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Abstract

In this paper, we examined some operations on Multi fuzzy graph such as like union,

intersection and join which is related to the view of operations on fuzzy graph were defined and

also prove some theorems related to them.

1. Introduction

In 1975, Rosenfeld [9] proposed the concepts of fuzzy graphs. Fuzzy graph

theory is evolved with plenty of sections. Thereafter in 1987, Bhattacharya [1]

defined some remarks on fuzzy graphs. The operations of union and join on
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two fuzzy graphs were defined by Mordeson. J. N. and Premchand S. Nair, [2]
in 2000. Sabu Sebastian, T. V. Ramakrishnan [10] defined Multi fuzzy set in
2010. Multi-fuzzy set theory is useful to characterize the problems. Later on,
Multi-fuzzy group and its level subgroups, Anti Fuzzy graph, Multi fuzzy
graph and Multi anti fuzzy graph defined by Muthuraj R. et al. [3, 4, 5, 6, 7].
In this paper, we examined some operations on Multi fuzzy graph such as like
union, intersection and join which is related to the view of operations on

fuzzy graph were defined and also prove some theorems related to them.
2. Preliminaries

Definition 2.1. A fuzzy graph G = (o, n) defined on the underlying crisp

graph G* = (V, E) where E c V xV is a pair of functions c:V — [0, 1]
and p:VxV —[0,1, p is a symmetric fuzzy relation on o such that

w(wv) < min{o(u), o(v)} for all u, v e V.

N

Definition 2.2. Let X be a non-empty set. A Multi Fuzzy set A in X is
defined as a set of ordered sequences: A = {(x, p(x), no(x), ..., p;(x)...)

: x € X} where y; : X — [0, 1] for all i.

Definition 2.3. A Multi fuzzy Graph (MFG) of dimension m defined on
the underlying crisp graph G* = (V, E) where E c V xV, is denoted as
G = ((o1, 695 -+> O, (415 K9y ---s L)) and c; :V —[0,1] and
W :VxV —|[0,1] n; symmetric fuzzy relation on o; such that p;(uwv)

< min{c;(u), o;(v)} forall i =1, 2, 3, ..., m where u,v e V and wv € E.

Definition 2.4. A multi fuzzy graph of dimension m defined on the
underlying crisp graph G* =(V, E) where E cV xV, is denoted as
G = ((o1, 695 ---> O), (41, Mo, ---5 Iyy,)) 1s said to be a complete multi fuzzy
graph if p;(u, v) = c;(w) Ao;(v) forall i =1,2,3,...,m and for all u,v eV,

where G is a complete graph.
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3. Main Results

Operations on Multi Fuzzy Graph

Throughout this section Gj = (o7, ©g, ---5 6,,,), (41, Mg, ---5 Lyy,)) denotes
the multi fuzzy graph with dimension m with the underlying crisp graph
Gf =(V}, Ey) and Gy = (0, 09, ..., o), (By, Bas --.» B)) denotes the multi
fuzzy graph with dimension »n with the underlying crisp graph
Gy = (Vo, Ey).

Definition 3.1. A multi fuzzy graph H : (1, 19, ..., Tn), (P1> P25 ---»
Py)) of dimension m is a multi fuzzy subgraph of G = ((cy, o9, ..., G,,),
(W, 19, -ovs Wyy)) of dimension m if 7;(u) <o;(w) Vu eV and p;(u, v)

< y;(u, v)V(u, v) € E.

Definition 3.2. A multi fuzzy graph G = (o1, 09, ..., 6,), (L1, Ko, ---»

W,)) of dimension m is said to be a strong multi fuzzy graph if
W (u, v) = c;(u) A o;(v) forall i =1, 2, 3, ..., m and for all (u, v) € E.

Definition 3.3. The operation Union between two MFG G; and Gy is
defined as follows, G; UGy =((c; Uoy, 69 Uag, ..., o Uog), (1 VB,
Ho U By, ..., Wi UPBL)) with the underlying crispgraph Gy U Gy = (V] U V,,
E, UE,),

ci(w)if ueVy —Vy
(o; Uoy)(u)=qo;(w)if ueVy -V foralli=1,2,3, ..., k
max{c;(w), o;(w)} if ueV; NnVy

w;(w, v) if (,v) € Ey - Ep
(b U By (w, v) = {Bi(u, v) if (w,v) e Ey - B
max{p;(u, v), Bi(w, v)} if (u, v) € By N Ey

foralli=1,2,3, ...,k

If m # n let k = max(m, n). Suppose m < n then let us introduce n — m
membership values of multi fuzzy graph G; into 0 so as to convert the multi

fuzzy graphs G; and Gy have the same dimension as k.
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Example 3.4.

