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Abstract 

A set S is a cyclic vertex cut if SG   is disconnected and at least two of its components 

contain cycle. The minimum cardinality of cyclic vertex cut is called the cyclic connectivity 

number and it is denoted by   .Gc  In this article, the cyclic connectivity of an arithmetic 

graph is studied. We catogorised arithmetic graphs which are cyclically separable and not 

cyclically separable. Also, it is shown that    Gc  where the number of primes in n does not 

exceed two. 

1. Introduction 

For notations and graph theory terminologies, we follow [3]. Plummer 

studied the cyclic connectivity of planar graphs in [8]. The definition of the 

cyclic connectivity is from [8]. The definition of an arithmetic graph is studied 

from [10]. The arithmetic graph nV  is defined as a graph with its vertex set is 

the set consists of the divisors of n (excluding 1) where n is a positive integer 

and ra
r

aa
pppn  21

21  where ip ’s are distinct primes and 1sai  and 

two distinct vertices a, b which are not of the same parity are adjacent in this 
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graph if   ,, ipba   for some .1, rii   The vertices a and b are said to be 

of the same parity if both a and b are the powers of the same prime, for 

instance ., 43 pbpa   In [5], the connectivity number of an arithmetic 

graph is studied by L. Mary Jenitha and S. Sujitha. Later, the various 

parameters of connectivity of an arithmetic graph are studied by the same 

authors in [4] [6] [7]. Also, various authors studied different parameters of an 

arithmetic graph. In this paper, we investigated the cyclic connectivity 

concepts for an arithmetic graph .nVG   The following theorems and 

definitions are used in sequel. 

Definition 1.1. [1] The common neighbourhood (CN-neighborhood) of a 

vertex  GVv   denoted by  vNcn  is defined as     GVuvNcn   

 GEuv :  and   ,1,  vu  where  vu,  is the number of common 

neighbourhood between the vertices u and v. 

Definition 1.2. [8] The vertex set S is a cyclic vertex cut if SG   is 

disconnected and at least two of its component contains cycle. The minimum 

cardinality of cyclic vertex cut is called cyclic connectivity number and it is 

denoted by  .Gc  

Theorem 1.3. [9] For an arithmetic graph  21
21,
aa

n ppnVG  

,ra
rp  then the number of vertices of G is   .11

1 


r

i iaV   

Theorem 1.4. [6] For an arithmetic graph 21
21,
aa

n ppnVG   where 

1p  and 2p  are distinct primes, 1, 21 aa  then ,4 2121 aaaa   where  

is the size of the graph G. 

Theorem 1.5. [6] For an arithmetic graph 21
21,
aa

n ppnVG   where 

1p  and 2p  are distinct primes, 1, 21 aa  then G is a bipartite graph. 

Theorem 1.6. [6] Let ,nVG   be an arithmetic graph where 

21
21
aa

ppn   then  
   











  

1,

111
,1

ijji

j

r

jii
ij

aaforaa

aaa
G  for 
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2 ij aa    .2 G  

Theorem 1.7. [6] Let nVG   an arithmetic graph  21
21
aa

ppn  

,ra
rp  for any vertex  




Bi i
iPu  where ii arB  1,,,3,2,1   

.Bi   (1) If jpu   where ,,,3,2,1 rj   then   udeg  

    .111
,1

  j
r

jii ij aaa   

(2) If ,1 Biapu iii
i 


 then      11

,1
  

r

Bii iaudeg   

(3) If  




,
,1,2,

Bi iii BiaBpu i  then   Budeg   

  


r

Bii ia
,1

1   

(4) If  




Bi ii
ipu 1,  for some ,BBi   then  udeg  

    


r

Bii iBi i aaBB
,1

1  where B is the number of primes 

product in Bu ,  is the number of primes having power 1 in chosen vertex u. 

Theorem 1.8. [6] Let nVG   an arithmetic graph  21
21
aa

ppn  

2,  rp ra
r  such that at least one of  riai ,,2,1,   does not equal one. 

