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Abstract

In this paper we present some formulas for the Saigo hypergeometric fractional integral

involving the generalized Mathieu series S“(r), which are expressed in terms of the Hadamard

product of the generalized Mathieu series Su(r) and the Fox-Wright function ‘{"(‘IU (2).

Corresponding assertions for the classical Riemann-Liouville and Erdélyi-Kober fractional
integral deduced. Further, it is emphasized that the results presented here, which are for a
seemingly complicated series, can reveal their involved properties via the series of the two
known functions.

1. Introduction and Preliminaries

Fractional calculus, which has a long history, is an important branch of
mathematical analysis (calculus) where differentiations and integrations can
be of arbitrary non-integer order. During the past four decades or so,
fractional calculus has been widely and extensively investigated and has
gained importance and popularity due mainly to its demonstrated
applications in numerous and diverse fields of science and engineering such
as turbulence and fluid dynamics, stochastic dynamical system, plasma
physics and controlled thermonuclear fusion, nonlinear control theory, image
2020 Mathematics Subject Classification: 18E35.

Keywords: Mathieu series; generalized Mathieu series; fractional calculus operators.
Received March 4, 2022; Accepted September 7, 2022



80 VARSHA PARIHAR and CHANDRAPAL SINGH CHOUHAN

processing, nonlinear biological systems, and astrophysics. For further details
we refer to [1-5].

Now, we vrecall Saigo fractional integral involving Gauss’s
Hypergeometric function Fjs as a kernel. Let a, B, n € C, Re(a) > 0 and

x > 0, then Saigo’s fractional integral (Igjrf” ) (x), (I% P "f) and defined

as,

_(X_B x
15" ) = Ty [ -0 T B @ b w1 - a1

15> "NE) = 5o [ -0 PR o p -t - D 2)

Here and in what follows, [x] denotes the greatest integer less than or

equal to the real number x. When B = —a the operators in (1.1), (1.2) coincide

with the classical Riemann-Liouville fractional integrals and derivatives of
order a € C with Re(a) > 0 and x > 0 (see, e.g., [1,4]):

(I ) (x) = (18‘+f)<x>ﬁ | 0 (x - 0" L f(0)dt (1.3)

(I M) = 16 = 15 [, =07 0 a.4)

Here and in the following, let C, R*, and N be the sets of complex

numbers, positive real numbers, and positive integers, respectively, and let
Ny =NU{0}. If =0 in (1.1),(1.2) yields the so-called Erdélyi-Kober

fractional integrals of order o € C with Re(a) > 0 and x > 0,

182" @) = (05, o)) = o [ -0 ey (.5

. 0 _ x" “ oa—1,-o—
(120 ) @) = (K o)) = o5 [ -0 war e

A detailed account of such operators along with their properties and

applications has been considered by several authors. The following familiar
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infinite series of the form
Z 2n
2 2
n>1 (n +r )

Where r >0, is known in literature as the Mathieu series. Emile

Leonard Mathieu was the first to investigate such a series in 1890 in his book
elasticity of solid bodies [7]. An alternative version of (7)

S =Yyt — 2n (1.8)

n>1 (n + r2)

Where r > 0, was introduced by Pogany et al. [8]. Closed form integral

representations for S(r) and S™(r) are given by (see e.g., [8, 9])

S(r) = 1J‘ x sin rx)d (1.9)
and
S()——_[ Md (1.10)
¥ -1

respectively. Several interesting problems and solutions deal with integral
representations and bounds for the following mild generalization of the
Mathieu series and its alternative version with a fractional power defined by
([10], p. 2, Equation (16)) (see also, [11], p. 181).

Sur) =y — (1.11)

n>1 (n2 + rz)

And

~( — _ 1yl 2n
%@—;(D T (1.12)

Where r >0, u >0, respectively. Such a series has been widely

considered in mathematical literature (see, e.g., papers of Cerone and Lenard
[10], Diananda [12] and Pogany et al. [8]). Various applications of the familiar
Mathieu series and its generalizations in probability theory with other
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variants such as trigonometric Mathieu series, harmonic Mathieu series,
Fourier-Mathieu series and some other particular forms of the Mathieu series
can be found in a recent paper [13]. Recently, Tomovski and Pogéany [14]
studied the several integral representations of the generalized fractional

order Mathieu-type power series

r z) = Z u+1 (1.13)

n>1 (n +7?
Where re R, p>0,|z|<1. Obviously, we have S,(r;1)=S,(r) and

S, (r;=1) = S, (r). Various other investigations and generalizations of the

Mathieu series with its alternative variants can also be found in [11, 14-24],
and the references cited therein. The concept of the Hadamard product (or
the convolution) of two analytic functions is useful in our present
investigation. It can help us to decompose a newly emerged function into two
known functions. If, in particular, one of the power series defines an entire

