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Abstract 

In this paper, we establish the existence and uniqueness of common fixed point for 

quadruple self mappings satisfying the STCLR -property in b-metric spaces. These mappings 

are weakly compatible pairwise and satisfying quadratic type contraction condition. An example 

is also provided to verify the effectiveness and usability of our main result. Our result improves 

various results appeared in the current literature. As applications, we present a fixed point 

theorem for four finite families of self mappings which can be utilized to derive common fixed 

point theorems involving any number of finite mappings and also we provide the existence of 

solution of system of nonlinear integral equation. Our result is a distinct version of the result of 

Manoj Kumar et al. [16]. 

1. Introduction 

Metric fixed point theory plays an important role in mathematics. Banach 

contraction principle is the fundamental result in fixed point theory and is 

generalized in many ways. Jungck [12] proved a common fixed point theorem 

for commutings maps as a generalization of the Banach’s fixed point theorem. 
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Sessa [18] introduced the concept of weakly commuting mappings, Jungck 

[13] extended this concept to compatible maps. In 1998, Jungck and Rhoades 

[14] introduced the notion of weak compatibility and showed that compatible 

maps are weakly compatible but the converse is not true. 

In 1989, Bakhtin [3] introduced the concept of b-metric spaces which is a 

generalization of metric spaces. After that, Czerwik [6, 7] defined it such as 

current structure which is consider a generalization of metric spaces. Aydi et 

al. [2] proved common fixed point results for single-valued and multivalued 

mappings satisfying a weak -contraction in b-metric spaces. Several authors 

established fixed and common fixed point results in a generalization of b-

metric spaces [9, 10]. Further, several interesting results have been obtained 

about the existence of a fixed point and common fixed point in b-metric 

spaces [5, 6, 16, 17, 20]. Recently, some authors established common fixed 

point theorems for generalization of contraction mapping in b-metric spaces 

[4, 8]. 

2. Preliminaries 

We recall some definitions which will be used in the sequel. 

Definition 2.1[3]. Let X be a non-empty set and 1s  a given real 

number. A function   ,0: XXd  is a b-metric if for each 

,,, Xzyx   the following conditions are satisfied. 

1.   , iff0, yxyxd   

2.    ,,, xydyxd   

3.       .,,, zydyxdszxd   

In this case, the pair  dX ,  is called a b-metric space. 

Definition 2.2[5]. Let  dX ,  be a b-metric space. Then a subset XY   

is called closed if and only if for each sequence  nx  in Y which converges to 

an element x, we have .Yx   

Definition 2.3[13]. Let f and g be given self mappings on a set X. The 

pair  gf ,  is said to be weakly compatible if f and g commute at their 

coincidence point (i.e. gfxfgx   whenever gxfx  ). 
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Definition 2.4[15]. A function     ,0,0:  is called an altering 

distance function if the following properties are satisfied. 

1.  is nondecreasing and continuous, 

2.   0t  if and only if .0t  

Definition 2.5[1]. An ultra altering distance function is a continuous 

nondecreasing mapping     ,0,0:  such that   0,0  tt  and 

  .00   

Definition 2.6[19]. Two self maps f and S of a metric space  dX ,  are 

said to satisfy common limit range property with respect to S, denoted 

 SCLR  if there exists a sequence  nx  in X such that 

tSxfx n
n

n
n




limlim  where  .XSt   

Definition 2.7[11]. Two pairs  Sf ,  and  Tg,  of self mappings of a 

metric space  dX ,  are said to satisfy common limit range property with 

respect to S and T, denoted  STCLR  if there exists two sequences  nx  and 

 ny  in X such that 

tTygySxfx n
n

n
n

n
n

n
n




limlimlimlim  where    .XTXSt   

In the present paper, we establish the existence and uniqueness of 

common fixed point for quadruple self mappings satisfying STCLR -property 

in b-metric spaces. These mappings are weakly compatible pairwise and 

satisfying quadratic type contraction condition. An example is also provided 

to verify the effectiveness and usability of our main result. Our result 

improves various results appeared in the current literature. As an 

application, we present a fixed point theorem for four finite families of self 

mappings which can be utilized to derive common fixed point theorems 

involving any number of finite mappings and also we provide the existence of 

solution of system of nonlinear integral equation.  