Then       111
,1

   j
r

jij ij aaaG  where ja  is the maximum 

exponent of     .,,,2,1, rGripi     

Theorem 1.9. [9] Let G be a nV  arithmetic graph, where  1
1
a

pn   

,2
2

ra
r

a
pp    such that at least one of  riai ,,3,2,1,   does not equal 

one. Then, (1)     


r

jij ij aaG
,1

11  where ja  is the maximum 

exponent of  ,,,2,1, ripi   (2)   .rG   

2. Infinite Cyclic Connectivity of an Arithmetic Graph nVG   

In this section, we identify the graphs which are not cyclically separable 
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and their connectivity number   . Gc  We observe that, the cyclic 

connectivity number   , Gc  if the number of primes in n doesn’t exceed 

two. 

Theorem 2.1. For an arithmetic graph 321, pppnVG n   

,rp  for ,4r  has no cyclic vertex cut. In particular, G is infinite cyclic 

connectivity. 

Proof. Case (i) 2r  

In this case, the arithmetic graph jin ppnVG  ,  is a tree. Hence no 

cyclic vertex cut. 

Case (ii) 3r  

Here ,kji pppn   then the vertex set    ikji ppppGV ,,,  

kjikjkij pppppppp  ,,,  and   .7GV  In this arithmetic 

graph, the possible cycles are 3C  and 4C  that will be discussed in the 

following sub cases. 

Subcase (i) Choose a cycle of length three. Let 

   .,, kijii pppppGV   Clearly      ikjkj pppppCVGV ,,,   

kj pp   are adjacent to at least one vertex of the cycle. Hence 

    . CNGV   

Subcase (ii) Suppose    ,,,, kikjji ppppppGV   then by the 

definition of an arithmetic graph the set of vertices  kji ppp ,,  are adjacent 

to at least one vertex of the cycle C. Hence      kji pppCNGV   an 

isolated vertex. 

Subcase (iii) Suppose we choose any cycle of length four. Let 

   ,,,, kiikkii pppppppCV   then the set of vertices say 

 kjjij ppppp  ,,  are adjacent to at least one vertex of the cycle C. 

Hence     . CNGV  Thus there is no cyclic vertex cut for .3r  

Case (iii) 4r  
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In this case ,lkji ppppn   and the vertex set    ,,, kji pppGV     

 jikjilkljkjlikijil pppppppppppppppppp ,,,,, ,

.,,, lkjilkilkjl ppppppppppp    

Subcase (i) Choose a cycle C of length three, whose vertices say 

   .,, kjkiji ppppppCV   These vertices are not adjacent to   

vertices such as  .,, lkjikjil pppppppp   The induced graph of 

   CNGV   is an edge and an isolated vertex and hence there is no cyclic 

vertex cut. 

Subcase (ii) Choose a cycle C of the form say  CV  

 .,, lkijii pppppp   Here      kjilk pppppCNGV  ,  

.lp  The induced graph of    CNGV   is two isolated vertices and hence 

there is no cyclic vertex cut. 

Subcase (iii) Choose a cycle C of length four for this subcase, which is of 

the form say    .,,, ljikjlkii pppppppppCV   The vertex set 

of      .lkj pppCNGV   Hence there is no cyclic vertex cut. 

Subcase (iv) Choose a cycle C of length four. Here   CV  

 .,,, lkjiljiji ppppppppp   The vertex set of    CNGV   

 .lk pp   Thus, for the above four sub cases we can identify that there is 

no cyclic vertex cut. Also, these are the only possibilities for choosing the 

cycle. Hence   . Gc  

Theorem 2.2. For an arithmetic graph ,1,, 21
21  i
aa

n appnVG  

for 2,1i  has no cyclic vertex cut and hence   . Gc  

Proof. By Theorem 1.5, the given graph G is a bipartite graph with two 

partition A and B. Let A be the set of prime and prime power vertices of G 

and B be the product of primes and product of prime power vertices of G. 