function, then the Hadamard product series defines an entire function, too.
Let f(z):= Z::O a,2", (2| < Ry) and g(2) = Z:zobnzn, (z|<Rg) be

two power series whose radii of convergence are denoted by R; and R,

respectively. Then, their Hadamard product is the power series defined by

o0

(f*8) (=) = D anbpz" = (g * () (1.14)

n=0

|z| < Ry, where

. a,b . .
R =lim,,_,, R =lim, ., lim g,

=R - R

@y 410p41 n+1 b n+1

Therefore, in general, we have R > R - R, [25, 26]. For various other

investigations involving the Hadamard product (or the convolution), the
interested reader may be referred to several recent paper son the subject (see,
for example, [27, 28] and the references cited in each of these papers). In this
paper, our aim is to study the compositions of the generalized fractional (1)-
(2) with the generalized Mathieu series (1.13) in terms of the Hadamard
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product (1.14) of the generalized Mathieu series and the Fox—Wright
function. Further, corresponding assertions for the classical Riemann-
Liouville and Erdélyi-Kober fractional integral are deduced. The results
presented in Theorems together with Corollaries are sure to be new and
potentially useful, mainly because they are expressed in terms of the
Hadamard product with two known functions. At least, a seemingly
complicated resulting series expressed in terms of two known functions
means that certain properties involved in the complicated resulting series can
be revealed via the series of the known functions 2. Fractional Integration of
the Mathieu Series We first recall the Fox-Wright function

YL (2)(p, @ € Ny) with p numerator and g denominator parameters defined
for a4, ..., a, € C and by, ..., bp e C/Zy by (see, for details, [1,3]; see also
[4,29]):
@D (al’ Al)’ ((XZ’ AZ)---(OLp’ Ap).z
q b
(B1» By), B2, Bg)...(Bg» By)

_ o Moy + An)l(ag + Agn)...T(a, + Apn)2" o1
- Z(:) I(Br + Bin)[ By + Bon) . T(, + B,mn! @1)

n=
Where (4 € R"(j=1,23, ...p)Bj € R'(j=123,..,q)

q b .
1+ Zj:l B; - Zj:l Aj > 0). In particular, when Aj = By

=1 =1,...p;k=1,...,q), (23) reduces immediately to the generalized

hypergeometric function

FF(p, q € Ny) (see, e.g., [29)):

o (1), (az)---(ap)_z _ T(BI(Bs)---T(By)
1B, (B)..(Bg) (o)l (ag)... T(ap)

p{(al, 1), (ag, 1)...(ap, 1)‘ 0.2

Y B 1), B D). (Bge D)

Lemma 1. Let o, B, n € C. Then, there exists the relation
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(a) If Re(a) > 0 and Re(c) > max{0, Re(B —n)}, then

In particular, for x > 0, we have

a ;o-1 _ F(G) c+p+1
(Io+t )(x) = o+ x , (2.4)
Re(a) > 0, Re(c) > 0 (2.5)

(I%&tc_l) (x) = r(l;(i ; T_])n) 501

Re(a) > 0, Re(c) > —Re(n).
If Re(a) > 0 and Re(c) < min{Re(B), Re(n)}, then

o, B, nyo-1 _IQ-c+Brl-c+n-B) o-p-1
(= %) () = F(G—G)F(l—c+a+[3+n)x 2.6)

In particular, for x > 0, we have

(127 ) = T et oot @7

0 < Re(a) < 1 — Re(o).

~ o-1 _ Il-oc+mn) o-1
(Kn,at )(x)_l"(l—c+oc+n)x (2.8)

0 < Re(a) < 1+ Re(o).

We begin the exposition of the main results by presenting the composition
formulas of generalized fractional integrals, (1.1) and (1.2), involving the
generalized Mathieu series in terms of the Hadamard product (1.14) of the
generalized Mathieu series (1.13) and the Fox-Wright function (2.1). It is
emphasized that the results presented here, which are for a seemingly
complicated series, can reveal their involved properties via the series of the

two known functions.