3. Main Result 

The following Lemma will be used in the proof of our main Theorem. 
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Lemma 3.1. Let Sgf ,,  and T be continuous self-mappings of a b-metric 

space  ., dX   

Suppose that 

1. The pairs  Sf ,  and  Tg,  satisfies the  SCLR  and  TCLR  

properties respectively. 

2. TXXf   and ,SXgX   

3. SX and TX are closed in X, 

4. ngy  converges for each sequence  ny  in X whenever  nTy  converges 

(respectively nfx  converges for every sequence  nx  in X whenever  nSx  

converges), 

5. there exists   and ,  

such that 

        yxMyxMgyfxdb bb ,,,22     (3.1) 

for all ,, Xyx   where 

             SxfxdTySxd
b

TySxdgySxdTyfxdyxMb ,,
2

1
,,,,,,max, 222  

   TygydSxfxd ,,  

Then the pairs  Sf ,  and  Tg,  share the STCLR -property. 

Proof. If the pair  Sf ,  satisfy the  STCLR  property, then there exists 

a sequence  nx  in X such that 

pSxfx n
n

n
n




limlim  where .SXp   

Now, since ,TXXf   so, for each sequence  ,nx  there exists a sequence 

 ny  in X such that .nn Tyfx   But TX is closed, so nn Tylim  

.lim pfxnn    So that XTp   and in all .TXXSp   Thus we get 

pTypSxpfx nnn  ,,  as .n  Let us show that pgyn   as 

.n  On the contrary suppose that pqgyn   as .n   
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Put nxx   and nyy   in (3.1), we get 

     nnnn gyfxdbgyfxd ,, 222
   

     ,,, nnbnnb yxMyxM    

where 

        ,,,,,,max, 222
nnnnnnnnb TySxdgySxdTyfxdyxM   

        nnnnnnnn TygydSxfxdSxfxdTySxd
b

,,,,
2

1
  

implies 

     0,0,,,0max,lim 2 qpdyxM nnbn   

 ,,2 qpd  

we have 

     qpdbqpd ,, 222
   

     nnb
n

nnb
n

yxMyxM ,lim,lim


   

     .,, 22 qpdqpd    

From the definition of , we get 

        ,,,, 222 qpdqpdqpd    

implies that    .0,2  qpd  Hence ,pq   a contradiction. Which shows that 

the pairs  Sf ,  and  Tg,  share the STCLR  property. This completes the 

proof. 

Now, we prove our main result as follows: 

Theorem 3.2. Let Sgf ,,  and T be continuous self-mappings of a b-

metric space  dX ,  satisfying the inequality (3.1). If the pairs  Sf ,  and 

 Tg,  satisfy the  STCLR -property, then  Sf ,  and  Tg,  have a point of 

coincidence. Moreover Sgf ,,  and T have a unique common fixed point 

provided both the pairs  Sf ,  and  Tg,  are weakly compatible. 
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Proof. Since the pairs  Sf ,  and  Tg,  satisfying the  STCLR  

property, there exist sequences  nx  and  ny  in X such that 

,limlimlimlim pTygySxfx n
n

n
n

n
n

n
n




 

where    .XTXSp   Since ,SXp   so their exists a point Xq   such 

that .pSq   We show that .Sqfq   Putting nyyqx  ,  in (3.1), we get 

        ,,,,22
nbnbn yqMyqMgyfqdb     (3.2) 

where 

        ,,,,,,max, 222
nnnnb TySqdgySqdTyfqdyqM   

        nnn TygydSqfqdSqfqdTySqd
b

,,,,
2

1
  

taking limit ,n  we get 

        ,,,,,,max,lim 222 ppdppdpfqdyqM nb
n




 