Case (i) ,1ia  for 2,1i   

The proof follows from case (i) of Theorem 2.1 and hence   . Gc  
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Case (ii) 1,1 21  aa   

Here    .,,,,,,,,, 212
2
12121

4
1

3
1

2
11

11 ppppppppppppGV
aa

   

In this case  21
4
1

3
1

2
11 ,,,,,, 1 ppppppA

a  and  ,,, 2
2
121 ppppB   

.21
1 pp

a
  Since the graph is a bipartite graph there is no possibility for 

having cycle of length 3. Also, we can observe that, in the partition A, all the 

vertices other than 1p  and 2p  are pendent vertices. So there is no possibility 

for having two vertex disjoint cycles and hence   . Gc  

Case (iii) ,221  aa   

Let    .,,,,,,, 2
2

2
1

2
212

2
121

2
22

2
11 ppppppppppppGV   Clearly 

G has the partition  2
22

2
11 ,,, ppppA   and  2

1
2
212

2
1 ,, pppppB   

.2
2p  By proof of Theorem 1.4 in the first partition two vertices have only 

one common adjacent vertex in the second partition and hence there is no 

possibility for having vertex disjoint cycles. Therefore   . Gc  

Case (iv) ,2,2 21  aa   

The vertex set of G be    ,,,,,,,,,, 4
2

3
2

2
221

4
1

3
1

2
11

1 pppppppppGV
a  

121
4
21

3
21

2
2212

2
1212

212 ,,,,,,,,,, ppppppppppppppp
aaa

   

.,, 21
21
aa

pp   Let us choose any cycle of length four say    ,1
1
a

pCV   

.,, 21221
2 ppppp

a
  Since it is necessary to choose prime, prime power 

vertices from the first partition to form a cycle C we have     . CNGV  

Example 2.3. Consider the graph .7532210,210  VG  The 

vertex set    ,532,75,73,53,72,52,32,7,5,3,2 GV  

.7532,752,753,732   Let    53,52,32 CV  be 

the vertices of the cycle of length 3 having degree sum minimum. The 

induced graph of    CNGV   has an edge with vertices 7 and 7532    

and an isolated vertex .532   Thus there is no cyclic vertex cut. Hence 

  . Gc   
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Figure 1. Arithmetic Graph .210VG    

Theorem 2.4. For an arithmetic graph ki a
k

aj
j

a
in pppnVG  ,  has 

no cyclic vertex cut if (i) 1ia  for exactly one i 

(ii) 2 ji aa  and 1ka   

(iii) 2 kji aaa  

(iv) .3,2,1  kji aaa  

Proof. Case (i) 1ia  for exactly one i 

In this case kj
a
i

pppn i   and the vertex set of G be 

   ,,,,,,,,,,,,, 2432
j

a
ijikjjikj

a
iiiii pppppppppppppppGV ii  

.,,,,,,, 22
kj

a
ikjikjik

a
ikiki ppppppppppppppp ii  

Let us choose any cycle C such that   


Cv
vd .mimimum  By the proof of 

Theorem 1.9 we can easily observe that the possible cycles whose degree sum 

is minimum are        ,,,,, kjk
a
ikiji

a
i

ppppYVpppppXV ii   
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.kp  Here     i
a
ikijikj apppppppXN i 1;,,,,  and 

   ;,1;,,,,, k
a
iij

a
ikjikjkji ppappppppppppYN ii   

.1  ia  

By the definition of an arithmetic graph      XNGV  
















ikj
a
i

ik
a
i

ij
a
i

appp

app

app

i

i

i

2;

2;

2;

  and    











ikj
a
i

i
a
i

appp

ap
YNGV

i

i

2;

2;
 

which are not adjacent to any one of the vertices of X and Y respectively. 

Moreover they are non adjacent to themselves. Hence no cyclic vertex cut. 

Case (ii) 2 ji aa  and 1ka   

Here k
a

j
a
i

pppn ji   and the vertex set of G be    ,,, 2
jii pppGV   

ikjikijijikijijikj pppppppppppppppppp ,,,,,,,,, 222222   

.,,, 22222
kjikjikjikj ppppppppppp   In this case we have 

exactly two cycles of length three whose degree sum is minimum say X and Y. 

