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Abstract

In this paper we aim to evaluate some definite integrals in terms of error function. We
have also derived some special cases of the formulae.

1. Introduction

Error function is defined as
2 J‘x 42
erflx)=—==1| e " dt 1.1
fa) === an

and has properties
er f(-—o) = -1, er f(+) =1
er f(- x) = —er f(x), er(x") = [er f(x)]

where the asterisk denotes complex conjugation.

The basic operations of Boolean algebra are as follows:
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AND (conjunction), denoted p A g, satisfies pArg =1 if p=q =1, and
p A q = 0 otherwise.

OR (disjunction), denoted p v q, satisfies pvg=0 if p=qg =0, and
p Vv q =1 otherwise.

NOT (negation), denoted —p, satisfies —p =0 if p=1 and —p =1 if
p=0.

Yurry A. Brychkov [Brychkov p. 116(4.1.2.3 - 4.1.2.5)] has developed the
following formulae

a2b
I:ebx(a_x)dx = \/%eTer f (#j (1.2)
on ebxla=x)gy _ %\/%e 4 er f(%} (1.3)
a alad®+2 [n @b avb
J.o xZeb¥a—)gy — 55| 2g \/;e 4 er f[T] -1/ (1.4)

2. Main Formulae of the Integration

a®b
a[Vr(a®b + 2)e 4 er f(#j — 6ab]

Ioaxg ebxa—x)gy — (2.1)

3
8b2
-
Jr(a*b? +12a%b +12)e  er f(a—J — 2avb(7a% + 6)
Jax4 eb(a-2)gy _ 2
0 5 '
16b2

(2.2)
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a?b

a[vVr(a®d? + 20a%b + 60)e 4 er f[a\/_J 30 avb(a?b + 2)]

I ax5 ebx(a—x)dx
0

no| ot

32b
(2.3

a a“b
ngegﬂwwux:._l_[ {a%@ﬁb+3®+1&n+1ﬂne4ewf(wfj

64b2
— 2a/b{a?b(31a%b +100) + 60}]. (2.4)
a a2b
I0x7 @ N)gy = L _a[Vrla%b(a® + 42) + 420) + 840} + erf(a b)
12852
— 14avb{a®b(9a%b + 40) + 60}]. (2.5)

J.axS ebx(a—x)dx _
0

1

a?b
5 a[Vr(a®b(a®b(ab(a®b + 56) + 840) + 3360) + 1680)e * erf(“‘/_J
25652

— 2ab(a®b(a?b(127a2b + T14) + 1820) + 840)]. (2.6)

J.ax9 ebx(a—x)dx _
0

a’b
L o[V ab(a%b(a®b(ah + 72) + 1512) + 10080) + 15120} e erf(“‘/_J
51957

— 6avb{a®b(ab(85a2b + 574) + 2100) + 2520}]. 2.7)

Iaxlo ebx(a—x)dx _
0
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;11 [Vr(a?b(a®b(ab(a®b(a’b + 90) + 2520) + 25200) + 75600 ) + 30240)
10245 2

%
e der f{a‘/—j 2a~/b(a?b(a®b(a®b(511ab + 4008) + 19152) + 40320) + 15120 ].

(2.8)

J.axll ebx(a—x)dx _
0

;11 a[Vr{a®b(a®b(a®b(a®b(a®b +110) + 3960) + 55440 ) + 277200) + 332640}

2048b 2
a?b \/—
et er f[“ ] 66avb {a’b(a®b(a®b(31a2b + 276) + 1624) + 5040) + 5040}].
(2.9)

@ 12 bx(a-x) .. _ 1
-[0 x e dx =———=|

40965 2

Vr(a®b(a®b(ab(ab(a?b(a®b + 132) + 5940)

a“b
+ 110880) + 831600) + 1995840) + 665280)6 4 er f[a\/_j

— 2a/b(a?b(a?b(a?b(a®b(2047a2%b + 20350 ) + 141768 ) + 587664 )

+1053360 ) + 332640 1. (2.10)