(0.8,0.7) (0.5.0.5) (0.8,0.7) (0.7.0.5)
a ©8,04) b 2(0.6,0.4) a 0604 b
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Figure (2).

Definition 3.5. The operation Intersection between two MFG G; and Gy
is defined as follows, G; NGy = ((6; Moy, 69 Nag, ..., o Nayg), (i MNP,
Ho M Bgy ..., i MPg)) with the underlying crisp graph Gy NG5
=1 "V, By N Ey),

(o; M o) (w) = min{c;(u), oy(w)} if ueV; NV,
(b; N B;) (@, v) = min{y;(u, v), B;(w, v)} if (&, v) € E; N Ey for all
i=1,23, ...,k

If m#n let k=min(m, n). Suppose m <n then we take first m
dimensions for Gg so as to convert the MFG G; and Gy have the same
dimension k.

Example 3.6.
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Figure (4).

Definition 3.7. The operation Join between two MFG G; and Gy is
defined as follows, Gj + Gy = ((oy + a4, g + dg, ..., o + o), (U + By, Mo
+Bgs ..., U + Bg)) with the underlying crisp graph G +G5 =
(Vi U Vs, E; UEy UE'), where E' is the set of all edges joining vertices of
V] with vertices of V;, and we assume that V; n' V5 = ¢

ci(w)if ueVy
o;(w) if ueVy

(07 + o) () = {

W (u, v) if (v, v) € E;
(Hi + Bi)(u’ U) = Bi(u7 U) if (LL, U) € E2
min(o;(u), a;(v)) if (v, v) € E'

foralli=1,2,3,..., k

If m # n let k = max(m, n). Suppose m < n then let us introduce n — m
membership values of multi fuzzy graph Gj into 0 so as to convert the multi

fuzzy graphs G; and Gy have the same dimension as k.

Example 3.8.
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Theorem 3.9. The union of two multi fuzzy graphs is also a multi fuzzy

graph.

Proof. Let G) = ((cy, o9, ..., ), (U1, Moy ---s By,)) and Gy = ((0y, 09,
..es0), (B, Bas -.-» B)) be the multi fuzzy graph with dimension m and n

respectively
To prove: G = Gy U Gy, is also multi fuzzy graph with dimension £ where

k = max(m, n)
Case L Let (4, v) € E
Subcase (i) u, v € V}
(0; U o) () = o;(u) and (o; U o) (v) = o;(v)
(b © B (@, v) = pi(w, v) < min{o;(w), o; )}
= min{(c; U a;) (W), (c; U o) (v)}
< (g U ) (, v) < min{(o; U a;) (W), (o; © o) )}

Subcase (ii)) u € V; and v e V 0V,
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(0; W) (W) = o;(w)
(0; v ;) (v) = max{o;(v), o; ()}
(i © B;) (w, v) = p;(w, v)
< min{o; (), o;(V)} since (u, v) B
= min{(o; U o;) (), max(c;(w), o;(v))}
= min{(c; U o;) (w), (o; U o;) )}
= (g W B;) (w, v) < min{(o; L o;) (), (07 w o) ()}
Subcase (iii) u, v € V; A Vj
(0; U ;) () = max{c;(w), o;(w)}
(0; U ;) (v) = max{c;(v), o; ()}
(i © B;) (, v) = p;(w, v) since (u, v) € Ey
< min{c;(u), o;(v)}
= min{max{c;(«), o;(w)}, max(c;(v), o;(v))}
= min{(o; U ;) (w), (0; U ;) ()}
- (i W B;) (w, v) < min{(o; L o) (w), (o7 © o) (V)]
Case II. (u, v) € Ey
Subcase (i) u, v < Vj
(0; way)(w) = a;(w)
(0; L) (V) = 0;(v)
(i © B;) (1, v) = Bi(w, v) since (u, v) € Ky
< minfa; (), o;(v)}
= min{(c; U o;)(w), (5; © 0;) (V)]

