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Abstract 

In this paper, we introduce the pair of functions to satisfy some contractive condition in the 

setting of b-metric spaces to establish the results regarding to get the unique common fixed point 

for such pair by using the comparison function. 

1. Introduction 

In 1989, Bakhtin [1] introduced the concept of b-metric spaces as a 

generalization of metric spaces. He used it to prove a generalization of the 

Banach principle in spaces endowed with such kind of metrics. Many authors 

used this notion to obtain various fixed point theorems. Common fixed point 

results for single-valued and multi-valued mappings satisfying a weak -

contraction in b-metric spaces was introduced by Aydi et al. in [2]. Starting 

from the results of Berinde [3], the existence and uniqueness of fixed points of 

-contraction on b-metric spaces was proved by Pacurar [4].  

“The aim of this paper is to establish the results on b-metric spaces, 

regarding common fixed points of two mappings, using a cyclic contraction 

condition defined by means of a comparison function”.  
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2. Preliminaries 

Definition 2.1. Let M be a non-empty set and  ).,0: → MMb  A 

function b is called a b-metric with constant 1s  if  

(i) ( ) 0, =vub  if and only if .vu =   

(ii) ( ) ( )uvbvub ,, =  for all Mvu ,  

(iii) ( ) ( ) ( ) vwbwubsvub ,,, +  for all .,, Mwvu   

The pair ( )bM ,  is called a b-metric space. 

Definition 2.2. Let 1s  be a constant. A mapping  )  )→ ,0,0:  is 

called comparison function with base ,1s  if the following two axioms are 

fulfilled: 

(i)  is non-decreasing,  

(ii) ( ) 0lim =
→

tn

n
 for all .0t  

Clearly, if  is a comparison function, then ( ) tt   for each 0t . 

3. Main Results 

Definition 3.1. Let BA,  be two non-empty closed subsets of a b-metric 

space ( )bM ,  with coefficient  )  )→ ,0,0:,1.s  and XXgf →:,  

be three mappings, the pair ( )gf ,  is called a cyclic ( )-,, BA contraction if 

(i)  is a comparison function 

(ii) BA   has a cyclic representation with respect to the pair ( ),, gf  that 

is ( ) ( ) ,,, BAXABgBAf =   

(iii) There exists 10   such that the following 

( )( ) ( )( ).,,, vuBgvfusbBvAu   

Theorem 3.1. Let ( )bM ,  be a complete b-metric space with constant 

1s  and BA,  be a non-empty closed subsets of M, where BA   has a 
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cyclic representation with respect to the pair ( ),, gf  (i.e., ( ) ( ) ABgBAf  ,  

and BAM =  and MMgf →:,  be two cyclic mappings on X. If there is 

a constant 
s

L
+


1

1
 and a comparison function  such that 

( )( ) ( ) ( ) ( )
( ) ( )























 +
=

2

,,
,,,,,,max,

fuvbgvub
LgvvsbfuusbvusbvuB  (1)  

holds for each ., Mvu   Suppose that f or g is continuous. Then f and g have 

a unique common fixed point in .BA    

Proof. Choose ,0 Au   let ( )01 ufu =  since ( ) BAf   we have .1 Bu   

Let .12 guu =  Since ( ) ABg   we have .2 Au   

Continuing this process, we can construct a sequence  nu  in M such that 

AguuBfuu nnnn == +++ 122212 ,  (2) 

for all  .0n  

Suppose for some n  such that .1+= nn uu  If ,2kn =  then 

122 += kk uu  and from the contraction condition (1) with kuu 2=  and 

,12 += kuv  we have ( )( ) ( ) ( )( ,,,,max, 22122 kkkk guusbuusbvuB +=  

( )
( ) ( )














 ++
++ 2

,,
,, 212122

1212
kkkk

kk
fuubguub

Lguusb  

 ( ) ( ) ( )( ,,,,,,max 2212122122 ++++= kkkkkk uusbuusbuusb  

( ) ( )













 +++

2

,, 1212222 kkkk uubuub
L  

( ) ( )
( )

.
2

,
,,,,max 222

2212122 






















= +

+++
kk

kkkk
uub

Luusbuusb  

Suppose we have that 122 += kk uu  as a comparison function and  is non-

decreasing, 

( )( ) ( ) ( ( ) ( ))  














 + +++++ 22121222212 ,,

2
,,max, kkkkkk uubuubs

L
uusbvuB  
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( ) ( )  














= ++++ 22122212 ,

2
,,max kkkk uusb

L
uusb  

( ( ))., 2212 ++= kk uusb  

If ( ) ,0, 2212 ++ kk uub  then we have 

( ( )) ( )( )vuBuusb kk ,, 2212  ++  

( ( ))2212 , ++= kk uusb  

( ( ))., 2212 ++ kk uusb  

Which is a contradiction. Therefore ( ) .0, 2212 =++ kk uub  Hence 

.2212 ++ = kk uu  Thus we have .22122 ++ == kkk uuu  

By (2) kkk fuuu 2122 == +  and .22212 kkk guuu == ++  

.222 kkk guufu ==  

This implies that f and g have ku2  as a common fixed point. 

