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Abstract 

The purpose of this paper is to prove common fixed point theorems by using the property 

 AE.  and the common limit range property  STCLR  for pairs of weakly compatible mappings 

satisfying a weak contraction involving cubic terms of distance functions in metric space. Our 

results generalize and extend the result of Kumar et al. [11]. 

1. Introduction and Preliminaries 

Fixed point theory is one of the most effective research area in 



RAJESH KUMAR and SANJAY KUMAR 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022 

58 

Mathematics. It has enormous applications in various fields such as 

Economics, Game theory, applied science etc. The basic tool to study fixed 

point theory is Banach contraction principle [12] which states that every 

contraction mapping on a complete metric space has a unique fixed point. 

This result has been extended, generalized and unified by various authors in 

various diverse abstract spaces. Jungck [3] obtained one of interesting 

characterizations of Banachs contraction principle for pairs of mappings 

using the notion of commutative mappings. 

In 1982, Sessa [13] initiated to relax commutative condition using the 

notion of weak commutative of mappings. It is seen that common fixed point 

theorems for contractive type mappings generally involve a commutativity 

type condition, continuity of one or more mappings, a condition on 

containment of range spaces. 

Further, in 1986, Jungck [4] weakened the notion of commutative and 

weak commutative mappings to compatible mappings and defined as follows: 

Definition 1.1. Let P and Q be two mappings of a metric space  dX,  

into itself. Then the mappings P and Q are said to be compatible if 

  ,0,lim 


nn
n

QPuPQud  

whenever  nu  is a sequence in X such that tQuPu nnn  limlim  for 

some .Xt   

In 1996, Jungck [5] introduced the notion of weakly compatible mappings 

and showed that compatible mappings are weakly compatible but converse 

may not be true. 

Definition 1.2. A pair of self-mappings P and Q on a metric space  dX,  

is called weakly compatible if the mappings commute at their coincidence 

points i.e., if QtPt   for some Xt   implies .QPtPQt   

In the general setting, the notion of property  ,.AE  which requires the 

closedness of the range subspace, was introduced by Aamri and El- 

Moutawakil [7] as follows: 

Definition 1.3. A pair of self-mappings P and Q on a metric space  dX,  
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is said to satisfy property  AE.  if there exists a sequence   Xun   such that 

tQuPu nnnn   limlim  for some .Xt   

Remark 1.4. One can note that weak compatibility and property  AE.  

are independent concepts. 

The common limit range property (CLR), which is an analogue to  AE.  

property, is introduced by Sintunavarat and Kumam [14] as follows: 

Definition 1.5. Two self mappings P and Q of a metric space  dX,  are 

said to satisfy the common limit in the range of Q property, denoted by 

 ,QCLR  if there exists a sequence   Xun   such that 

QtQuPu n
n

n
n




limlim  for some .Xt   

Imdad [8] extended the (CLR) property as follows: 

Definition 1.6. Two pairs  SP,  and  TQ,  of a metric space  dX,  are 

said to satisfy the common limit range property with respect to the mappings 

S and T, denoted by  ,STCLR  if there exists a sequence  nu  and  nv  in X 

such that 

,limlimlimlim tTvQvSuPu n
n

n
n

n
n

n
n




 for some    .XTXSt   

It is observed that the properties  AE.  and (CLR) relax the continuity 

hypothesis of all the mappings under consideration and also relax the 

containment condition of the range subspace of the mapping into the range 

subspaces of the other mappings. The property  AE.  allows replacing the 

condition of completeness of the space (or the range subspaces of the 

mappings involved) with a condition of closedness of the range subspace. 

Common limit range property (CLR) ensures that the requirement of the 

closedness of the subspaces for the existence of fixed point can be relaxed 

entirely. In this paper, we prove common fixed point theorems for pairs of 

mappings using the notion of weakly compatibility along with property  AE.  

and  STCLR  that satisfy a weak contraction condition involving the cubic 

terms of distance function. 
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2. Main Results 

In 2021, Kumar et al. [11] introduced a new weak contraction that 

involves cubic terms of distance function and proved common fixed point 

theorems for compatible mappings and its variants. 

