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Abstract

A set S is a cyclic vertex cut if G — S is disconnected and at least two of its components
contain cycle. The minimum cardinality of cyclic vertex cut is called the cyclic connectivity

number and it is denoted by «.(G). In this article, the cyclic connectivity of an arithmetic

graph is studied. We catogorised arithmetic graphs which are cyclically separable and not

cyclically separable. Also, it is shown that «.(G) = o where the number of primes in n does not

exceed two.
1. Introduction

For notations and graph theory terminologies, we follow [3]. Plummer
studied the cyclic connectivity of planar graphs in [8]. The definition of the
cyclic connectivity is from [8]. The definition of an arithmetic graph is studied

from [10]. The arithmetic graph V,, is defined as a graph with its vertex set is
the set consists of the divisors of n (excluding 1) where n is a positive integer
and n = pfl X pg2 x...x py7 where p;’s are distinct primes and ajs > 1 and

two distinct vertices a, b which are not of the same parity are adjacent in this
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graph if (a, b) = p;, for some i, 1 <i < r. The vertices a and b are said to be
of the same parity if both a and b are the powers of the same prime, for
instance a = p3, b= p4. In [5], the connectivity number of an arithmetic

graph is studied by L. Mary Jenitha and S. Sujitha. Later, the various
parameters of connectivity of an arithmetic graph are studied by the same
authors in [4] [6] [7]. Also, various authors studied different parameters of an
arithmetic graph. In this paper, we investigated the cyclic connectivity

concepts for an arithmetic graph G =V,. The following theorems and

definitions are used in sequel.

Definition 1.1. [1] The common neighbourhood (CN-neighborhood) of a
vertex v e V(G) denoted by N, (v) is defined as N, (v) = {u e V(G)

tuv € E(G) and |T'(w, v)| 21}, where |I(x, v)| is the number of common

neighbourhood between the vertices v and v.

Definition 1.2. [8] The vertex set S is a cyclic vertex cut if G- S is
disconnected and at least two of its component contains cycle. The minimum

cardinality of cyclic vertex cut is called cyclic connectivity number and it is
denoted by «.(G).

Theorem 1.3. [9] For an arithmetic graph G =V,, n = p{1 x pg? x ...

x pyT, then the number of vertices of Gis |V | = H;:1 (¢; +1) -1

Theorem 1.4. [6] For an arithmetic graph G = V,,, n = p{"* x pg% where
D and pg are distinct primes, aq, ag > 1 then ¢ = dajag — @1 — ag, Where ¢

is the size of the graph G.

Theorem 1.5. [6] For an arithmetic graph G = V,,, n = p{* x pg? where

D and py are distinct primes, a;, ag > 1 then G is a bipartite graph.

Theorem 1.6. [6] Let G =V,, be an arithmetic graph where

,
wepixpe e a9 L]0 le
a; +aj, foraj >a; =1
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aJ-ZaiZZ 8(G)=2

Theorem 1.7. [6] Let G =V, an arithmetic graph n = p{* x pg? x ...
x pir, for any vertex u = HieBPiai where Bc1,2,3,...,1r,1<a; <qg;

VieB. (1) If u=p; where jel,23, ...,r, then deg(u)=

r
[(lj Hi=1, #J.(ai +].)—]_]—| a; -1 |
(2) If u = p;"'1 < a; < @;Vi € B, then deg(u) = [1_[::1 ieB(ai +1)]-1

3 If quieB pii,|B|221<a; <a;,VieB then deg(u)=|B|

r
[T jep (e +1)
@4 If u-= HieB p?i, a; =1 for some ie B < B, then deg(u)

=[|B-B|+ ZieB' a; H:=1 ieB (a; +1) where B is the number of primes

product in u, B' is the number of primes having power 1 in chosen vertex u.

Theorem 1.8. [6] Let G =V, an arithmetic graph n = pj* x pg? x ...
x pt, r > 2 such that at least one of a;,i €11, 2, ..., r} does not equal one.

Then AG) = [q; H;:1 v (a; +1)=1]—| aj —1| where a; is the maximum

exponent of p;, i €{l, 2, ..., 1}, 8(G) = r.

Theorem 1.9. [9] Let G be a V, arithmetic graph, where n = pfl

x p¢212 x ...x pyr, such that at least one of a,i€fl,2 38, ..., r} does not equal

r

one. Then, (1) A(G) = jH

(@; +1)—1 where a; is the maximum

j=1, %) J

exponent of p;,i €{l, 2, ..., 1}, (2) 8G)=r.
2. Infinite Cyclic Connectivity of an Arithmetic Graph G =V,,

In this section, we identify the graphs which are not cyclically separable
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and their connectivity number «.(G)= . We observe that, the cyclic
connectivity number «.(G) = oo, if the number of primes in n doesn’t exceed
two.

