’V- Advances and Applications in Mathematical Sciences
V Volume 20, Issue 6, April 2021, Pages 1041-1051

Y j_ © 2021 Mili Publications

A NOTE ON (¢, A, B) CONTRACTIVE RESULTS USING
COMPARISON FUNCTION ON b-METRIC SPACES

A. MARY PRIYADHARSINI, A. JENNIE SEBASTY PRITHA
and A. LEEMA MARIA PRAKASAM

Department of Mathematics
Holy Cross College (Autonomous)
Trichy 620 002, India

E-mail: jennipretha@gmail.com

Abstract

In this paper, we introduce the pair of functions to satisfy some contractive condition in the
setting of b-metric spaces to establish the results regarding to get the unique common fixed point

for such pair by using the comparison function.
1. Introduction

In 1989, Bakhtin [1] introduced the concept of b-metric spaces as a
generalization of metric spaces. He used it to prove a generalization of the
Banach principle in spaces endowed with such kind of metrics. Many authors
used this notion to obtain various fixed point theorems. Common fixed point
results for single-valued and multi-valued mappings satisfying a weak ¢-
contraction in b-metric spaces was introduced by Aydi et al. in [2]. Starting
from the results of Berinde [3], the existence and uniqueness of fixed points of

¢-contraction on b-metric spaces was proved by Pacurar [4].

“The aim of this paper is to establish the results on b-metric spaces,
regarding common fixed points of two mappings, using a cyclic contraction

condition defined by means of a comparison function”.
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2. Preliminaries

Definition 2.1. Let M be a non-empty set and b : M x M — [0, ©). A

function b is called a b-metric with constant s > 1 if
@) b(u, v) = 0 if and only if u = v.
(1) b(w, v) = b(v, u) forall u,v e M
@ii) b(u, v) < s[b(u, w) + b(w, v)] for all u, v, w € M.
The pair (M, b) is called a b-metric space.

Definition 2.2. Let s > 1 be a constant. A mapping ¢ : [0, ©) — [0, ) is

called comparison function with base s > 1, if the following two axioms are
fulfilled:

(1) ¢ 1s non-decreasing,

(i) lim ¢"(¢) =0 forall ¢ > 0.
n—»o
Clearly, if ¢ is a comparison function, then ¢() < ¢ for each ¢ > 0.

3. Main Results

Definition 3.1. Let A, B be two non-empty closed subsets of a b-metric
space (M, b) with coefficient s >.1, ¢ : [0, ©) > [0, ) and f,g: X - X
be three mappings, the pair (f, g) is called a cyclic (¢, A, B)-contraction if

(1) ¢ is a comparison function

(i) A U B has a cyclic representation with respect to the pair (f, g), that
is f(A)c B, g(B)c A, X = AUB,

(111) There exists 0 < 8 < 1 such that the following

ueA, ve B = §sb(fu, gv)) < ¢(B(u, v)).

Theorem 3.1. Let (M, b) be a complete b-metric space with constant

s>1 and A, B be a non-empty closed subsets of M, where AU B has a
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cyclic representation with respect to the pair (f, g), (i.e., f(A) < B, g(B)c A
and M = AUB and f, g : M — M be two cyclic mappings on X. If there is

a constant L <

1 . .
S and a comparison function ¢ such that

®(B(u, v)) = ¢(max {sb(u, v), sb(u, fu), sb(v, gv), L[b(u’ gv);r bv, fu)}}) (1)

holds for each u, v € M. Suppose that f or g is continuous. Then f and g have

a unique common fixed point in A U B.
Proof. Choose u € A, let u; = f(ug) since f(A) < B we have u; € B.
Let ug = gu;. Since g(B) < A we have uy € A.
Continuing this process, we can construct a sequence {u,,} in M such that
Ugpi1 = fun € B, Ugpyo = SUgp,1 € A ()
for all n € N U {0}.

Suppose for some n e N such that w, =u,,;. If n =2k, then
Ugp = Ugpy; and from the contraction condition (1) with uw = ug, and
U =ugpyy,  we  have  §(B(u,v)) = dp(max {sb(ugg, ugp1), sb(ugk, gusy),
blusg, 8ugp1)b(Ugki1, ﬁ@k)}}j

Sb(u2k+1’ gu2k+1): L[ B

= ¢(max {sb(ugg, ugpi1), sb(ugp, Ugps1 ) sb(Ugps1, Ugpio)s

L[b(u%, Uop+2)b(Ugp 1, u2k+1)}})
2

= ¢(max {Sb(u%, Ugki1), Sb(Ugpi1s Ugki2), L{M} j '

