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Abstract 

In this paper we aim to evaluate some definite integrals in terms of error function. We 

have also derived some special cases of the formulae. 

1. Introduction 

Error function is defined as 

  





x
t dtexfer

0

22
 (1.1) 

and has properties 

    1,1  ferfer  

          xferxerxferxfer ,  

where the asterisk denotes complex conjugation. 

The basic operations of Boolean algebra are as follows: 
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AND (conjunction), denoted ,qp   satisfies 1 qp  if ,1 qp  and 

0 qp  otherwise. 

OR (disjunction), denoted ,qp   satisfies 0 qp  if ,0 qp  and 

1 qp  otherwise. 

NOT (negation), denoted ,p  satisfies 0p  if 1p  and 1p  if 

.0p  

Yurry A. Brychkov [Brychkov p. 116(4.1.2.3 - 4.1.2.5)] has developed the 

following formulae 

 
 










a ba
xabx ba

fere
b

dxe
0

4 .
2

2

 (1.2) 

 
 










a ba
xabx ba

fere
b

a
dxex

0

4 .
22

2

 (1.3) 

 




























a ba
xabx ba

fere
ba

ba

b

a
dxex

0

4
2

2 .1
22

2

2

2

 (1.4) 

2. Main Formulae of the Integration 

 
   

.

8

6
2

2

0
2

3

42

3

2














a

ba

xabx

b

ba
ba

ferebaa

dxex  (2.1) 

 
   

.

16

672
2

1212

0
2

5

24224

4

2














a

ba

xabx

b

baba
ba

ferebaba

dxex  

(2.2) 
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 
    














a

ba

xabx

b

baba
ba

ferebabaa

dxex
0

2

5

24224

5 .

32

230
2

6020

2

 

(2.3) 

        











2
12018030

64

1 422

0
2

7
6

2

ba
ferebaba

b

dxex

baa
xabx  

   .60100312 22  bababa  (2.4) 

        











2
84042042

128

1 422

0
2

7
7

2

ba
ferebabaa

b

dxex

baa
xabx  

   .6040914 22  bababa  (2.5) 

 
 

a
xabx dxex

0

8  

         









2
1680336084056

256

1 42222

2

9

2

ba
ferebabababaa

b

ba

 

     .84018207141272 222  babababa  (2.6) 

 
 

a
xabx dxex

0

9  

         









2
1512010080151272

512

1 42222

2

9

2

ba
ferebabababaa

b

ba

 

     .25202100574856 222  babababa  (2.7) 

 
 

a
xabx dxex

0

10  
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          302407560025200252090

1024

1 22222

2

11
 bababababa

b

 

       .15120403201915240085112
2

22224

2





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


bababababa

ba
fere

ba

 

(2.8) 

 
 

a
xabx dxex

0

11  

          332640277200554403960110

2048

1 22222

2

11
 bababababaa

b

 

       .5040504016242763166
2

22224

2









bababababa

ba
fere

ba

 

(2.9) 

          5940132

4096

1 222222

2

130

12 
 babababababa

b

dxex
a

xabx  

    









2
6652801995840831600110880 4

2

ba
fere

ba

 

       5876641417682035020472 22222  babababababa  

 .3326401053360  (2.10) 

          8580156

8192

1 222222

2

130

13 
 babababababaa

b

dxex
a

xabx  

    









2
864864086486402162160205920 4

2

ba
fere

ba

 

         .33264038808014414427720345431526 22222  babababababa

(2.11) 
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           12012182

16384

1 2222222

2

130

14 
 bababababababa

b

dxex
a

xabx  

     









2
1729728060540480302702405045040360360 4

2

ba
fere

ba

 

        55598408894609812481912 222222  bababababababa  

  .86486403171168020324304  (2.12) 

           16380210

32768

1 2222222

2
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15 
 bababababababa

b

dxex
a

xabx  

     









2
2594592003027024009081072010810800600600 4

2

ba
fere

ba

 

        52166407155727092854616 222222  bababababababa  

  .432432005765760024264240  (2.13) 

3. Special Cases of the Formulae 

 
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1
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0

4

2








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 
   
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







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
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
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


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
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




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(3.2) 

 
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1

0

2 dxex xabx  
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         
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8
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2

2
2

1
2

2

b

eaab
ba

ferbafereba ba
ba













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










 

 

(3.3) 