Theorem 2.1. For an arithmetic graph G =V,,n = p; x pg x ps
X...x p,., for r <4, has no cyclic vertex cut. In particular, G is infinite cyclic
connectivity.

Proof. Case (i) r = 2

In this case, the arithmetic graph G =V, n = p; x pj 1s a tree. Hence no
cyclic vertex cut.

Case (ii) r = 3

Here n = p; x pj x p,, then the vertex set V(G)={p;, pj, bp, p;
XDj, Di X P> Pj X D> Dj X Pj X pry and |V(G)|=17. In this arithmetic
graph, the possible cycles are C3 and C, that will be discussed in the
following sub cases.

Subcase (i) Choose a cycle of length  three. Let
V(G) = {p;, p; x pj» p; x pp}. Clearly  V(G)-V(C) = {pj, pr, pj * Pp> P;
Xpj X pr} are adjacent to at least one vertex of the cycle. Hence

V(G) - N[C] = o.

Subcase (ii) Suppose V(G) = {p;, X pj, Pj X D, P; X Pr), then by the
definition of an arithmetic graph the set of vertices {p;, p;, p.} are adjacent
to at least one vertex of the cycle C. Hence V(G) - N[C] = {p; x pj x p} an

isolated vertex.

Subcase (iii) Suppose we choose any cycle of length four. Let

V(C) = {p;, p; x Pp> Pp> D; X P; X g}, then the set of vertices say
{p]-, Di X Pj, Pjx p.} are adjacent to at least one vertex of the cycle C.

Hence V(G) — N[C] = ®. Thus there is no cyclic vertex cut for r = 3.

Case (iii) r = 4
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In this case n = p; x pj x pp x p;, and the vertex set V(G) = {p;, pj, Dp,
XPl, P X Pj X Di X P X Pj X Pl Pj X Pk, Pj X P|, Pk X Pl Pj X Pj X P, Pj X Pj X
Pis Pj X P X Py Pi X Pk X D> Di X Pj X P % Dy}

Subcase (i) Choose a cycle C of length three, whose vertices say
V(C) = {p; x pj, pi X P, j X pp}. These vertices are mnot adjacent to
vertices such as {p;, p; x Dj X Dgs P; X Pj X P % p;}- The induced graph of
V(G) — NIC] is an edge and an isolated vertex and hence there is no cyclic
vertex cut.

Subcase (ii) Choose a cycle C of the form say V(C)
= \pi» bi X pj, P; x P, x pyj. Here  V(G)- N[C] = {pp x p, p; X pj X Dp
xp;}. The induced graph of V(G)— N|C] is two isolated vertices and hence

there is no cyclic vertex cut.

Subcase (iii) Choose a cycle C of length four for this subcase, which is of
the form say V(C) = {p;, p; X P X D}, Pj * Pr» P * Pj x p;}. The vertex set

of V(G) - N[C] = {p; x pi, x p;}. Hence there is no cyclic vertex cut.

Subcase (iv) Choose a cycle C of length four. Here V(C)=
{pi, pj, Pi X Dj X Dy, D X Dj X Dy X p;}- The vertex set of V(G)- N[C]
= {ps, x p;}. Thus, for the above four sub cases we can identify that there is

no cyclic vertex cut. Also, these are the only possibilities for choosing the

cycle. Hence «.(G) = oo
Theorem 2.2. For an arithmetic graph G =V,, n = pf‘l xpgz, a; =21,
for i =1, 2 has no cyclic vertex cut and hence x.(G) = .

Proof. By Theorem 1.5, the given graph G is a bipartite graph with two
partition A and B. Let A be the set of prime and prime power vertices of G
and B be the product of primes and product of prime power vertices of G.

Case (i) a; =1, for i =1, 2

The proof follows from case (i) of Theorem 2.1 and hence x.(G) = .
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Case (ii) g >1,a9 =1

9 9
Here V(G) = {p, p}, i, bt ..., b, Pa, Py X Do, P¥ X Day .., DI x po}.
In this case A = {py, p12, pf’, p{l, s p{ll, P2} and B = {p; x py, pl2 X D9y eees

pf 1 x pg}. Since the graph is a bipartite graph there is no possibility for

having cycle of length 3. Also, we can observe that, in the partition A, all the
vertices other than p; and py are pendent vertices. So there is no possibility

for having two vertex disjoint cycles and hence «.(G) = o.