The vertices of the cycles are    kijii pppppXV  ,, 22  and 

   .,, 22
kikjk pppppYV   By the definition of an arithmetic graph 

     kjikjij pppppppXNGV  2222 ,,  and      ,, 22
ji ppYNGV   

.22
ji pp   The induced graph of    XNGV   is a disconnected graph with 

three vertices. Suppose if it is connected, then there exists a path between 

any two vertices of     ,XNGV   this implies that there exists at least two 

edges between three vertices. Therefore kj
a
i

a

j pppp ij  2  or 

k
a

j
a
ikj

a
i

pppppp jii   is an edge which contradicts the definition of an 

arithmetic graph. Similar as for     .YNGV    Hence the result. 

Case (iii) 2 kji aaa  



THE CYCLIC CONNECTIVITY NUMBER OF AN … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022 

2607 

Here kji a
k

a

j
a
i

pppn   the vertex set of G be    ,,, 2
jii pppGV   

222222222 ,,,,,,,,,, ikijijikikijijikkj pppppppppppppppppp   

jikjikjikjkjkjkjk ppppppppppppppppp  2222222 ,,,,,,,  

.,,,,,, 2222222222
kjikjikikjikjikik ppppppppppppppppp 

 Choose any cycle C such that   Cv
vd  is minimum. We can easily observe 

that  kji a
ki

a

ji
a
i pppppC  ,,  is the only cycle whose degree sum                    

is minimum. Now      iikjkj a
ikj

a
i

a
k

a

j
a
k

a

j
ppppppppCNGV ,,,,    

., kjij a
k

a

j
a
ik

a

j ppppp   The induced graph of    CNGV   is a 

disconnected graph with three components 321 ,, GGG  where 21, GG  are two 

isolated vertices and 3G  is a connected graph. The connected graph 3G  

consists of four vertices say    jiikj a

j
a
ikj

a
i

a
k

a

j
pppppppGV  ,,,3  

kp  which is not a cycle. Suppose 3G  is a cycle, then at least three vertices 

is of degree greater than or equal to two but in 3G  only two vertices say 

kj
a
i

a
k

pppp ik ,  have degree 2, which is a contradiction. Therefore, there 

is no cycle in .3G  

Case (iv) .1,2,3  kji aaa   

In this case also we choose a cycle C such that   


Cv
vd minimun.  

Let the vertices of cycles be     32;,, 2  ikiji
a
i

apppppXV i  and 

    .32;,,2  ikk
a
ikj apppppYV i  Similar as case (iii),    XNGV   

 .21,32;,2  jik
a

j
a
ij aapppp ji  Also the induced graph of 

   XNGV   is a disconnected graph with two isolated vertices kji ppp  22  

and kji ppp  22  and a connected graph. The connected graph consists of 

three vertices. Since   ,,gcd 32
kjikjikji ppppppppp   there is 

no edge between these two vertices hence it is not a closed path. Similarly 
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    YNGV   is a disconnected graph with three components and each 

component is an isolated vertex. Thus, there is no cyclic vertex cut. 

Theorem 2.5. For an arithmetic graph kji a
k

a

j
a
in pppnVG  ,  

,1,  i
a
l

ap l  for exactly one i has no cyclic vertex cut. The cyclic vertex cut 

number   . Gc  

Proof. The proof is similar to case (i) of Theorem 2.4. 

3. Finite Cyclic Connectivity of an Arithmetic Graph nVG   

In the study of a cyclic connectivity of an arithmetic graph ,nVG   we 

found that for every nVG   other than 21 ppn   have cycles. Also, the 

number of cycles in nVG   depends on the number of primes in n. If the 

number of primes increases the number of cycles are also increases. As we 

have more cycles in ,nVG   we need to choose a cycle C whose   Cv
vd  is 

minimum. The required cycle can be choosen in a particular way, which is 

discussed in the corresponding theorems. Moreover, for finding the cyclic 

connectivity number  Gc  we need to eliminate the number of common 

neighbours of each vertices Vv   (The common neighbours can be accounted 

once). By Definition 1.1 let      ikkjji vvvvvvW ,,,   be the 

cardinality of the common neighbouhood vertices of the cycle .3C  

Theorem 3.1. For an arithmetic graph kji a
k

a

j
a
in pppnVG  ,  has 

cyclic vertex cut if  

(i) 3ia  for any two i 

(ii) .2,;3  kji aaa   

Proof. Case (i) 3ia  for any two i, 

Let .1;3,  kji aaa  The vertices of nVG   where k
a

j
a
i

pppn ji   

be    ,,,,,,,,,,,,,, 23232
ijijik

a

jjjj
a
iiii ppppppppppppppGV ji    
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,,,,,,,,,, 3322
kjikijikijiki