          ppdpfqdpfqdppd
b

,,,,
2

1
  

   0,0,0,,max 2 pfqd  

 .,2 pfqd  

Taking limit ,n  in (3.2) and using the definition of , we get 

     pfqdbpfqd ,, 222
   

     pfqdpfqd ,, 22    

implies that    .0,2  pfqd  Hence .Sqpfq   Therefore q is the 

coincidence of the pair  ., Sf  Since the pair  Sf ,  is weakly compatible and 

.Sqfq   Therefore ,SfqfSq   which implies that .Spfp   As ,XTp   

there exists a point Xr   such that .pTr   We show that .Trgr   

Putting ryqx  ,  in (3.1), we get 

        ,,,,22 rqMrqMgrfqdb bb    (3.3) 
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where 

        ,,,,,,max, 222 TrSqdgrSqdTrfqdrqMb   

        TrgrdSqfqdSqfqdTrSqd
b

,,,,
2

1
  

      ,,,,,,max 222 ppdgrpdppd  

        pgrdppdppdppd
b

,,,,
2

1
  

   0,0,,,0max 2 grpd  

 .,2 grpd  

Thus, from (3.3) and using the definition of , we get 

     grpdbgrpd ,, 222
   

     ,,, 22 grpdgrpd    

which implies that    .0,2  grpd  Hence .Trpgr   Therefore r is the 

point of coincidence of the pair  ., Tg  Since the pair  Tg,  is weakly 

compatible and ,Trgr   therefore TgrgTr   which implies that .Tpgp    

Now we show that p is a common fixed point of the pair  ., Sf  Putting 

rypx  ,  in (3.1), we get 

        ,,,,22 rpMrpMgrfpdb bb    (3.4) 

where 

        ,,,,,,max, 222 TrSpdgrSpdTrfpdrpMb   

            TrgrdSpfpdSpfpdTrSpd
b

,,,,
2

1
  

      ,,,,,,max 222 pfpdpfpdpfpd  

           ppdSpSpdppdpfpd
b

,,,,
2

1
  
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       0,,,,,,max 222 pfpdpfpdpfpd  

 .,2 pfpd  

Thus, from (3.4) and using the definition of , we get 

     pfpdbpfpd ,, 222
   

     ,,, 22 pfpdpfpd    

implies that    .0,2  pfpd  Hence ,Sppfp   which shows that p is a 

common fixed point of the pair  ., Sf  Similarly, we can show that 

.Tppgp   Hence p is a common fixed point of Sgf ,,  and T. 

Now, we show that p is the unique common fixed point. Let t be another 

common fixed point of Sgf ,,  and T. Putting typx  ,  in (3.1), we get 

        ,,,,22 tpMtpMgtfpdb bb    (3.5) 

where 

        ,,,,,,max, 222 TtSpdgtSpdTtfpdtpMb   

        TtgtdSpfpdSpfpdTtSpd
b

,,,,
2

1
  

      ,,,,,,max 222 tpdtpdtpd  

                 ttdppdppdtpd
b

,,,,
2

1
  

       0,,,,,,max 222 tpdtpdtpd  

 .,2 tpd  

Thus, from (3.5) and using the definition of , we get 

     tpdbtpd ,, 222
   

     ,,, 22 tpdtpd    
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implies that    .0,2  tpd  Hence ,tp   which shows that p is the unique 

common fixed point of Sgf ,,  and T. 

Remark 3.3. If we put fg   and TS   in the Theorem 3.2, we get the 

following result. 

Corollary 3.4. Let Tf ,  be continuous self mappings of a b-metric space 

satisfying  

        yxMyxMfyfxdb bb ,,,22    

for all ,, Xyx   where 

        ,,,,,,max, 222 TyTxdfyTxdTyfxdyxMb   

        .,,,,
2

1
TyfydTxfxdTxfxdTyTxd

b
  

If the pair  Tf ,  satisfies the  TCLR  property then the pair  Tf ,  has 

a common point of coincidence. Moreover if the pair  Tf ,  is weakly 

compatible, then f and T have a unique common fixed point. 