Case (iii) g = a9 = 2,

Let V(G) = {py, pi’, Pa, D3, 1 * D2, P % P2, p1 % P, pi x p}. Clearly
G has the partition A = {p;, p?, ps, p5} and B = {p? x po, p, x P3, P}

x pg }. By proof of Theorem 1.4 in the first partition two vertices have only

one common adjacent vertex in the second partition and hence there is no

possibility for having vertex disjoint cycles. Therefore «.(G) = o.

Case (iv) ¢; > 2, ag > 2,

The vertex set of G be V(G) = {p;, plz, pf’, pf, ...y Pt Do, p%, pg, pg,

2 2 3 4
s P§%, D1 X P2, PL X D2, --., Py} X D2, P§ X D1, D3 X P1, D3 X P, .., Pg> X Py
s .oy DY x pg2}. Let us choose any cycle of length four say V(C) = {p{",

D1 % pgz, D9, D1 X Do} Since it is necessary to choose prime, prime power

vertices from the first partition to form a cycle C we have V(G) — N[C] = ®.

Example 2.3. Consider the graph G = Vi1, 210 =2x3x5x7. The
vertex set V(G)=1{2,3,5 7, 2x3,2x5,2x7,3x5,3x7,5x7,2x3x5,
2x3xT7,3x5xT7,2x5x7,2x3x5xT7}. Let V(C)=1{2x3,2x5, 3x5} be

the vertices of the cycle of length 3 having degree sum minimum. The
induced graph of V(G)— N[C] has an edge with vertices 7 and 2x3x5x7

and an isolated vertex 2x 3 x 5. Thus there is no cyclic vertex cut. Hence

Ke(G) = .
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Figure 1. Arithmetic Graph G = Vy,.

Theorem 2.4. For an arithmetic graph G =V, n = p{' x p;.’j x ppk has
no cyclic vertex cut if (i) a; > 1 for exactly one i

(i) s =aj =2 and a5 =1

(i) a; =aj =qp =2

iv) @; =1, a; =2, q, =3.

Proof. Case (i) a; > 1 for exactly one i

In this case n= plqi xpjxpr and the vertex set of G be

2 4 ; 2 i
V(G)={p;, b}, P}, D+ .os D, D}y Dis Di X Djs Pj X Pls PF X Djs vy Py X Dj,
2 a; 2 o
Di X Dis Pi X Dl --» D" X Dy Pj X Dj X Dis Di X Dj X Dy ey Di' X Dj X Dp -
Let us choose any cycle C such that Zve c d(v) = mimimum. By the proof of

Theorem 1.9 we can easily observe that the possible cycles whose degree sum

is minimum are V(X) = {p?i, pi X Pj, Pi X P}, V(Y) = {p?i X Dy Pj X Dk»
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D} Here N(X) = {pj, Pr> D X Pj» Pi X P> P;'; 1 < @; < o} and
N(Y) = {pi» Pj» Pk> Dj X Pk» Pi X Dj X Dp» Pi* x pj; 1 < a; < o0, pfi x pp;
1< @ <o},

By the definition of an arithmetic graph V(G)- N[X]=

P xpj;2<a; <o
Pl x pp; 2 < <o and V(G) - N[Y] :{

pgixpjxpk;ZSaiéoo

@
p;'i2<q; <o

p?ixpjxpk;2ﬁai<oo

which are not adjacent to any one of the vertices of X and Y respectively.

Moreover they are non adjacent to themselves. Hence no cyclic vertex cut.

Case (ii) ¢; =a; =2 and q =1

Here n = p{ x p?j x pj, and the vertex set of G be V(G) = {p;, p?, Dj,

2 2 2 2 2 2
Dy, Pps Pi X Pj, Pi X Pjs Pi X P, Py X Pj, Py X Pj, Pi X Pk, Pj X Pj X Pk, Dj

><p]2~ X Dp, D ><p]2~ X Dp, D? X Dj X Dp, p? xpjz- x pp}. In this case we have
exactly two cycles of length three whose degree sum is minimum say X and Y.

The vertices of the cycles are V(X)= {p;2 , Dj X p}?, p; x pp and
V() = {pp, pjz- X Dp, PE x p). By the definition of an arithmetic graph
V(G) - N[X] = {p}, p} x pj x pp» P} x P} x p} and V(G)- N[Y] = {p}, p},
P2 x pj2} The induced graph of V(G)- N[X] is a disconnected graph with

three vertices. Suppose if it is connected, then there exists a path between
any two vertices of [V(G)— N[X]], this implies that there exists at least two

edges Dbetween three vertices. Therefore p;.lj pfi x p]2- X pp  or

P x pj % py Pl x p;.zj x pp 1s an edge which contradicts the definition of an

arithmetic graph. Similar as for [V(G) — N[Y]]. Hence the result.