Theorem 2.1 [11]. Let Sgf ,,  and T be four mappings of a complete 

metric space  dX,  into itself satisfying the following conditions: 

(C1)        ,, XSXgXTXf   

(C2)            ,,,,,
2

1
max, 223 gyTydfxSxdgyTydfxSxdpgyfxd    

           gyTydfxTydgySxdfxTydgySxdfxSxd ,,,,,,,  

  ,, TySxm  

for all ,, Xyx   where 

            ,,,,,,,,max, 2 fxTydgySxdgyTydfxSxdTySxdTySxm   

        gyTydfxTydgySxdfxSxd ,,,,
2

1
  

and p is a real number satisfying 10  p  and     ,0,0:  is a 

continuous function with   00   and   0 t  for ;0t  

(C3) one of the mappings TSgf ,,,  is continuous. 

Assume that the pairs  Sf ,  and  Tg,  are compatible or compatible of 

type (A) or compatible of type (B) or compatible of type (C) or compatible of 

type (P), then Sgf ,,  and T have a unique common fixed point in X. 

Now, we extend and generalize the theorem 2.1 for three pairs of 

mappings using the notion of weakly compatible mappings along with 

property  .AE   

Theorem 2.2. Let PTSgf ,,,,  and Q be six mappings of a metric space 

 dX,  into itself satisfying: 
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(C4) The pairs  PQf ,  and  STg,  share the common property  ,AE   

(C5)  XPQ  and  XST  are closed subsets of X, 

(C6) TggTQPPQQffQ  ,,  and ,TSST   

(C7)            ,,,,,
2

1
max, 223 gySTydfxPQxdgySTydfxPQxdpgyfxd   

           gySTydfxSTydgyPQxdfxSTydgyPQxdfxPQxd ,,,,,,,  

  ,, STyPQxm  

for all ,, Xyx   where 

        ,,,,,max, 2 gySTydfxPQxdSTyPQxdSTyPQxm   

   ,,, fxSTydgyPQxd  

        gySTydfxSTydgyPQxdfxPQxd ,,,,
2

1
  

and p is a real number satisfying 10  p  and     ,0,0:  is a 

continuous function with   00   and   0 t  for .0t  

Then PTSgf ,,,,  and Q have a unique common fixed point in X 

provided that the pairs  PQf ,  and  STg,  are weakly compatible. 

Proof. Since the pairs  PQf ,  and  STg,  share the common property 

 ,AE   there exists two sequences  nu  and  nv  in X such that 

,limlimlimlim wSTvgvPQufu n
n

n
n

n
n

n
n




 

for some .Xw   Since  XPQ  is a closed subset of X, we have 

 .lim XPQwPQunn   Therefore, there exists Xu   such that 

.wPQu   Now we show that .wfu   On putting ux   and nvy   in (C7), 

we have 

 ngvfud ,3  
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         ,,,,,
2

1
max 22

nnnn gvSTvdfuPQudgvSTvdfuPQudp   

         fuSTvdgvPQudfuSTvdgvPQudfuPQud nnnn ,,,,,,  

    ,,, nnn STvPQumgvSTvd   

where 

        ,,,,,max, 2
nnnn gvSTvdfuPQudSTvPQudSTvPQum   

   ,,, fuSTvdgvPQud nn  

        .,,,,
2

1
nnnn gvSTvdfuSTvdgvPQudfuPQud   

Taking limits as ,n  it follows that 

           ,,,,,
2

1
max, 223 wwdfuwdwwdfuwdpwfud   

           wwdfuwdwwdfuwdwwdfuwd ,,,,,,,  

  ,, wPQum  

where 

            ,,,,,,,,max, 2 fuwdwwdwwdfuwdwwdwPQum   

         ,0,,,,
2

1
 wwdfuwdwwdfuwd  

which implies that   0,3 wfud  and hence .PQuwfu   

If  XST  is a closed subset of X, then there exists a point v in X such that 

.wSTv   Now we show that .wgv   On putting nux   and vy   in (C7), 

we obtain 

 gvfud n,3  

         ,,,,,
2

1
max 22 gvSTvdfuPQudgvSTvdfuPQudp nnnn   

         nnnnnnn fuSTvdgvPQudfuSTvdgvPQudfuPQud ,,,,,,  
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    ,,, STvPQumgvSTvd n  

where 

        ,,,,,max, 2 gvSTvdfuPQudSTvPQudSTvPQum nnnn   

   ,,, nn fuSTvdgvPQud  

        .,,,,
2

1
gvSTvdfuSTvdgvPQudfuPQud nnnn   

Taking limits as n  and on simplification, we have   0,3 gvwd  

and hence .STvwgv   

Hence PQfufPQu   i.e., PQwfw   and STgvgSTv   i.e., .STwgw   

(2.1) 