= (W VB (w, v) < min{(o; L o) (W), (o; L o) )}

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022
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Subcase (i) u € Vy and v e Vi AV,
(0; W) (W) = o;(w)
(0; v a;)(v) = max{o;(v), a; (V)]
(i © B;) (1, v) = Bi(w, v) since (u, v) € Ky
< min{o;(«), a; ()}
= min{(c; U o;) (), max(o;(u), o;(v))}
= min{(c; U o;) (W), (o; L o;) (V)}
(g O By (w, v) < minf(o; U o) (W), (07 W o) (V)
Subcase (iii) u, v € V; A Vj
(0; U a;)(w) = max{o;(u), o;(w)}
(0; U ;) (v) = max{o;(v), 0;(v)}
(i © B;) (1, v) = Bi(w, v) since (u, v) € Ky
< minfo; (), o;(v)}
= min{max{o; (1), o;(w)}, max{c;(v), a;(v)}}
= min{(c; U o;)(w), (5; © 0;) (V)]
“ (1w B;) (W, v) < min{(o; L a;) (), (o; © a;) )}
Case IIL. (u, v) € E; N Ey
(0; W o) (1) = max{c;(u), o; ()}
(0; U ;) (v) = max{c; (), o; ()}
(i © B;) (. v) = maxip;(u, v), B;(w, v)}
< max{min{o;(«), o;(v)}, minfo;(«), o;(v)}}

= (0i() A 0;(v)) v (0() A 0;(v)
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= (i) v o;()) A (0;(v) v @;(v))
= (0; W a;) (@) A (07 U 0;)(v)
(1w B) (. v) < minf(o; U o) (W), (o7 © o) V)]

Theorem 3.10. The intersection of two strong multi fuzzy graphs is also a
strong multi fuzzy graph.

Proof. Let G) = ((oy, o9, ..., ), (U1, Moy ---s By,)) and Gy = ((0y, 09,
..e»0), (B1s Bas ---» Bp)) be the strong multi fuzzy graph with dimension m

and n respectively
To prove: G = G; N Gy is also a strong multi fuzzy graph with dimension
k where k& = min(m, n)
(0; M o) () = min{o;(w), o; ()}
(1 A B;) (w, v) = minfp;(, v), B;(w, v)}
= min{min{o;(«), o;(v)j, minfo; (w), a; ()}
= (0i(w) A 63 (V) A (04(x) A @;(v))
= (0i(®) A o;() A (0;(v) A a;(v))
(1 N By) (s v) = minf(o; N oy) (W), (0; N oy) (V)

Theorem 3.11. The join of two multi fuzzy graphs is also a multi fuzzy
graph.

Proof. Let Gj = ((o1, 69, .--> G, (1, Mg, -5 yy)) and Gy = ((oy, a9,
ey ) (B1s Bay ---5 By)) be the multi fuzzy graph with dimension m and n

respectively

To prove: G = Gy + Gy is also multi fuzzy graph with dimension & where

k = max(m, n)
Casel. (v, v) e E; U E,

oiw)if ueV)

(0; +0o;)(u) = {ai(u) if ueVy
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( + B;)(w, v) < min{(s; + ;) (), (o; + ;) (v)} (by theorem 3.9)
Casell. (u,v) e E'
(1 + B;) (w, v) = min{(o;(w), a;(V))}
= min{(c; + a;) (@), (o; + ;) (V)}
< (ui +B;) (w, v) = min{(c; + a;) (W), (o; + ;) (v)}

Theorem 3.12. The join of two strong multi fuzzy graphs is also a strong

maulti fuzzy graph.
Proof. Case I. (1, v) € E; U Ey

Subcase (i) (v, v) € E; — Ey
(i +B;) (. v) = (1; W B;) (. v)

= p;(u, v)

min{o;(u), o;(v)} = min{(c; U ;) (W), (o; U ;) (V)}

min{(c; + a;) (@), (5; + o;) ()}
< (wi + By) (w, v) = min{(c; + o) (), (o7 + o) (V)}
Subcase (i) (u, v) € By - E,
(i +Bi) (w, v) = (1; W B;) (. v)

= Bi(w, v)

= minfa (1), o; ()}

= min{(c; U o;)(w), (5; © o;) V)]
< (wi + By) (w, v) = min{(c; + o) (), (o} + o) (V)}
CaseIL (4, v) € E'
(u; + B;) (, v) = min{o;(w), a;(v)}

= min{(c; U ;) (w), (0; © o) (V)}
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= min{(c; + a;) (W), (5; + o;) (V)}
2 (b + Bi) (@, v) = min{(o; + o) (w), (o7 + o) (V)]

Theorem 3.13. If G is a union of two multi fuzzy graphs G; and Gy then
every multi fuzzy subgraph H = (11, T, .-, Ty ) (P15 P2s -5 Pm)) Of G is the
union of multi fuzzy subgraphs of Gy and Gs.