           
2

2
2

1
6

16

1 42

2

1

0

3

2

ba
ferbaferebaba

b
dxex

ba
xabx 

  

      .844222 12   baebaaba  (3.4) 

           baferebaba
b

dxex

ba
xabx 

 2
2

1
1212

32

1 422
25

1

0

4

2

       102
2

1212 2422

2

 baba
ba

ferebaba
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      .12852222 123 baebbababab   (3.5) 

 
 

1

0

5 dxex xabx  

       baferebababababa
b

ba

 2
2

1
6020362
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1 4224224

3

2

 

      baa
ba

ferebababa

ba

1614922
2

6020 24224

2

  

     .643216842 12234   baebaaaa  (3.6) 
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xabx  for      0Re0Re  abb  

  .0Re  b (3.7) 

   ,21
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        .0Re0Re0Re  babb  (3.8) 

     ,21
2

2
8

1 4

0

2
23

2

2

ba
ba

fereba
b

dxex

ba
xabx 




















  for  

        .0Re0Re0Re  babb  (3.9) 

     ,821
2

2
16

1 24

0

2
2

3

2



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
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




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
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


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ba
ferebaba

b
dxex
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xabx  

        .0Re0Re0Re  babb  (3.10) 

       



















 1

2
1212

32

1 4

0
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4

2

ba
ferebaba

b
dxex

ba
xabx  

 ,102 2  baba  for         .0Re0Re0Re  babb  (3.11) 

       .2
2

1

22

1 4

0

2

bafer
ba

fere
b

dxe
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xabx 











  (3.12) 

          .222
2

1

24

1 4

0

2









 





ba

ba
xabx ebafer

ba
fereba

b
dxex  

(3.13) 

         bafer
ba

fereba
b

dxex

ba
xabx 











 2

2

1

2
2

8

1 42

0 23

2

2

 

     .22 baeaab   (3.14) 

         bafer
ba

ferebaba
b

dxex

ba
xabx 











 2

2

1

2
6

16

1 42

0 2

3

2

 

     .844222 222   baaeba ba  (3.15) 

        












2
1212
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1 422
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ferebaba

b
dxex
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         bafereaba
ba

fer

ba

 2
2

1
1212

2
422

2

 

     .12810422102 32232   baabbabaebbaba ba  (3.16) 

         












2
60202

64

1 42222

0 3

5

2

ba
ferebabababa

b
dxex

ba
xabx  

        babafereababa

ba
2422 362

2

1
6020

2

  

       72492222 22234   bababababe ba  

   .6432216 22  b (3.17) 

       .
2

1

22

1 42

0

2

bafer
ba

fere
b

dxe

ba
xabx 












  (3.18) 

        







 





 24

1 2412

0

241 ba
ferebae

b
dxex babaxabx  

       .12
2

1 241   baebafer  (3.19) 

         bafer
ba

fereba
b

dxex

ba
xabx 














2

1

2
2

8

1 42

0

2
23

2

2

 

     .2 241 baeaab   (3.20) 

       6
2

6
16

1 2422

0 2
3

2













 baba
ba

ferebaba
b

dxex

ba
xabx  

       .8422
2

1 2224124

2








   baaebabafere ba
ba

 (3.21) 

       













2
1212

32

1 4222

0 25
4

2

ba
ferebaba

b
dxex

ba
xabx  
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       102
2

1
1212 2422

2








  bababaferebaba

ba

 

   .6102 3223241   baabbabaeb ba  (3.22) 

       













2
60202

64

1 4222

0

24
25

5

2

ba
ferebabababa

b
dxex

ba
xabx  

       ba
ba

ebabaferebababa 2412422 236
2

1
6020

2








   

         .643281418 2222234  bbabababab  (3.23) 

4. Derivations of the Formulae 

Derivation of (2.1) 

          xabx
baa

xabx eaxbferebaba
b

dxex   22
2

1
6

16

1 42

0 2
3

2

 

 
     

2

3

42

0
22

8

6
2

6
442

2

b

ba
ba

ferebaa
bxabxba

ba

a


  

Derivation of (2.2) 

        axbferebaba
b

dxex

baa
xabx 

 2
2

1
1212

32

1 4224

0 25

4

2

 

   
  axabx xbxaabxbxabaeb 0

3223 12810422  
 

     

2

5

24224

16

672
2

1212

2

b

baba
ba

ferebaba

ba


  

On this same way other formulae can be derived. 
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