a

ji ppppppppppppppp j    

.,,, k
a

j
a
ik

a

ji pppppp jij    We choose the cycle C whose degree 

sum is minimum in the following way. (1) As the prime vertex 

 ripi ,,2,1,   has the greatest degree among the primes and prime 

power vertices of G choose the first vertex of the cycle as ., ji
a
i

aap i    

(2) Since k
a

j
a
i

pppn ji   and by proof of Theorem 1.9 vertices with 

more prime products have less degree the second vertex must be .ja

ji pp    

(3) Also the only vertex which is adjacent to both ji
a
i

aap i ,  and 

ja

ji pp   is ki pp   the third vertex is .ki pp   

Hence the vertices of cycle  CV  is  .,, ki
a

ji
a
i

ppppp ji    

Now the set of vertices which are not adjacent to C are  ,,,, 32 ja

jjj ppp   

.,,,,, 22
k

a

j
a
ikj

a
ik

a

jikji pppppppppppp jiij    The 

induced graph of    CNGV   contains at least one cycle which is of length 

four say 23322
jkjijkjij ppppppppp    which satisfy the definition of 

cyclic connectivity. Since the cycle with   Cv
vd  is minimum, we have 

          .411121 WaaaaaG kiikjc    

Case (ii) 2,3  kji aaa   

The proof is similar as case (i) we have     jikjic aaaaaG  2  

.1 Waaaa ikkj    

Theorem 3.2. For an arithmetic graph  321
321,
aaa

n pppVG  

.5
5
a

p   
 

 













.1110102

1422

1
1

2

iforaifWa

iaifW
G

i
r

i
rr

c  
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Proof. By Theorem 1.3, ,12  rV  here we have two cases, 

Case (i) If 1ia  for all i 

Consider the cycle 3C  in which   Cv
vd  is minimum, 

   .,, 54312113 pppppppCV   Here the induced graph of 

   3CNGV   is disconnected and has at least two cycles whose vertices are 

15431211 pppppppp   and .43355443 pppppppp   Hence we 

have         WppppdppdpdGc  35431211   

Wrrr   42.42.22 421  

Wrr   422 2  

Case (ii) If 1ia  for exactly one i 

Here the vertices of the cycle whose degree sum minimum is 

   .,, 5431211
1 pppppppCV

a
  Similar as above case we have 

        WppppdppdpdG
a

c  35431211
1   

Example 3.3. Consider a graph .5321080, 22
1080  VG  The 

vertex set    22323232 2,32,52,32,32,32,5,3,3,3,2,2,2 GV  

32,53,53,53,52,32,32,32,52,32,3 323332332322 

2333222232 32,532,532,532,532,532,532,5 

 .532,5 33   consider the cycle of length 3 whose vertices are 

 52,32,2 33   and hence the cyclic connectivity set   32NS   

     .52,32,25232 333  NN    

 3323222222 2,32,52,32,32,32,32,32,5,3,2,2 S  

.532,532,532,53,53,53,52,32,3 32323332   Now 

the induced graph of   SGV   is disconnected and at least two of its 

component have cycle, one of the component 1G  is the cycle of length 3 whose 

vertices are  52,32,2 33   another component 2G  has cycle of length 4 
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whose vertices are  .532,3,532,3 3322   Thus we have 

  .201080  SVc   

 

Figure 2. Arithmetic Graph .1080VG    

Theorem 3.4. For an arithmetic graph  321, pppnVG n  

.5,  rpr   

  

 

 



















 















 





























 



.421
2

2
2

2

42
2

1
22

1
221

2

1

1

evenrifW
rr

oddrifW
r

G
rr

r

r

r

c  

Proof. By Theorem 1.3, .12  rV   

Case (i) r is odd and .5r   

Consider the cycle 3C  in which   Cv
vd  is minimum, 3C  can be 
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choose n in the following way (1) One vertex must be a single prime let it be 

.ip  

(2) Since rrrr ppppppn 










 
1

2

1

2

1

2

21  and by the 

proof of Theorem 1.9, vertices with more prime products have less degree. 