Now we show that .wfw   Suppose that .wfw   On putting wx   and 

vy   in (C7), we have 

           ,,,,,
2

1
max, 223 gvSTvdfwPQwdgvSTvdfwPQwdpgvfwd   

           gySTvdfwSTvdgvPQwdfwSTvdgvPQwdfwPQwd ,,,,,,,  

  ,, STvPQwm  

for all ,, Xyx   where 

        ,,,,,max, 2 gvSTvdfwPQwdSTvPQwdSTvPQwm   

   ,,, fwSTvdgvPQwd  

        .,,,,
2

1
gvSTvdfwSTvdgvPQwdfwPQwd   

On simplification, we have     ,,, 33 wfwdwfwd   a contradiction and 

hence .PQwwfw   We show that .wgw   Suppose that .wgw   On 

putting ux   and wy   in (C7), we have 

             ,,,,,
2

1
max,, 2233 gwgwdwwdgwgwdwwdpgwwdgwfud   
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           gwgwdwgwdgwwdwgwdgwwdwwd ,,,,,,,  

  ,, gwwm  

where 

        ,,,,,max, 2 gwgwdwwdgwwdgwwm   

   ,,, wgwdgwwd  

        ,,,,,
2

1
gwgwdwgwdgwwdwwd   

which implies that     ,,, 33 wgwdgwwd   a contradiction and hence 

.STwwgw   Therefore, .wSTwPQwgwfw   

Since QffQ   and ,QPPQ   so QwQfwfQw   and 

    .QwQwQPQwPQ   We show that .wQw   Suppose that .wQw   On 

putting Qwx   and wy   in (C7), we have 

 gwfQwd ,3  

         ,,,,,
2

1
max 22 gwSTwdfQwPQQwdgwSTwdfQwPQQwdp   

         fQwSTwdgwPQQwdfQwSTwdgwPQQwdfQwPQQwd ,,,,,,  

    ,,, STwPQQwmgwSTwd   

where 

        ,,,,,max, 2 gwSTwdfQwPQQwdSTwPQQwdSTwPQQwm   

   ,,, fQwSTwdgwPQQwd  

        .,,,,
2

1
gwSTwdfQwSTwdgwPQQwdfQwPQQwd   

           ,,,,,
2

1
max, 223 wwdQwQwdwwdQwQwdpgwQwd   

         QwwdwQwdQwwdwQwdQwQwd ,,,,,,  
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    ,,, wQwmwwd   

where 

        ,,,,,max, 2 wwdQwQwdwQwdwQwm   

   ,,, QwwdgwQwd  

        .,,,,
2

1
wwdQwwdwQwdQwQwd   

which implies that     ,,, 33 wQwdwQwd   a contradiction and hence 

.wQw   Therefore, .PwPQww   

Since TggT   and ,TSST   so TwTgwgTw   and 

    .TwTwTSTwST   Next we show that .wTw   Suppose that .wTw   

On putting wx   and Twy   in (C7) and on simplification, we get 

    ,,, 33 TwwdTwwd   

a contradiction and hence .wTw   Also, .SwSTww   Hence w is a 

common fixed point of self mappings PTSgf ,,,,  and Q. 

Uniqueness. Let  wz   be another common fixed point of self mappings 

PTSgf ,,,,  and Q. On putting wx   and zy   in (C7), we obtain 

             ,,,,,
2

1
max,, 2233 zzdwwdzzdwwdpzwdgzfwd   

           zzdwzdzwdwzdzwdwwd ,,,,,,,  

  ,,2 zwd  

which implies that .zw   This completes the proof. 

Now we prove our next theorem by using the common limit range 

property denoted by  .STCLR  

Theorem 2.3. Let PTSgf ,,,,  and Q be six mappings of a metric space 

 dX,  into itself satisfying (C6), (C7) and the following: 

(C8) the pairs  PQf ,  and  STg,  share the     STPQCLR  property; 
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Then the mappings PTSgf ,,,,  and Q have a unique common fixed 

point provided that the pairs  PQf ,  and  STg,  are weakly compatible. 