I Cpl3 brla)gy o L a[Vr{a®b(a®b(a®b(a®b(a®b(a®b + 156) + 8580)
0

13
81925 2

a’b
+205920) + 2162160 ) + 8648640 ) + 8648640 e 4 er f(“‘/_)

— 26 avb{a?b(a’b(a’b(a®b(315a%b + 3454) + 27720 ) + 144144 ) + 388080 ) + 332640 }].
(2.11)
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a
J x4 PHa) gy - ;13 [Vr{a?b(a®b(a?b(a®b(a®b(a®b(a®b + 182) + 12012)
0 2
16384b 2

a2b
+ 360360) + 5045040) + 30270240) + 60540480) + 17297280 } e 4 er f(a\/_J

— 2a7b{a?b(a®b(a’b(a®b(a®b(8191a2b + 98124 ) + 889460 ) + 5559840

+20324304 ) + 31711680 ) + 8648640 }]. (2.12)

a
J x5 ebx(a=x) gy =;15 [Vr{a®b(a®b(a?b(a®b(a®b(a®b(a®b + 210) + 16380)
0 =
32768b 2

a2b
+ 600600) + 10810800) + 90810720) + 302702400) + 259459200 } e 4 er f(a\/_j

— 6avb{ab(a?b(a’b(a®b(ab(5461a%b + T0928) + T15572) + 5216640)

+24264240 ) + 57657600 ) + 43243200 }]. (2.13)

3. Special Cases of the Formulae

Jr Tb[erf( 2- a)«/_j+erf(a\/_ﬂ
2vb '

1
J. eb(a-2)gy — (3.1)
0

a®b
Vravb eT[er f( (2- a)«/_) +er f(a\/_ﬂ —2el@l 4 9
4b ’

le ebx(a—x)dx _
0

(3.2)

1
J- 22 ebx(a—x)dx _
0
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b

Jr(a®b + Z)eT[er f( (2 - a)«/_) +er f(a\/_ﬂ +2vb(a - (a + 2)e(a71)b)
8b3/2
3.3)
IO eb(a=x)gy :—(«/_a«/_(azb +6)e 4 (erf(— (2-anb)+ erf(—))
+2a% — 2(a(a + 2) + 4)b + 4)el@ P 1 ), (3.4)
. o2
IO x* P¥la=%)gy = p_— 5/2 (Vr(a®b(a?b +12) + 12)e 4 (er f(— (2 - a)Wb)
a2b \/—
Jr(aZb(aZb +12)+12)e 3 er f(%) + 2aB(a% +10)
— 2Jb(a®b + 2a%b + 2a(2b + 5) + 8b + 12) @ P), (3.5)
J.lx5 ebx(a—x)dx _
0
a®b

64b3 — (2a*d? + 36a2b + Vrnavb(a*b? + 20a%b + 60)e 4 (er f( (2 - aWb)

2
b
> a«/_

+Jravb(a*? + 20a%b + 60)e 4 er f(£52)—2(2(9a® +14a +16)b

+(a@* + 203 + 40 + 8a + 16)b? + 32) @ P 4 64), (3.6)

" a?b
J.o ebx(a=x) gy — 2\1/5 [ne 4 (erf[a\/_J 1}], for (Re(b) > 0 A Re(ab) < 0)

v Re(b) > 0.(3.7)

a?b
Jo x @)y — —[na«/_e 4 (erf(a\/_] 1]+2], for

Advances and Applications in Mathematical Sciences, Volume 21, Issue 11, September 2022



CERTAIN DEFINITE INTEGRAL INVOLVING ERROR ... 6475

(Re(b) = 0 A Re(ab) < 0) v Re(b) > 0. (3.9)

0 a b \/—
Io xZeP¥a-2)gy — [Vr(a?b + 2)e 4 (er f(a j + 1) +2avb], for

3/2

(Re(b) > 0 A Re(ab) < 0) v Re(b) > 0. (3.9)
a®
I : xPebMa2) gy = ﬁ [Vravb(a?b + 2)eT[er f(#} + 1] +2a% + 8],
(Re(b) > 0 A Re(ab) < 0) v Re(b) > 0. (3.10)
R e A
0 32b
+ 2avb(a®b +10)], for (Re(b) = 0 A Re(ab) < 0) v Re(b) > 0. (3.11)