Therefore the second vertex must be the product of 
2

1r
 primes including 

.ip  

(3) The third vertex must be the product of remaining 
2

1r
 primes and 

,ip  otherwise either it violates the adjacency or minimum degree. Since iv  

and jv  are adjacent in nVG   iff the sum of number of primes in iv  and jv  

is less than or equal to 1r  and   .,gcd iji pvv   In this way, we choose a 

cycle    .,,
1

2

11

2

1

2

2113 rrrr ppppppppCV 










   Now, let S 

be the set of vertices which are adjacent to the vertices of C. The induced 

graph of   SGV   is a disconnected graph with at least two of its components 

contain cycles. Thus it satisfies the definition of the cyclic connectivity, hence 

the set of vertices in S is called cyclic vertex cut. Since the cycle which we 

have chosen is   Cv
vd  is minimum in G. S  is called the cyclic 

connectivity number  .Gc  Now      3211 pppdpdGS c   

     






 













 






 
 2

1

1

1
2

11

2

1 2
2

1
223

r

r
rrr

r
Wpppdp   

.4 W  

Case (ii) Assume that r is even and 5r  Similar as case (i) choose a 

cycle C such that the sum of the degree is minimum. Let the vertices of the 

cycle be    .,,
1

2

1

2

211 rrr pppppppCV 










  Here 1p  is the 

only prime which is common to all the three vertices of C. Similar as case (i) 

here also we get        1

2

3211 11 pdppppdpdG rc 







  



THE CYCLIC CONNECTIVITY NUMBER OF AN … 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022 

2613 

   .421
2

2
2

21
1

221

1
2

W
rr

Wpp

rr
r

rr 






 






















   

Theorem 3.5. For an arithmetic graph ,, 21
21

ra
r

aa
n pppnVG    

if 1,5  iar   for exactly one i. The cyclic vertex cut number 

 

 

     



















 




























.4222222

42
2

1
22

2
2

1

1
2

1
1

2

1

1
1

evenrifWrara

oddrifW
r

a
G

rr

r

r
r

c   

Proof. Case (i) r is odd 

Let nVG   be an arithmetic graph where ,21
21

ra
r

aa
pppn    

where exactly one ,1ia  the vertex set    ,,,,,,, 321
2
11

1  pppppGV
a

  

1321132212
2
121 ,,,,,,,,, 11 ppppppppppppppp r

aa
r    

.,, 32132
1

r
a

r ppppppp    The cycle can be chosen in 

the following way. Arrange the primes of n in such a way that the greatest 

power of ip  in the first position. (i) Since the prime vertex  ripi ,,2,1,   

has the greatest degree among the primes and prime power vertices of G, 

choose the first vertex of the cycle as .1, 11
1 ap

a
  

(ii) Since the vertices with more prime products will has less degree, 

second vertex consists of first 
2

1r
 primes including ,1p  

(iii) Third vertex must be the product of 
2

1


r
r  primes and .1p  The 

primes in the third vertex other than 1p  should not be in the second vertex, 

otherwise it violates the adjacency of the second and the third vertex in C. 

Now the vertices of the cycle,   










 
1

2

11

2

1211 ,,1
rr

a
ppppppCV   

.rp  Let S be the set of all vertices adjacent to the vertices of C other 
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than  .,,
1

2

11

2

1211
1

rrr
a

ppppppp 










   The induced graph of 

  SGV   is a disconnected graph with at least two component contains a 

cycle. Thus it satisfies the definition of the cyclic vertex cut and   Cv
vd  is 

minimum, the cyclic connectivity of G is .S  By Theorem 1.7, we have 

        .3
1

2

11

2

1211
1 WpppdpppdpdG rrr

a
c 








 









  