Theorem 1. Let o,B,n,0e€C and p>0,u>0,r e R be such that
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Re(a) >0 and Re(o) > max{0, Re(B —m)}. Then, the following Saigo

P
hypergeometric fractional integral I(‘)ﬁ B oof S“(r(%j J holds true:

(zg; B n{%)“l Su(r, @pj}j (x) = xcﬁsp(r, @p]

1,1), (c+p, p) (o -B+p, x
*\1'5’{( ). (c+p.ph(c+n-B+p p)(gﬂ

; (2.9
(0—ﬁ+P,P),(G+G+ﬂ+P,P)

p
Proof. From the definition of Su(r; (%) ]

o8] Sl

=1

Using the definitions (1.1) and (1.13), by changing the order of integration
and applying the relation (2.3), we find that x > 0

t pk+(5—1 1 pk+<5—1

) 23]
% Pm - a, B, n,pk+c-1

IO+ Zk21 (k2 " r2)u+1 - Z (k2 2)H+1 \IO t )(x)

k=1

1 pk+oc-1
o 2k =
(2) [(c + pk)T(c + 1 - B + pk) ook

c—-B-1
=X Z(k2+r2)“+1 INo+n-B+pkl(c+a+n-PB+pk)

by applying the Hadamard product (1.14), which in the view of (1.14) and
(2.1), yields the desired formula (2.9).

_ xc—B—lsu(r, (g)pJ . \Pg{(l, 1), (c+p,p)(c+n-B+p, P);(g)p}
2 (c-B+p,p)(c+a+n+p, p) \2
This complete the prove of Theorem 1.

Theorem 2. Let o, B, n,ceC and p>0,u>0,re R be such that
Re(a) >0 and Re(c) > max{0, Re(B —n)}. Then, the following Saigo
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p
hypergeometric fractional integral 1% P of Su(r, (%) ] holds true:

(e s (&) oo - o5 (2]

3L, 1),A-c+B+pp).(I-c+n+p,p)
\P{(l c+p,p,(l-c+a+B+n+p,p) ( )} (2,10)

p
Proof. From the definition of S“(r; (%) J

1"
(o)) 52

Using the definitions (1.1) and (1.13), by changing the order of integration
and applying the relation (2.3), we find that

t pk+0 1 1 pk+0 1
b {5 = 243 b ol
@, B n ey L a, B, n,—pk+o-1
IOJr Zk:1 (kz N r2)u+1 - z (IO+ ¢ ) (x)

- (k2 n r2)p.+1

1pk+01
_xcpﬁlizk(j FA-c+B+p p)(l-oc+n+pk)
(k2+r2)u+1 F(1—0+pk)F(1—G+OL+B+ﬂ+pk)

by applying the Hadamard product (1.14), which in the view of (1.14) and
(2.1), yields the desired formula (33).

_ xoebig 1 (g)p - 3/(L1), A-c+B+pp)(l-c+n+pp) ( )
HLUT2 (l-oc+pp, (l-c+a+Bp+n+pp)
This complete the prove of Theorem 2.7.

Further, we deduce the fractional integral formulas for the classical
Riemann-Liouville and Erdélyi-Kober fractional integral and differential
operators by letting B = —a and B = 0 respectively, which are asserted by

Corollaries 1-4 below.
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Corollary 3. Let a,c0eC and p>0,u>0,re R be such that
Re(a) > 0 and Re(c) > 0. Then, the following Riemann-Liouville fractional

integral Su[r; (%)pj holds true:
g5

_ xG+0L+Bfls r (f)p % \PS (]-’]-)7 (G +p, P)(f)p
Hl\2 | o+a+pp) \2) |
Corollary 4. Let a,ceC and p>0,u>0,re R be such that
Re(a) > 0 and Re(c) > —Re(n). Then, the following Erdélyi-Kober fractional

p
integral I, , of Su[r; (%) J holds true:

[ &

_ xc+p+[3718 r (£)P % \Pg (171)7 (G +tn+p, p),(ﬁJp )
AR (c+oa+n+p,p) \2
Corollary 5. Let a,0e€C and p>0,u>0,re R be such that

0 < Re(a) <1 —Re(c). Then, the following Riemann-Liouville fractional

. 1Y
integral I* of Su(r; (z—tj J holds true:

(=68l e

_ pora-p-ig |, (L)p - w2 L1, 1-c-a+p, p)‘(i)p .
ez (-otpp) (20
Corollary 6. Let a,ce€C and p>0,u>0,re R be such that
0 <Re(a) and Re(c) >1+Re(c). Then, the following Erdélyi-Kober
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2t

p
fractional integral I* of Su[r; (l) J holds true:

and

(1]

(2]

B

(4]

(5]

(6]

(7

(8]

9]

sl{l sl o
_ 4o Plg [r KLJPJ . ‘PZ[G’I)’ l-c-a+p, p)'(ijp}
M\ 2x 1 A—ctoa+n+pp) \2x) |
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