Remark 3.5. If we put   tt   in the Theorem 3.2, we get the following 

result. 

Corollary 3.6. Let Sgf ,,  and T be continuous self mappings of a          

b-metric space  dX ,  satisfying 

      yxMyxMgyfxdb bb ,,,22   

for all ,, Xyx   where 

        ,,,,,,max, 222 TySxdgySxdTyfxdyxMb   

          .,,,,
2

1
TygydSxfxdSxfxdTySxd

b
  

If the pairs  Sf ,  and  Tg,  satisfy the STCLR -property, then the pairs 

 Sf ,  and  Tg,  have a point of coincidence. Moreover, if the pairs  Sf ,  

and  Tg,  are weakly compatible, then Sgf ,,  and T have a unique common 

fixed point. 
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Now, we illustrate an example to validate our main Theorem 3.2. 

Example 3.7. Consider  2,0X  and       ,,,max, ttyxyxd    

 
100

t
t   and .

6

7
b  Define the mappings Sgf ,,  and T on X such that 

 

 
 

 















;2,1if,
12

13

;1,0if,
6

6

x
x

x
xx

xf  

 
 

 








;2,1if,1

;1,0if,0

xx

x
xg  

 

 
 

 















;2,1if,
4

5

;1,0if,
2

2

x
x

x
xx

xS  

 
 

 











;2,1if,
3

2

;1,0if,

x
x

xx
xT  

We take the sequence  0nx  and .
1









n
yn  We have 

   .0limlimlimlim XTXSTygySxfx n
n

n
n

n
n

n
n




 

Therefore, both pairs  Sf ,  and  Tg,  satisfy STCLR -property. We see 

that mappings  Sf ,  and  Tg,  commute at 0 which is coincidence point. 

Also,    XTxf   and    .XSxg   We can verify the contraction condition 

(3.1) by a simple calculation for the case  ,2,1, yx   

    gySxdgyfxdb ,
160049

162751

4

5

6

7
, 222




  

       .,,,
160049

162751
yxMyxMyxM bbb 




   

Thus (3.1) is satisfied. Similarly, we can verify for other cases. Thus all 

the conditions of Theorem 3.2 are satisfied and 0 is the unique common fixed 

point of the mappings Sgf ,,  and T. 
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4. Applications 

As an application of Theorem 3.2, we establish a common fixed point 

theorem for finite families of mappings as follows: 

Theorem 4.1. Let  dX ,  be a complete b-metric space. Let   ,1
m
iif   

   p
kk

n
jj Sg

11,
  and  q

llT
1

 be four finite families of continuous self 

mappings on X with pnm SSSSggggffff  212121 ,,   and 

qTTTT 21  satisfying the condition (3.1). Suppose that the pairs  Sf ,  

and  Tg,  satisfy the STCLR -property, then  Sf ,  and  Tg,  have a point 

of coincidence. Moreover,      p
kk

n
jj

m
ii Sgf

111 ,,
  and  q

llT
1

 have a       

unique common fixed point if the families      kji Sgf ,,  and  lT     

commute pairwise where      njpkmi  ,2,1,,2,1,,2,1   and 

 .,2,1 ql    

Proof. The conclusions are immediate as Sgf ,,  and T satisfy all the 

conditions of Theorem 3.2. Now appealing to component wise commutativity 

of various pairs, one can immediately prove that SffS   and TggT   and 

hence, obviously both pairs  Sf ,  and  Tg,  are coincidentally commuting. 