Case (iii) ¢; = a; = q;, = 2

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022



THE CYCLIC CONNECTIVITY NUMBER OF AN ... 2607

Here n = pi x p;.zj x ptk the vertex set of G be V(G) = {p;, p?, Dj,

1
2 2 2 2 2 2 2 2 2
Pj, Pks Pr> Pi X Pj, Pj X Pj, Pi X Pk, Pi X PL> Py X Pj, Py X Pj, Pi X Pk, Dy
2 2 2 2 2 2 2
X Pk> Pj X D> Pj X P> Pj X Pk, Pj X Pps Pi X Pj X Pp, Pi X Pj X Pp, Py X Dj

2 2 2 2 2 2 2 2 2 2
X Dps Di X Pk X Di» Dj X Pk» Pi X Dj X Pks Pi X D> Pi X Dj X Dj» D X Pj X Pk}-

Choose any cycle C such that Zve c d(v) is minimum. We can easily observe

that C = {pf‘i, D; % p;tf, D; x pgk} is the only cycle whose degree sum

aj

is minimum. Now V(G)- NI[C]= {p;

a;
i

a; .
, bR, by’ x PRk, Pt x pj x b, b
x p;.zj X Dp, Dt x p?j x p;¥}. The induced graph of V(G)-N[C] is a
disconnected graph with three components Gy, Gy, G3 where G, Gy are two
isolated vertices and Gg is a connected graph. The connected graph Gg

aj

consists of four vertices say V(G3)={ p;’, Pk, pif % Pj X Pg» pii x p;lj

xpy} which is not a cycle. Suppose Gjg is a cycle, then at least three vertices

is of degree greater than or equal to two but in G3 only two vertices say
pzk, p;Z i x pj x pp, have degree 2, which is a contradiction. Therefore, there
is no cycle in Gs.

Case (iv) ¢; =3, a; =2, q;, = 1.

In this case also we choose a cycle C such that Zve c d(v) = minimun.

9
10

V(Y) = {p} x pr, p{" x pp, PiJs 2 < @; < 3. Similar as case (iii), V(G) - N[X]

Let the vertices of cycles be V(X) = {p:?, p; x p]2-, D; xDPrph 2<a; <38 and
= {p]2-, plf’i x p;.lj Xpp;2<aq; <3,1<a; < 2}. Also the induced graph of
V(G) - N[X] is a disconnected graph with two isolated vertices pZ x pjz- X Dy,
and pi2 x p]2- x p, and a connected graph. The connected graph consists of
three vertices. Since ged (pl2 X Dj X P, p;o’ X pj % Di) = D % Dj x Py, there is

no edge between these two vertices hence it is not a closed path. Similarly
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[V(G) - N(Y)] is a disconnected graph with three components and each

component is an isolated vertex. Thus, there is no cyclic vertex cut.

Theorem 2.5. For an arithmetic graph G =V,, n = p\ xp;.lj X pzk

12

X p;”, a; > 1, for exactly one i has no cyclic vertex cut. The cyclic vertex cut

number k.(G) = .

Proof. The proof is similar to case (i) of Theorem 2.4.

3. Finite Cyclic Connectivity of an Arithmetic Graph G =V,

In the study of a cyclic connectivity of an arithmetic graph G =V,,, we
found that for every G =V,, other than n = p; x ps have cycles. Also, the
number of cycles in G =V,, depends on the number of primes in n. If the
number of primes increases the number of cycles are also increases. As we
have more cycles in G = V,,, we need to choose a cycle C whose ZueC d(v) is
minimum. The required cycle can be choosen in a particular way, which is

discussed in the corresponding theorems. Moreover, for finding the cyclic

connectivity number k.(G) we need to eliminate the number of common

neighbours of each vertices v € V (The common neighbours can be accounted
once). By Definition 1.11et | W| = | [(v;, vj) | +| T(vj,vg) | +| T(vg, v;) | be the

cardinality of the common neighbouhood vertices of the cycle Cs.

Theorem 3.1. For an arithmetic graph G = V,, n = pi x p;.lj x pgk has

1

cyclic vertex cut if

(@) a; 2 3 for any two i

i) @ = 3; aj, a5 > 2.