Suppose we have that ug), = ug,,1 as a comparison function and ¢ is non-

decreasing,

OB, 0) = o max {sb(ugp. g2, 5 500z 1)+ buer. vni2)}

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021



1044 PRIYADHARSINI, PRITHA and PRAKASAM
L
= ¢(max {Sb(u2k+1s Ugj19 ) E[Sb(u2k+1’ u2k+2)]}j

= 0(sb (ugp+1, Usk+2))
If b(ugpy1, Ugpio) > 0, then we have
O(sb (ugp 41, Usps2)) < 3¢(B(y, v))
= 3¢(sb (ugp+1, Usk+2))

< ¢(sb(ugps1s Ugp+2)):

Which is a contradiction. Therefore b(ugp,q, Ugpio) = 0.  Hence

Ugk41 = Ugkig- Thus we have ugp = ugp 1 = Ugpyo-
By (2) ugp = ugps1 = fugr and ugpyq = Ugpig = Sugg.
Cougp = fugy = Sugg.
This implies that f and g have uy, as a common fixed point.

If n = 2k +1, then as in the case ugp = ugp,1, we can show that ugp,; is

a common fixed point of fand g.

Now we shall prove that

O(sb(un, Uns1)) < ¢(sb(up 1, uy)), Y € N. ®3)
Case (a) n = 2k, k .
From (1) with & = g, and v = ug,_;, we have
O(sb(ugpi1, ugr)) < 86(B(u, v))
= 0(sb(fugr, gugr-1)) < ¢(Blugy, ugk-1))
O(B(u, v)) = p(max {(sb(ugg, ugp1), sb(ugr, fugy),

b Uop, SUgk_ + b Uop_1, fu
sb(ugp_1, gu2k1)L|: (uop, gus, 1)2 (uop—1 zk)}}j

= ¢(max {(sb(ugg, ugp_1), sb(Ugp, Ugks1);
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b(uop, top) + blugr_1, u
sb(ugp-1, uzk)L[ (ugk> Ugk) 2( 2k-1 2k+1)i|}j

= d{max {(sb(uzk, Usp_1)s Sb(uop, Uopi1)s L[b(u%_l?: u2k+l)}})

L
< d{maX {(Sb(u% s Ugp ) 8b(Ugp, Ugpsr ) 3 [sb(tgp_1, Uspi1 )+ sb(ugy,, U )]D

= ¢(max {sb(ugg, ugp_1), sb(ugp, Usps1)}).

If we suppose that ¢(max {sb(ugy,, ugp_1), sb(uop, ugpi1)}) = b (ugp, ugpiy)

then by the property of ¢, we get
d(max {sb(ugp1, ugr)}) = 0(sb(fugy, gugr-1))
< 8¢(B(u, v))
= 3¢(sb(ugg, Ugk+1))
< §(sb(ugpy1, uzr))
which contradicts the fact.
Therefore the maximum is sb(ugy,, ugp_1) We have
O(sb(ugr i1, usr)) = d(fugy, gugp-1)
< 8¢(B(u, v))
= 8¢(sb(ugg, ugr-1))
< O(sb(ugy, ugpi1)) < 3¢(sb(ugp-1, usz)) (4)
Case (b): n =2k +1, k e N.

As in the case (a), it can be proved that equation (3) holds for n = 2k + 1,
that is

O(sb(ugpr1, Uspra)) < 8d(sb(ugg, Ugpi1))- (5)

From equations (4) and (5), we conclude that the inequality (3) holds
vn € N. From (3), by the induction it is easy to prove that

50" (sb(Uyy s Upap)) < 8™ (sb(ug, up))Vn e N. (6)
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Since lim ¢"(¢) = 0 for all ¢ > 0, from (6), we obtain
n—»oo

lim b(u,,, u,,1) = O. (7)

n—

We now have to prove that {u, } is a Cauchy sequence.

This implies s — 2L > 0 and 1 - L(1 + s) > 0.

Let € >0 since L < 1 .
1+s

From (7), we conclude that there exists ny € N such that

1-L-L

b(un, un_l) < 95 5 ,Vn > ng. (8)

Let m, n € N with m > n. By induction on m, we will prove that
b(uy, Up) <eVm>n=ng. 9
Let n > ng and m = n +1. Then from (3) and (8), we get

1-L-Ls
by, Up,) = b(uy,, uy1) <bu,, u,_1) < G <«
Thus {u,} is the Cauchy sequence for m = n + 1.