   .42
2

1
22 2

1

1
1 W

r
a

r

r 





 









 

    

Case (ii) r is even 

Let nVG   be an arithmetic graph where ra
r

aa
pppn  21

21  

where exactly one rai ,1  is even and ,4r  then the  vertex                    

set    2212
2
121321

2
11 ,,,,,,,,,,,, 11 pppppppppppppGV

a
r

a
   

.,,, 32113
11

r
a

r
a

ppppppp    Arrange n in such a way that 

power of 1p  is greater than 1. The vertices of the cycle, 

   .,,
1

2

1

2

211
1

rrr
a

pppppppCV 










  Similar as above case 

(i) we get        rrr
a

c pppdpppdpdG 











1

2

1

2

211
1  

      .42222223
2

2
1

1
2

1
1 WraraW

rr

r 



















    

Theorem 3.6. For an arithmetic graph 21
21,
aa

n ppnVG   

,ra
rp  if .3,121  raa  The cyclic vertex cut number  

   Gc

      

        


















 









 






 









 


.42222221

4212
2

12
21

1
2

1

3
2

1
1

2

2

3

2
2

1
11

2

evenrifWraara

oddrifWa
ra

a

rr

r

rr
r
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Proof. Let nVG   be an arithmetic graph where ,21
21

ra
r

aa
pppn    

if ,121  aa  and .3r  The vertex set of G be 

   ,,,,,,,,,,,,,, 2
2
121432

2
221

2
11

21 pppppppppppppGV r
aa

 

.,,,,,,, 32123
2
23221

2121
r

aa
r

aa
pppppppppppp     

Arrange 1p  in such a way that .121  aa  

Case (i) If r is odd, Here the following way is used to choose the cycle C 

whose degree sum is minimum. (i) Since the prime vertex  ripi ,,2,1,   

has the greatest degree among the primes and prime power vertices of G, 

choose the first vertex of the cycle as .1, 11
1 ap

a
  

(ii) Since the vertices with more prime products will have less degree, 

second vertex consists of first 
2

1r
 primes including ,2

2
a

p   

(iii)Third vertex must be the product of 
2

1


r
r  primes and .1p  Also the 

primes in the third vertex other than 1p  is not in the second vertex. 

Otherwise it violates the adjacency of second and third vertex. Hence the 

vertices of the cycle    rrr
aa

pppppppCV 



1

2

11

2

1211 ,, 21   

similar as above proof we get       21
211 1
aa

c ppdpdG  

   .11
1

2

11

2

1 Wpppdp rrr 







 









     

        .4212
2

22
21 2

3

2
2

1
11

2 Wa
ra

a

rr
r 






 









 
  

Case (ii) If r is even, choose the first cycle C as  ,,

2

211
21

r
aa

pppp   

.
1

2

1 rr ppp 


  Similar as case (i) we get      11 11 pdpdG
a

c   

   .11
1

2

1

2

2
2 Wpppdpp rrr

a












   
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          .42222221
1

2
1

3
2

1
1

2 Wraara

rr

r 



















  

Theorem 3.7. For an arithmetic graph ,, 21
21

ra
r

aa
n pppnVG    

if 11 a  for   .3,3,2,1  ri  The cyclic vertex cut number  

   Gc  

         

        



















 






 









 



.422212211

411212211

2
2

1

1
2

1
3

32

32
2

5

1
3

32

evenrifWraraaa

oddrifWaaraaa
rr

r

r

r

 

Proof. Case (i) r is odd and 3r   

Let nVG   be an arithmetic graph where ,21
21

ra
r

aa
pppn    if 

11 a  for  ,3,2,1i  then the vertex set    ,,,,,, 2
221

2
11

1 pppppGV
a  

1112
1132212

2
12132 ,,,,,,,,,,,,

a
r

aa
r

a
pppppppppppppp    

.32 rppp    Arrange n in such a way that the power of 1p  and 2p  are 

greater than 1 and .21 aa   Also, the prime whose power greater than one 

will be in the 
th

r







 