Proof. Case (i) a; > 3 for any two i,

Let a;, aj > 3; a;, = 1. The vertices of G = V,, where n = pit x p?j X pp
be  V(G)={p;, b}, B}> s B, pjs P}s DY s D} PRy P X D)y Pi % D} Dis

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022
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o
s Dy X D}), i X Dy DY X Djs s DY X Dy DY X Djs -5 Dy X Py» Di X Dj X Dp,

.y D X p;lj X Dpy eees pf‘i x p?j x pp. We choose the cycle C whose degree

sum is minimum in the following way. (1) As the prime vertex

D, i €1l,2, ..., r} has the greatest degree among the primes and prime
power vertices of G choose the first vertex of the cycle as pf Lapza -

(2) Since n = plqi X p?j x pr, and by proof of Theorem 1.9 vertices with

more prime products have less degree the second vertex must be p; x p;.zj .

(3) Also the only vertex which is adjacent to both p?i, a; 2 a; and

p; x p}zj is p; x py, the third vertexis p; x py.
Hence the vertices of cycle V(C) is {p{", p; x p;.zj , D; X Dp}-

Now the set of vertices which are not adjacent to C are { pjz-, pj)-’, . p;.lj ,

PP X Dj X Dps vy PP X D X Py ooy DX Dy x Dy D x DY x pp) The
induced graph of V(G)— N(C) contains at least one cycle which is of length
four say pJ2-pl-2 x pj x pkpj)-’p? X pj % pkp]2 which satisfy the definition of
cyclic connectivity. Since the cycle with ZUE c d(v) is minimum, we have
k(G) = (aj +1)Q2ap +a; +1) +(a; +1)(ap +1) -4 - |W|.

Case (ii) q; 23 aj, a3 2 2

The proof is similar as case (i) we have «.(G) = 2(q; + a; + a) + g;a;

+ajap +apa; —1-|W].
Theorem 3.2. For an arithmetic graph G =V,, pi'' x pg? x pg? x

2" +202 _4_ W if a; =1Vi

--ng5‘ k(G) = (r-1) . .
277 +10a; +10 - |W | if @; #1 fori=1.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022
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Proof. By Theorem 1.3, | V| = 2" — 1, here we have two cases,

Case (i) If a; =1 for all i

Consider the cycle C3 in which zvecd(v) is minimum,

V(C3) = {p1, Py X P2, Py X P3 X P4 X p5}. Here the induced graph of

V(G) — N(Cs) is disconnected and has at least two cycles whose vertices are
P11 X PaPy X P3 X Py X p5p1 and  ps X pypy X P5P5 X P3Ps X py. Hence we
have «.(G) = d(p1) + d(py x p2) + d(p1 x P3 x Py x p5) =3~ | W|

=2t 40972 a2t 4| W|

2" 4272 4| W|

Case (ii) If q; > 1 for exactly one i

Here the vertices of the cycle whose degree sum minimum is

V(C) = {p"*, p1 X P2, D1 X P3 X Py % P5}. Similar as above case we have
1c(G) = d(p") + d(py x pg) + d(py x p3 x Py x p5) =3 —| W|

Example 3.3. Consider a graph G = Vjgg, 1080 = 22 x 3% x5. The
vertex set V(G) = {2, 22, 23, 3,32, 3%, 5, 2x 3, 2x 3%, 2x 3%, 2x 5, 22 x 3, 22
x 32,22 x 3%, 2% x5, 2% x 3, 23 x 82, 23 x 33, 2% x 5, 3x 5, 3% x5, 3% x5, 2x 3
x5, 2x3%x5,2x3% x5, 22 x3x5, 22x32 x5, 22 x 3% x5, 23 x 3x 5, x 25 x 32
x b, 23 % 3% x 5}. consider the cycle of length 3 whose vertices are
{23,2x 3%, 2x5} and hence the cyclic connectivity set S = {N(2%)

UN(2x3>)UN(@2x5)-{2%, 2x 3%, 2x 5)}.

S =1{222 35 2x3, 2x3% 22x3,2%2x32% 22x3% 22x5, 233, 2°
x 32,23 %33 23 x5, 8x5,32 x5, 33 x5, 2x3x5,2x3%x5,2x3% x5). Now
the induced graph of V(G)- S 1is disconnected and at least two of its
component have cycle, one of the component (G is the cycle of length 3 whose

vertices are {23, 2 x 33, 2 x 5} another component Gy has cycle of length 4

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022
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whose vertices are {32, 22 x3x5, 3%, 28 x3x 5,. Thus we have
c(Viogo) = | S| = 20.

Figure 2. Arithmetic Graph G = Vjgg0.

Theorem 3.4. For an arithmetic graph G =V,, n = p; x pg x p3g X...
Xpyp, T > b.
r-1

21 4 9 ’"gljz(T)—4—|W| if r odd

KC(G) =

~

2= 4 (%) 2(5) + (% + 1) 2(%_1] —-4—|W| if r even

Proof. By Theorem 1.3, |V | =2" - 1.
Case (i) risodd and r > 5.