We assume that (9) holds for some m > n +1
Now we have to prove that (9) holds for m + 1.
Case (1): nis odd and m + 1 is even.
O(sb(un, Upmi1)) = O(sb (fun-1, 8up))
< 8¢(B(un-1, Um))

Bl 0) = o max sy 1. ). 5y ), | Lt P ) )

Since b(u,,, up,1) < b(w,_1, u,) and for all ¢ > 0, we have
¢(B(u7 U)) < d)(max {Sb(unfl’ Un )’ L[b(unfla um+1) + b(un’ Um )]})

= ¢(Sb(un—1’ Un )) (10)
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O(B(u, v)) < ¢(sblup-1, uy))

fes]

_ ¢(1 - Lz— Ls 8)

< (&)
O(sb(tn s Up1)) = O(sb(fup-_1, gup))
3(B(up-1, )
< 3¢(e)
< (&)

IA

oo8b(Uyy, Upy1) < €

= bu,, Upi1) < Z <&

Thus we proved that (9) holds for m + 1 in this case.
Therefore, by induction (9) holds for all m > n in case (i).
Case (11): When n is even, m + 1 1s odd.

This case can be proved in a similar way as we proved for case (i).

Case (iii): When n is even, m + 1 is even
00y, Umi1)) < G(sbluy, Uni1) + 8D (Uni1, Umi1))
< O(sb(uns tni1)) + ¢(sb(Uns1s Ups))
= 0(sb(un> tns1)) + O(s0(fur, gupm))
< Osb(uns tns1)) + 30(b(wn, ;)

< §(sbluy, uns1))

+ (I)(max {sb(un, Up, ), 8B(Uy,, Upiq) + 80Uy, Upit ), L[b(un’ i) ; b, u’”l)}}j
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¢(b(un > Um+1 )) < ¢(3b(un > Up+1 ))

+ d)(max{ss, sb(uy, , Uy iq )+ 8b(Uy, Uyt )s L{b(u” Umil ); b, Un iy )}D (11)

Equality (11) implies
¢(b(un’ Um+1 )) < (I)(Sb(un’ Un+l )) + (P(Sb(un’ Up+1 ))

= 20(sb(uy, Uns1))

i)
REE

= (e)

= by, Upi1) < &

If the inequality (11) implies

bl 1) = Blsblt, 1))+ 4 O st Do) |

By triangle inequality, we have
1
¢(b(un’ Um+1 )) < ¢(Sb(un’ Un+1 )) + E d)[Lb(un’ um+1)
+Lsb(uy, .1, u, )+ Lsb(u,, u,,)]

= (1) sl 1)+ T 2 mer)

+ Lo sb(unz, Up)

(15 0l ) = (15 Jolsbln, wr ) + 5 #6(n, )

By (8) and by induction, we have
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L L 1-L-Ls L
(15 ) oblan, o) < 1+ 5 Jof o FEE e+ 5 otow)

< ¢l - L - Lsle + % d(se).
Taking (p_l on both sides,
(1 - %) $bla, ) < [1 - L~ Lsle + Zsc
= (1—L)8—Ls+%ss

=(1—L)s—%ss

<(1-L)e

b(un’ um+1) < &

Thus (9) holds for m + 1. Hence we conclude that in case (iii) equation (9)

holds for all m > n.
Similarly, we can prove for the case nis odd, m +1 is odd.
From (9), it follows that {u,} is a Cauchy sequence.

Since u is complete, {1, } convergesto u € M as n — o and so

lim u, = lim ug,,; = lim uy, =t
n—oo —>0 n—o0

Since {ug,} is a sequence in A and A is closed and ug, — t, we have

t e A.

Also since {ug,.;}1is a sequence in B and B is closed and ug,,; — t, we

have t € B.
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Now to prove that ¢ is a fixed point of f and g.

Without loss of generality, we assume that f is continuous.

Since ug, — t, we have uqg, .1 = fug, — ft.
By the uniqueness of the limit, we get u = fu.
Similarly, we can prove ¢ = gt.
From the contraction (1), we have

o(sb(t, gt)) = o(sb(ft, gt))

< 8¢(B(u, v))

= 8¢(max sb(t, ), sbt, ft), sbit, gt)}, LWL 1) + b gt)]j

2
= 3¢(sb(, &t))
d(sb(t, gt)) < 3(sb(t, gt)) < d(sb(z, gt))
which is a contradiction.
s bt gt)=0= gt =t
Therefore ¢t is common fixed point of f and g.

Suppose that there exist two different fixed points of f and g that is
b(r,t)>0

o(sb(r, 1)) = d(sb(fr, gt))
< 8¢(B(r, t))

i 6¢(max {sb(r, 1), sb(r. fr), sbit, gt). L{[b(r, gt) + bt fr)]}}j

2
= 8¢(sb(r, t))
< ¢(sb(r, 1))

which is a contradiction.

Finally we have a unique common fixed point for fand gin A N B.
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