If ,12 += kn  then as in the case ,122 += kk uu  we can show that 12 +ku  is 

a common fixed point of f and g. 

Now we shall prove that  

( ( )) ( ( )) .,,, 11  −+ nuusbuusb nnnn  (3) 

Case (a) .,2 = kkn  

From (1) with kuu 2=  and ,12 −= kuv  we have 

( ( )) ( )( )vuBuusb kk ,, 212  +  

( ( )) ( ( ))122122 ,, −−  kkkk uuBgufusb  

( )( ) ( ( ) ( )( ,,,,max, 22122 kkkk fuusbuusbvuB −=  

( )
( ) ( )














 + −−
−− 2

,,
, 212122

1212
kkkk

kk
fuubguub

Lguusb  

( ( ) ( )( ,,,,max 122122 +−= kkkk uusbuusb  
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( )
( ) ( )














 + +−
− 2

,,
, 121222

212
kkkk

kk
uubuub

Luusb  

( ( ) ( )
( )
























= +−

+− 2

,
,,,,max 1212

122122
kk

kkkk
uub

Luusbuusb  

( ( ) ( )  ( ) ( ) 














 + ++−+− 1221212122122 ,,

2
,,,,max kkkkkkkk uusbuusb

L
uusbuusb  

(  ( ) ( )).,,,max 122122 +−= kkkk uusbuusb  

If we suppose that (  ( ) ( )) ( )122122122 ,,,,max ++− = kkkkkk uusbuusbuusb  

then by the property of , we get 

(  ( )) ( ( ))122212 ,,max −+ = kkkk guufsbuusb  

( )( )vuB ,  

( ( ))122 , += kk uusb  

( ( ))kk uusb 212 ,+  

which contradicts the fact.  

Therefore the maximum is ( )., 122 −kk uusb  We have 

( ( )) ( )122212 ,, −+ = kkkk ugfuuusb  

( )( )vuB ,  

( ( ))122 , −= kk uusb  

( ( )) ( ( )).,, 212122 kkkk uusbuusb −+   (4) 

Case (b): .,12 += kkn  

As in the case (a), it can be proved that equation (3) holds for ,12 += kn  

that is 

( ( )) ( ( )).,, 1222212 +++  kkkk uusbuusb  (5) 

From equations (4) and (5), we conclude that the inequality (3) holds 

.n  From (3), by the induction it is easy to prove that  

( ( )) ( ( )) .,, 101  + nuusbuusb nn
nn

n  (6) 
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Since ( ) 0lim =
→

tn

n
 for all ,0t  from (6), we obtain 

( ) .0,lim 1 =+
→

nn
n

uub  (7) 

We now have to prove that  nu  is a Cauchy sequence. 

Let 0  since .
1

1

s
L

+
  This implies 02 − Ls  and ( ) .011 +− sL  

From (7), we conclude that there exists 0n  such that 

( ) .,
2

1
, 01 nn

s

LL
uub s

nn 
−−

−  (8) 

Let nm,  with .nm   By induction on m, we will prove that 

( ) ., 0nnmuub mn   (9) 

Let 0nn   and .1+= nm  Then from (3) and (8), we get  

( ) ( ) ( ) .
2

1
,,, 11 

−−
= −+ s

LsL
uubuubuub nnnnmn  

Thus  nu  is the Cauchy sequence for .1+= nm   

We assume that (9) holds for some 1+ nm   

Now we have to prove that (9) holds for .1+m  

Case (i): n is odd and 1+m  is even. 

( ( )) ( ( ))mnmn gufusbuusb ,, 11 −+ =  

( ( ))mn uuB ,1−  

( )( ) ( ) ( )
( ) ( )

.
2

,,
,,,,max, 1

11 





















 +
= +

+−
mnmn

mmnn
uubuub

uusbuusbvuB  

Since ( ) ( )nnmm uubuub ,, 11 −+   and for all ,0t  we have 

( )( ) (  ( )  ( ) ( ))mnmnnn uubuubLuusbvuB ,,,,max, 111 + +−−  

( ( ))nn uusb ,1−=  (10) 
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( )( ) ( ( ))nn uusbvuB ,, 1−  

( )
















−−


s

LsL
s

2

1
 








 
−−

=
2

1 LsL
 

( )  

( ( )) ( ( ))mnmn guufbsuubs ,, 11 −+ =  

( ( ))mn uuB ,1−  

( )  

( )  

( )  +1, mn uusb  

( ) ., 1 


 + s
uub mn  

Thus we proved that (9) holds for 1+m  in this case. 