Note that all the conditions of Theorem 3.2 (for mappings Sgf ,,  and T) are 

satisfied ensuring the existence of a unique common fixed point, say z. Now, 

we show that z remains the fixed point of all the component maps. For this, 

we consider 

    zffffzff tmt 21  

    zfffff tmm 121    

    zfffff mtm 121    

    zffffff mtmm 1221    

    zffffff mmtm 1221    

 zfffff mt 321  

    .321 zffzfzfffff ttmt    
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Similarly, we show that 

    ,zSzTSzSf uuu           ,zSzSSzSS uuu   

    ,zfzSfzfS ttt            ,zgzggzgg vvv   

    ,zTzgTzTg www          ,zTzTTzTT www   

    ,zgzTgzgT vvv   

which show that (for all vut ,,  and w) zft  and zSu  are other fixed points of 

the pair  Sf ,  whereas zgv  and zTw  are other fixed points of the pair 

 ., Tg  Now appealing to the uniqueness of common fixed points of both pairs 

separately, we get 

,zTzgzSzfz wvut   

which shows that z is a common fixed point of vut gSf ,,  and wT  for all 

vut ,,  and w. 

Remark 4.2. By setting ,, 2121 pm SSSSffff    

ngggg  21  and ,21 qTTTT    we get the following 

corollary. 

Corollary 4.3. Let  dX ,  be a complete b-metric space. Let gSf ,,  and T 

be continuous self mappings such that npm gSf ,,  and qT  satisfying the 

conditions (3.1). Also, assume that the pairs  pm Sf ,  and  qn Tg ,  share the 

 qpTS
CLR -property, where npm ,,  and q are fixed positive integers. Then 

gSf ,,  and T have a unique common fixed point provided SffS   and 

.TggT   

Application to system of integral equation 

In this section, we will use Theorem 3.2 to show the solution to the 

following nonlinear integral equations: 

      
1

0
1 ,, dssxstKthtx  (4.1) 
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      
1

0
2 ,, dssystKthty  (4.2) 

where 

1.     1,0:th  is continuous, 

2.     2,1,1,01,0:  iKi   are continuous functions. 

Let  1,0CX   be a set of all real valued continuous function on  .1,0  

Define   ,0: XXd  by: 

       tytxyxd t   1,0max,  

for all ., Xyx   Therefore  dX ,  is a b-metric space with parameter .2b  

Theorem 4.4. Consider (4.1) and (4.2) and assume that 

1.  1,0, Cyx   and     2,1,1,01,0:  iKi   are continuous 

functions, 

2. for all  1,0, ts  and all  1,0, Cyx   we have 

              ,,,,,, 21 sysxstqsystKsxstK   

where       ,01,01,0:q  is a continuous function satisfying 

  
1

0
.1

5

1
,max dtstqt  

Then the system (4.1) and (4.2) have a unique common solution in X. 

Proof. Define mappings XXgf :,  by 

       ,,,
1

0
1 dssxstKthtfx  

       .,,
1

0
2 dssxstKthtgy  

Let Xyx ,  from condition (2) for all  ,1,0t  we have 

          tgytfxtgytfxd t   1,0max,  
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           

1

0
211,0 ,,,,max dssystKsxstKt  

         

1

0
1,0 ,max dssysxstqt  

         

1

0
1,0 ,max dssysxstqt  

          
1

0
1,01,0 ,maxmax dsstqtytx tt  

    tytxd ,
5

1
  

which implies 

           tytxdtygtxfd ,
5

4
,2 222   

 yxMb ,
5

4
  

     .,, yxMyxM bb    

Therefore              ,,,,22 yxMyxMtygtxfdb bb    define 

  ttxTxSx  ,  and   .
5

t
t   Hence all the conditions of Theorem 3.2 

hold then by Theorem 3.2 the system of integral equations (4.1) and (4.2) 

have a unique common solution in X. 

5. Conclusion 

From our investigations, we conclude that the self mappings on a            

b-metric space with STCLR -property and weak compatibility have a unique 

common fixed point with certain conditions. Our investigations and results 

obtained were supported by suitable example and application which provides 

new path for the researchers in the concerned field. 
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