Consider the cycle C3 in which zveCd(U) is minimum, Cs can be

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022
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choose n in the following way (1) One vertex must be a single prime let it be

b;.

(2) Since n =p; X pg X...X Py XPpy1 X Prry1 \X-..x Py and by the
7 Tz (7”)
proof of Theorem 1.9, vertices with more prime products have less degree.

r+1
2

Therefore the second vertex must be the product of primes including

b;.

(3) The third vertex must be the product of remaining ’“2;1 primes and

p;, otherwise either it violates the adjacency or minimum degree. Since v;
and v; are adjacent in G =V}, iff the sum of number of primes in v; and v;

is less than or equal to r+1 and ged (v;,vj) = p;. In this way, we choose a
cycle V(Cs) = {py, p1 x pg % <Py X Dri1; D1 Xp(r—ﬂﬂj x...x p.}. Now, let S
2 2 2

be the set of vertices which are adjacent to the vertices of C. The induced
graph of V(G) - S is a disconnected graph with at least two of its components

contain cycles. Thus it satisfies the definition of the cyclic connectivity, hence

the set of vertices in S is called cyclic vertex cut. Since the cycle which we

have chosen is ZUEC d(v) is minimum in G. |S| is called the cyclic

connectivity number «.(G). Now |S|=1x.(G)=d(p)+d(p xpsxp;3

r-1

_ r+1

Bt < B <) = W _ ol ”*2(7)2( )
2 2

4| W|.

Case (ii) Assume that r is even and r > 5 Similar as case (i) choose a

cycle C such that the sum of the degree is minimum. Let the vertices of the

cycle be V(C) = {p, p x pg x X Dry Py Xp(£+1j x...x p.}. Here p; is the
2 2

only prime which is common to all the three vertices of C. Similar as case (1)

here also we get x.(G)=d(p)—-1+d(p; x py ><p3><...><p(£j)—1+d(p1
2
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r 5—1)
X Py ><...><pr)—1—|W|=2(r‘1)+£22+ L1 2(2 -4-|W|.
(§+1) 2 2
Theorem 38.5. For an arithmetic graph G = V,, n = p{'t x pg? x...x p;",

if r>5,a;, >1 forexactly one i. The cyclic vertex cut number

r—-1
2(’*1)+2[a1+r_1} 2 _4-|W| if r odd
KC(G): 2

T r

2('"_1)+[2a1+r—2]2 2 4201 +r]2\2 J—4—|W| if v even.
Proof. Case (i) r is odd
Let G =YV, be an arithmetic graph where n = pfl x p‘;? X ...X pr,
where exactly one a; # 1, the vertex set V(G) = {p, o, ..., Y, P2y D3, -
2 ay ay
Prs P1 X P2, Pt X P2, --- Py~ X P2s P2 X P3, ---s Py~ X Dpy P1 X P2 X D35 ---5 P1

X Pg X Pg X ...X Py, ..., Py} X Pg X p3 x...x p.}. The cycle can be chosen in

the following way. Arrange the primes of n in such a way that the greatest
power of p; in the first position. (i) Since the prime vertex p;,i € {1, 2, ..., r}

has the greatest degree among the primes and prime power vertices of G,

choose the first vertex of the cycle as pf Loa #1.

(i1) Since the vertices with more prime products will has less degree,

r+1
2

second vertex consists of first primes including py,

(i11) Third vertex must be the product of r — FTH primes and p;. The

primes in the third vertex other than p; should not be in the second vertex,

otherwise it violates the adjacency of the second and the third vertex in C.

Now the vertices of the cycle, V(C) = {p{*, p| x pg X ... X Pp,1, D1 X p(r+1 1)
— —
2 2

x...x p,}. Let S be the set of all vertices adjacent to the vertices of C other
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than {plal, P1 X Dy X...X Pry1, Py Xp(r_+1+1) x...x p,}. The induced graph of
2 2

V(G)- S is a disconnected graph with at least two component contains a

cycle. Thus it satisfies the definition of the cyclic vertex cut and zve c d(v) is

minimum, the cyclic connectivity of G is |S|. By Theorem 1.7, we have

ke(G) = d(p?) + d(py x Po % ... x Prry1\) +A(DL X Drpy1 X ox D) =3 —| W .
(7) (T”J
r-1

:2(’—1)+2[a1+r—;1}2[ 2 j—4—|W|.