. b
[Fee s = L s f(ff j+erf< Gr-aWB)l (12

" a’
on ebxla=x)gy — % [Vravbe 4 (er f[%j +er f(% (2n — aWb)) - 2 eta—mh | 2]

(3.13)

2

J.(:xz (@) — 8613 W% +2)e T (er f(#j terf (% (27 — aWb))

+2Vb(a - (@ — 2n)e™@ ™) (3.14)
x a%b N
.[0 x? PHa¥) gy = ﬁ [Vravb(a®b + 6)e 4 (er f(%j +erf (% (21 — a)Vb))
+2a%b — 2™ (a2 + 2na + 47)b + 4) + 8]. (3.15)

x ab \/—
IO xt et(a¥) gy = 32b5/2 [Vr(a®b(a®b +12) +12)e 4 (er f(a J
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a®b
+erf (#) + Vr(a®b(a® +12) +12)e 4 er f(% (2n — aWb)

+2av/b(a2b +10) — 2vbe™* (63 + 2na?b + 4nab +10a + 87°b +121)]. (3.16)

- ) LN
jo x® ¥ gy = e [2a%b% + Vravb(a®b(a®b + 20) + 60)e 4 (er f(aT]

a®b
+ Vrnavb(a®b(a® + 20) + 60)e 4 erf (% (2n — a)Vb) + 36a%b

- Qen(a_n)b(b(a% + 2na’b + 2a%(2n%b + 9) + 4“‘1(2“2b +17)

+16n%(n%b + 2)) + 32) + 64].(3.17)

n a®b
[2eeas - 1T (r ,{%) rerf-aWb). (19

0

I 2, xla—x) g, _ 4ib oL/ Ana2ab 7 o p el/4(a—n)2b( or f(# j

=]

T er f(E (n - aWB)) + 2(eV/4r(=2a0 _ 1], (3.19)
2
r a2b \/—
J.OQ x2 eb¥@¥)gy = 81)%/2 [Vr(a®b + 2)e 4 (er f(%j +erf (% (n — a)Vb))
+ 2Vb(a — (a + )t/ 4mn-2a)by] (3.20)
s a”
‘[02 a8 P %)y = ﬁ [Vravb(a®b + 6)eT(erf(#J + vV avb(a®b + 6)
a®b
e er f(% (- a)\/gj +2a%b — 2 /4200 (62 4 ng + )b + 4) + 8] (3.21)
T a2
J.E xt brla)gy - 1 [Vr(a®b(a®b +12) + 12)eTber f(MJ
0 32°2 2
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a®b
Jr (a®b(a® +12) +12)e 4 er f(% (- a)«/g) + 2a/b(a®b + 10)

— 2Jbe /4200 (¢3p 4 162b + nab +10a + 71°b + 6m)]. (3.22)

N

a?b
J‘ Webra®)ge - L _ [2ab? + Vravb(a®b(a?b + 20) + 60)e 4 er f(a\/_J
0 64b°2

a®b
+ Vravb (a®b(a®b + 20) + 60)e 4 er f(% (- a)«/g) +36a2b — 21/ 4n(t-2a)b

(b(a*b + 1a®b + a®(n®b + 18) + na(rn?b + 14) + n2(n’b + 8)) + 32) + 64].  (3.23)
4. Derivations of the Formulae

Derivation of (2.1)

a2b

J.O P eP¥aN)gy = [—( JraJb(a®b + 6)e 4 er f(% Jb(2x — a)) — 2 eP¥@%)

a?b
a[«/_( 2b+6)e 4 erf(a\/_) 6avb]
3
8b2

(@%b + 2abx + 4bx* + 4)2 =

Derivation of (2.2)

a2b

Iax4 M)y - [ (Vr(a*d? + 12a2b + 12)e 4 er f(— Vb(2x - a))

— 2vb 2@ %) (3 + 2a2bx + 4abx? +10a + 8bx® + 12x))[g

a?b \/—
Jr(a®? +12a% +12)e 4 erf(a

3
1652

) = 2avb(7a% + 6)

On this same way other formulae can be derived.
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