1
2

1
 place of n. The vertices of the cycle is 

   .,,
1

2

1

1
2

11

2

1211
21

r

r

rr
aa

pppppppGV

a
































    Similar to 

Theorem 3.6, we get        1

2

1211 11 21 pdpppdpdG r
aa

c 







    

 .1
1

2

1

1
2

1
Wpp r

r

r

a

























   

            411212211 32
2

5

1
3

32 







 

 aaraaa

r

r  

Case (ii) r is even and 3r  
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Let nVG   be an arithmetic graph where ra
r

aa
pppn  21

21  if 

11 a  for   rri ,3,3,2,1   is even. The vertex set    ,,, 2
11 ppGV   

2212
2
121322

2
221 ,,,,,,,,,,,,,, 1221 pppppppppppppp

a
r

aaa
   

.3 rpp    Arrange n in such a way that the power of 1p  and 2p  are 

greater than 1 and .21 aa   Also, the prime having power greater than one 

will be in the 
th

r







  1
2

 place of n. Consider the vertices of the cycle C as 

   .,,
1

2

1
2

1

2

211
21

r

r

rr
aa

pppppppCV

a




























   Similar as case (i) 

we get       






























 
1

2

1

1
2

11

2

211 11 21

r

rr
aa

c

a

ppdpppdpdG   

 .1 Wpr    

          .422212211
2

2
1

1
2

1
3

32 Wraraaa

rr

r 



















  

Remark 3.8. From the above theorems the authors identified that the 

cyclic connectivity number of an arithmetic graph nVG   depends not only 

on the number of primes in n but also on the powers of prime. The cyclic 

connectivity number for an arithmetic graph exists if 11 a  for exactly one i 

and the number of primes in n must be greater than 4, and if 11 a  for at 

least two  rii ,,2,1   and the number of primes must be greater than or 

equal to 3. The following theorem gives the generalization of the cyclic 

connectivity number of an arithmetic graph and we have omitted the above 

discussed cases and starts only from r greater than 3 and 11 a  for more 

than three i. 

Theorem 3.9. For an arithmetic graph ,, 21
21

ra
r

aa
n pppnVG     

if .3,11  ra  The cyclic vertex cut number 

(i)          


r

Bii iBi i
r

Bii ic aaBBaG
,1,1

11   
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    WaaBB
r

Bii iBi i  



41

1

,1
  if r is odd.  

(ii)          


r

Bii iBi i
r

Bii ic aaBBaG
,1,1

11  

    WaaBB
r

Bii iBi i  



41

1

,1
 if r is even. Here B is the 

number of primes in the chosen vertex and B  is the number of 1ia  in the 

choose n vertex. 

Proof. Case (i) r is odd 

Arrange ia  in such a way that .321 raaaa    Partition the 

primes of n into two sets say A and B where the set A consists of primes in 

odd position except ,1p  let it be  ra
r

aa
pppA ,,, 53

53   and the set B 

consists of even position primes  .,,,
1

142
42 

 ra
r

aa
pppB   Now choose the 

cycle C such that    42531
4215311 ,,
aaa

r
aaa

ppppppppCV r    

.1
1


 ra
rp  Then similar as above theorems, the cycle which is chosen 

whose degree sum is minimum. Therefore, we have 

         


r

Bii iBi i
r

Bii ic aaBBaG
,1,1

11   

    .31
1

,1
WaaBB

r

Bii iBi i  



  

       


r

Bii iBi i
r

Bii i aaBBa
,1,1

11  

    .41
1

,1
WaaBB

r

Bii iBi i  



  

Case (ii) r is even 

Similar as case (i) choose the cycle C whose vertex set 

   .,, 42531
421

1
15311

rr a
r

aaa
r

aaa
pppppppppCV 


   Hence 

we have  

       


Bi i
r

Bii ic aBBaG 11
,1
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       WaaBBa
r

Bii iBi i
r

Bii i  



311

1

,1,1
 

        BBaaBBa
r

Bii iBi i
r

Bii i    ,1,1
11  

   .41
1

,1
Waa

r

Bii iBi i  



  

Conclusion 

From the above theorems, we observed that, for an arithmetic graph 

,nVG   the number of primes in n does not exceed 2 is of infinite cyclic 

connectivity. 
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