Case (ii) r is even

Let G=V, be an arithmetic graph where n = pj"! x pg? x...x p;’

where exactly one q; #1,r is even and r >4, then the vertex
2 2
set V(G):{pl’ P15 pf17p2,p3’--~,pr,plxp27p1 X P, .ens p{ll X P2, D2

X D3y vy DY X Dy, PIY X Py X P3 X...x p.}. Arrange n in such a way that

power of p; is greater than 1. The vertices of the cycle,

V(C) = (p™, py x py x X Dy, Py xp(LdJ x...x p.}. Similar as above case
2 2

i) we get x.(G)= d(pf1)+d(p1 X Py ...x p,)+d(p; x pr, ) X D)
2 (§+j
.

—3-|W| :2(r1)+[2a1+r—2]2(2 )+[2a1+r]2(%_2)—4—|W|.

Theorem 3.6. For an arithmetic graph G =V,, n=p! x py?

x...x pyr, if @ > ay > 1, r > 3. The cyclic vertex cut number

Ke (G) =
7‘;3

r-1
(a2+1)2(r_1)+[%}[2T+(a2+1)2( 2 )—4—|W| if r odd

r r

(a2+1)[2(’_1)+(r+2al)2(2 )]+(2al+r—2)2(2 )—4—|W| if r even.
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Proof. Let G = V,, be an arithmetic graph where n = p{" x pg2 ... x p;",

if ag2a9>1 and r>3. The vertex set of G  Dbe

2 2 2
V(G) = {pl’ b5 p{ll’ b2, P2, ..., ng’ P3, P45 ---s Dp, P1 X P2, P1 X P2,
O 2 as ay as
--» P17 X D2, P2 X P3, P2 X P35 ---5 Po” X Pp, ..., D1 X Dy ><p:3><~~-><pr}-

Arrange p; in such a way that a; > a9 > 1.

Case (i) If r is odd, Here the following way is used to choose the cycle C

whose degree sum is minimum. (i) Since the prime vertex p;,i € {1, 2, ..., r}
has the greatest degree among the primes and prime power vertices of G,

choose the first vertex of the cycle as p;?, a; # 1.

(1) Since the vertices with more prime products will have less degree,

. . r+1
second vertex consists of first

primes including pg?,

(1i1) Third vertex must be the product of r — FTH primes and p;. Also the

primes in the third vertex other than p; is not in the second vertex.

Otherwise it violates the adjacency of second and third vertex. Hence the

vertices of the cycle V(C)={p', py x P92 X Pys1, P1 X Pri1 X .. Dy}
—_ —
2 2

similar as above proof we get «.(G)=d(p;")-1+d(p;x py? x...

Xp(%rlj)_l'*‘d(pl xp(%rl”) X.xp)—-1-|W].

r-3

r-1
= (ag +1)207V + [W}QT + (s +1)2( 2 )]— 4-|W|.

Case (ii) If r is even, choose the first cycle C as {pfl, )2l ><p‘23‘2 XD,
2

pLxDPr x...x p.}. Similar as case (i) we get .(G)=d(p;")-1+d(p
—+

In

x pg? x...xpl)—1+d(p1><p[
2

X..xp)-1-|W].
: )
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r r

= £
= (ag +D[2" V) + (r + 2&1)2[2 ]+ (20; + 1 —2)2\2 j —4-|W|.
Theorem 8.7. For an arithmetic graph G = V,,, n = p/'! x pg% x...x py",

if o #1 for i e{l,2 3}, r>3. The cyclic vertex cut number
KC(G) =

r-5
(ag +1)(ag +1)2073) 4 [2a; +7— 1][2(7)]@2 +1)(ag+1)—4-|W| if rodd

T r

I o
(ag +1)(ag +1)2073) +[2a; +7-1]2'2 /+[2a, +7]2\2 /-4 —|W| if r even.
Proof. Case (i) ris odd and r >3

Let G=V,, be an arithmetic graph where n = p/* x pg? x...x py7, if

a; #1 for i e {1, 2, 3}, then the vertex set V(G) = {py, p, ..., p™, po, D3,
as 2 ay a1 aq
ey p2 s P3s «-vy Dpy P1 X D2, P1 Xp27"'ap1 sz’p2xp37"'ap1 X Ppr, p1

XDg X Pg % ...x p,}. Arrange n in such a way that the power of p; and py are

greater than 1 and a; > ay. Also, the prime whose power greater than one

r+1
2

th
will be in the ( +1) place of n. The vertices of the cycle is

afr+1
—+1
V(G) = {p*, b1 x py? x ... x p(m), P % p[Hf 1]) x--x ppy.  Similar to
2 =

Theorem 3.6, we get «.(G) = d(p;?) -1+ d(p, x py? x ...xp(r_ﬂj)—l +d(p;
2

a r_+1+1)

2
Xp(r_ﬂ+1)
2
r-5

= (ag +1)(az +1)2""3) + [2a; + 7 _1][2( 2 j](a2 +1)(ag +1)—4

X..xp.)=-1-|W]|.