Proof. Since the pairs  PQf ,  and  STg,  share the     STPQCLR  

property, there exists two sequences  nu  and  nv  such that 

,limlimlimlim wSTvgvPQufu n
n

n
n

n
n

n
n




 where 

   .XSTXPQw   

Since  ,XSTw   there exists Xv   such that .wSTv   We show that 

.wgv   On putting nux   and vy   in (C7), we get 

           ,,,,,
2

1
max, 223 gvSTvdfuPQudgvSTvdfuPQudpgvfud nnnnn   

         nnnnnnn fuSTvdgvPQudfuSTvdgvPQudfuPQud ,,,,,,  

    ,,, STvPQumgvSTvd n  

where 

        ,,,,,max, 2 gvSTvdfuPQudSTvPQudSTvPQum nnnn   

   ,,, nn fuSTvdgvPQud  

        .,,,,
2

1
gvSTvdfuSTvdgvPQudfuPQud nnnn   

Taking limits as n  and on simplification, we have 

  ,0,3 gvwd  

which implies that wgv   and hence .STvwgv   Since  ,XPQw   

there exists Xu   such that .wPQu   We show that .wfu   On putting 

ux   and nvy   in (C7), we get 

           ,,,,,
2

1
max, 223

nnnnn gvSTvdfuPQudgvSTvdfuPQudpgvfud   

         fuSTvdgvPQudfuSTvdgvPQudfuPQud nnnn ,,,,,,  
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    ,,, nnn STvPQumgvSTvd   

where 

        ,,,,,max, 2
nnnn gvSTvdfuPQudSTvPQudSTvPQum   

   ,,, fuSTvdgvPQud nn  

        .,,,,
2

1
nnnn gvSTvdfuSTvdgvPQudfuPQud   

Taking limits as n  and on simplification, we have 

  ,0,3 wfud  

which implies that wfu   and hence .PQuwfu   

Since the pair  PQf ,  is weakly compatible and ,wPQufu   then 

,PQfufPQu   it implies that .PQwfw   Since the pair  STg,  is weakly 

compatible and ,wSTvgv   then ,STgvgSTv   it implies that 

.STwgw   

Proceeding on the similar lines after equation (2.1) of Theorem 2.2, we see 

that w is a unique common fixed point of PTSgf ,,,,  and Q. 

If we take ITQ   (I is identity map in X) in Theorem 2.2, we get 

Corollary 2.4. Let Pgf ,,  and S be self maps of a metric space  dX,  

satisfying 

(C9)            ,,,,,
2

1
max, 223 gySydfxPxdgySydfxPxdpgyfxd   

         fxSydgyPxdfxSydgyPxdfxPxd ,,,,,,  

    ,,, SyPxmgySyd   

for all ,, Xyx   where 

        ,,,,,max, 2 gySydfxPxdSyPxdSyPxm   

   ,,, fxSydgyPxd  
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        .,,,,
2

1
gySydfxSydgyPxdfxPxd   

and p is a real number satisfying 10  p  and     ,0,0:  is a 

continuous function with   00   and   0 t  for ;0t  

Suppose that the pairs  Pf ,  and  Sg,  share the common property 

   XPAE ..  and  XS  are closed subsets of X. Then the mappings Pgf ,,  

and S have a unique common fixed point provided that the pairs  Pf ,  and 

 Sg,  are weakly compatible. 

If we take ITQ   (I is identity map in X) in Theorem 2.3, we get. 

Corollary 2.5. Let Pgf ,,  and S be self maps of a metric space  dX,  

satisfying the condition (C9). Suppose that the pairs  Pf ,  and  Sg,  share 

the  PSCLR  property and are weakly compatible. Then the mappings Pgf ,,  

and S have a unique common fixed point. 

Remark 2.6. Corollary 2.5 is a generalization of the result of Kumar et 

al. [11] in the sense that the conditions of containment of the range subspace 

and continuity of the mapping have been relaxed. 

3. Conclusion 

In this paper, we have proved common fixed point theorems by using the 

property  AE.  and the common limit range property  STCLR  for pairs of 

weakly compatible mappings satisfying a weak contraction involving cubic 

terms of distance functions in metric space. The results can be further 

extended and generalized for families of mappings. 
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