Proof. Let G) = ((oy, o9, ..., ), (U1, Moy ---s By,)) and Gy = ((0y, 09,
..es0), (B, Bas -.-» B)) be the multi fuzzy graph with dimension m and n
respectively and G is a union of two multi fuzzy graphs G; and Gy of

dimension %k where k£ = max(m, n). Define the multi fuzzy subsets

(01, 0%, .o o), (W1 1, ooy W)y (0, O, oy 0y), (Brs B2, -oos Br) on V3, By,
Vo and Ey respectively as follows:

oi(w) = 1;(w), u e V] and oi(u) = 7;(uw), u e Vq
Wi(w, v) = p;(u, v), (u, v) € E; and Bi(w, v) = p;(u, v), (v, v) € Ey
wi(w, v;) = piu, v;)
< min{r; (1;), 7(v; )}
= min{c;(x;), o;(v;)}
Hi(w;, v;) < min{oj(y;), o(v;); where (1, v;) € Ey
Bi(w» vi) = pilws, v;)
< min{z; (%), 7;(v;)}
= min{o; (1), o;(v; )}
Bi (i, v;) < min{oi (), o(v;)} where (1, v;) € Eg

Thus (o}, 6%, ..., o), (W1, M2, ..o, W) and (o, o, ..., 0p), (B1, Ba,
...» B)) are the multi fuzzy subgraph of G; and Gy. Clearly t; = o} U o
and p; = p; U B; Therefore union of two multi fuzzy subgraphs of G; and Gy

is a multi fuzzy subgraph of G.
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Theorem 3.14. If G is the join of two multi fuzzy graphs Gy and Gy then
every strong multi fuzzy subgraph H = (11, T, .-, Ty ) (P15 P25 -5 Pm)) Of G
is the join of a strong multi fuzzy subgraphs of Gy and Gs.

Proof. Let G) = ((cy, o9, ..., ), (U1, Moy ---s By,)) and Gy = ((0y, 09,
..., o), (By, Ba, ..., B,,)) be the multi fuzzy graph with dimension m and n
respectively and G is a union of two multi fuzzy graphs Gy and Gy of
dimension %k where k£ = max(m, n). Define the multi fuzzy subsets
(01, 6%, -y O, (W1, Mo, oy Wi ) (0, @, oos o), (B, B2, ooy BY) om WA, By,
Vo and Ey respectively as follows:

oi(w) = 1;(w), u e V] and oi(u) = 7;(u), u € Vy
Hi(w, v) = p;(u, v), (v, v) € By and Bi(u, v) = p;(w, v), (1, v) € Ey

Clearly ((o}, 69, ..., G)) (M1, 1o, ..., W) and ((af, ab, ...,a,), (B1, Ba,
...» By)) are the multi fuzzy subgraph of G; and Gy and t; = o} U o} and

p; = 1; U PB; (by the theorem 3.13.) Hence 1; = o} + a; and p; = p; + f3;.

If (u, v) € By U Ey then p;(u, v) = (4 W B) (. v) = (u; + B;)(w, v)

If (u, v) € E' where u € V] and v € V; then

(ui + Bi) (, v) = min(c}(w), o;(v) = min(r;(w), 7;(v) = p;(w, v)

Therefore join of two strong multi fuzzy subgraphs of G; and G, is also a
strong multi fuzzy subgraph of G.

4. Conclusion

This investigates on different type of operations showing various
formations of multi fuzzy graph and their theorems. Some operations such as
like union, intersection and join are defined on Multi fuzzy graph. Several
theorems are explained on them. In future, work on other different
operations on multi fuzzy graph and the usages of operations on multi fuzzy
graph will be obtained.
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