, aa  1 

4a   14 , aa  1.3 

5a   25, aa  0.8 

 
 

1.1



 

V
Va a

Ag


  

Independent dominating sets are        52424131 ,,,,,,, aaaaaaaa  

 53, aa  and   .3.1i  

Independent sets are            5352424131 ,,,,,,,,, aaaaaaaaaa  

.3.1  
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Hence,      .  iAg   

Theorem 3.12. If   ,  is an anti fuzzy complete bipartite graph 

21, K  then  
       

V

anbmp
K

ij
Ag


 

maxmax

21,  where 

1Vai   and 2Vbj   with .3 nm   

Proof. Let 
21, K  be the anti fuzzy complete bipartite graph. By the 

definition, V can be partitioned into two sets 1V  and .2V  Let 

 maaaaV ,,,, 3211   and  nbbbbV ,,,, 3212   with .3 nm   

Now, ia   is adjacent with mibj ,,2,1.    and .,,2,1 nj   

Let aD  be the lower dominating set that contains a.  

Clearly,         jmajaja baDbaDbaD
m

max,,,max,max, 21 21
     

           


Va
ajmbjbjb abDabDabD

m
max,,,max,max, 21 21

   

              jnm bmbbbaaa  max2121    

        .maxmaxmax iji anbmpan   

Hence,  
       

V

anbmp
K

ij
Ag


 

maxmax

21,  where 1Vai   

and .2Vbj    

Theorem 3.13. Let   ,  be an anti fuzzy Petersen graph with all 

effective edges then 

  

         

         

V

aIntaExtaIntaInt

aExtaIntaExtaIntp

i iiii

i iiii

Ag




 

 







10

6 4232

5

1 8174

,max

,max

    

where  iaInt   denotes the fuzzy value of the interior cycle of ia  and 𝐸𝑥𝑡 

 iaExt   denotes the fuzzy value of the exterior cycle .ia  

Proof. By routine verification.  
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