Case (ii) riseven and r>3
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Let G=V, be an arithmetic graph where n = pfl x pgz X ...x pyroif
ap =1 for iefl,2 8}, r>3r is even. The vertex set V(G) = {p, p%,...,

ay 2 as as 2 ay
p]_ ’pz’ p27ap2 7--'7p2 7p35"" pr’plxp27 p]_ sz,..,, p]_ sz, p2
Xpg X ...% p.}. Arrange n in such a way that the power of p; and p, are

greater than 1 and a; > ag. Also, the prime having power greater than one

th
will be in the (% + 1) place of n. Consider the vertices of the cycle C as

V(C) = {p{*, p x pPg? x...x p[i), D ¥ p(‘;(ir)l) X ...x p,}. Similar as case (i)

2 2
a r_+1+1)
we get «.(G)=d(p1)-1+d(p x pg? x "'Xp(ﬁj)_l +d(p; Xp(r+12+1)
2 2

X..xp)—1—|W].

T r

= (ag +1)(ag +1)2"3) +[20; + r—1]2(2 )+ [2a; + r]2(2 j —4-|W|.

Remark 3.8. From the above theorems the authors identified that the

cyclic connectivity number of an arithmetic graph G =V,, depends not only

on the number of primes in n but also on the powers of prime. The cyclic

connectivity number for an arithmetic graph exists if a; # 1 for exactly one i
and the number of primes in n must be greater than 4, and if a; # 1 for at
least two i i € {1, 2, ---, r} and the number of primes must be greater than or

equal to 3. The following theorem gives the generalization of the cyclic
connectivity number of an arithmetic graph and we have omitted the above

discussed cases and starts only from r greater than 3 and a; # 1 for more

than three i.

Theorem 3.9. For an arithmetic graph G = V,,, n = p/'* x pg? x...x p;",

if a1 #1, r > 3. The cyclic vertex cut number
@ KC(G) = [H::L i¢B (ai + 1)] + [l B-B | + ZieB' ai]H::L i¢B (ai + 1)
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+[|B-B|+). 5 L]Hl Liepl@ tD) = 4= W] ifrisodd.

(11) KC(G) = [Hl -1, i¢B (al + 1)] + [l B-B | + ziEB' ai]H;:L i¢B (al + 1)
+[|B-B|+ ZieB’ai]Hz:l ieB(ai +1)—4 —| W] if ris even. Here B is the

number of primes in the chosen vertex and B' is the number of a; #1 in the

choose n vertex.
Proof. Case (i) r is odd

Arrange @; in such a way that a; > a9 > ag > ... > q,. Partition the
primes of n into two sets say A and B where the set A consists of primes in

odd position except p;, let it be A = {p33, ps5, ..., p/"} and the set B
consists of even position primes B = {p2 , p4 Y s pr 11} Now choose the
cycle C such that V(C) = {p{, p; x p3® x ps® x...x pir, p| x pg? x pyt

X ... pfﬁl_ 1}. Then similar as above theorems, the cycle which is chosen

whose degree sum is minimum. Therefore, we have

(@) =[], 1 iepl@ + D]+ +(|B-B[+Y, pall]_ 1 iepl@+1)
+[|B—B’|+ZieB,ai]Hl N iepl@ +1) =3 W].
= [H:=1, iwp(@ + DI+ B-B 1+, o ai]H;L iep (@ 1)

, r-1
+ [l B-B | + ZieB'ai]Hizl, ieB(a’i +1)_4 _l Wl
Case (ii) r is even
Similar as case (1) choose the cycle C whose vertex set

V(C) = {pfl, D ><p§3 xpg5 x...xpffl_l, )3 ><p‘212 ><p24 x---x pir}.  Hence

we have

KC(G) = [H;ZI, i¢B (a'l + 1)] -1+ [l B-B | + ZieB’ ai]
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r , r—-1
Hizl, iEB(ai +1)+[| B_B |+ZieB'ai]Hi:1, iéB(ai +1)_3_| Wl

=M1, @+ DI+ B-B |+, _palll_, ;.pl@+D+[B-B|

r-1
* ZieB' ai]Hizl, i¢B (@ +1)-4-[W].

Conclusion

From the above theorems, we observed that, for an arithmetic graph
G =

V,,, the number of primes in n does not exceed 2 is of infinite cyclic

connectivity.
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