Therefore, by induction (9) holds for all nm   in case (i). 

Case (ii): When n is even, 1+m  is odd. 

This case can be proved in a similar way as we proved for case (i). 

Case (iii): When n is even, 1+m  is even 

( ( )) ( ( ) ( ))1111 ,,, ++++ + mnnnmn uusbuubsuub  

( ( )) ( ( ))111 ,, +++ + mnnn uubsuusb  

( ( )) ( ( ))mnnn gufubsuusb ,, 1 += +  

( ( )) ( ( ))mnnn uubuusb ,, 1 + +  

( ( ))1, + nn uusb  

( ) ( ) ( )
( ) ( )























 +
++ ++

++ 2

,,
,,,,,max 11

11
nmmn

mmnnmn
uubuub

Luusbuusbuusb  
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( ( )) ( ( ))11 ,, ++  nnmn uusbuub  

( ) ( )
( ) ( )























 +
++ ++

++ 2

,,
,,,,max 11

11
nmmn

nnnn
uubuub

Luusbuusbs  (11) 

Equality (11) implies 

( ( )) ( ( )) ( ( ))111 ,,, +++ + nnnnmn uusbuusbuub  

( ( ))1,2 += nn uusb  














 
−−


s

LsL
s

2

1
2  








 





 −−
=

s

LsL
s

2

1
2  

( )=  

( ) ., 1  +mn uub  

If the inequality (11) implies 

( ( )) ( ( ))
( ( ) ( )

.
2

,,
,, 11

11 




 +
+ ++

++
mnmn

nnmn
uubuubL

uusbuub  

By triangle inequality, we have 

( ( )) ( ( ))  ( )111 ,
2

1
,, +++ + mnnnmn uubLuusbuub  

( ) ( )mnnn uuLsbuuLsb ,,1 ++ +  

( ( ))
( )

2

,
,1

2
1

1
+

+ +






 += mn
nn

uub
Luusb

L
 

( )

2

, mn uusb
L+  

( ( )) ( ( )) ( ( )).,
2

,
2

1,
2

1 11 mnnnmn uub
L

uusb
L

uub
L

+






 +=






 − ++  

By (8) and by induction, we have 
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( ( )) ( )+





 





 −−







 +






 − + s
L

s

LsL
s

L
uub

L
mn 2

1

2
1,

2
1 1  

  ( ).
2

1 +−− s
L

LsL  

Taking 1−  on both sides, 

( ( ))   +−−






 − + s
L

LsLuub
L

mn 2
1,

2
1 1  

( ) +−−= s
s

L
LsL1  

( ) −−= s
L

L
2

1  

( )− L1  

−






 −=
22

1
LL

 








 −
2

1
L

 

( ) ., 1 +mn uub  

 Thus (9) holds for .1+m  Hence we conclude that in case (iii) equation (9) 

holds for all .nm   

Similarly, we can prove for the case n is odd, 1+m  is odd. 

From (9), it follows that  nu  is a Cauchy sequence.  

Since u is complete,  nu  converges to Mu   as →n  and so  

.limlimlim 212 tuuu n
n

n
n

n
n

===
→

+
→→

 

Since  nu2  is a sequence in A and A is closed and ,2 tu n →  we have 

.At   

Also since  12 +nu is a sequence in B and B is closed and ,12 tu n →+  we 

have .Bt    
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Now to prove that t is a fixed point of f and g. 

Without loss of generality, we assume that f is continuous. 

Since ,2 tu n →  we have .212 ftfuu nn →=+   

By the uniqueness of the limit, we get .fuu =  

Similarly, we can prove .gtt =  

From the contraction (1), we have 

( )( ) ( )( )gtftsbgttsb ,, =  

( )( )vuB ,  

( ) ( ) ( ) 
( ) ( ) 








 +
=

2

,,
,,,,,,max

gttbtftbL
gttsbfttsbttsb  

( )( )gttsb ,=  

( )( ) ( )( ) ( )( )gttsbgttsbgttsb ,,,   

which is a contradiction. 

( ) .0, tgtgttb ==  

Therefore t is common fixed point of f and g. 

Suppose that there exist two different fixed points of f and g that is 

( ) 0, trb  

( )( ) ( )( )gtfrsbtrsb ,, =  

( )( )trB ,  

( ) ( ) ( )
( ) ( ) 























 +
=

2

,,
,,,,,,max

rftbgtrb
Lgttsbfrrsbtrsb  

( )( )trsb ,=  

( )( )trsb ,  

which is a contradiction.  

Finally we have a unique common fixed point for f and g in .BA   
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