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Abstract

The application of fractional calculus increases from time to time. That is why; researchers
are always searching for new techniques (analytic, approximate or numerical) to solve such
fractional calculus. Based on such a motivation, in this work, we have developed a new method
known as Andualem and Khan Transform (AKT) to solve Riemann-Liouville fractional
derivative, Riemann-Liouville fractional integral and Mittag-Leffler function. More exactly,
here, first we have introduced a new technique (AK) with counter examples of some basic
functions and then we have applied it to fractional derivatives and fractional integration and
the solutions are successfully obtained. AK can also be applied to similar nonlinear problems in
future.

Introduction

In recent years, fractional calculus (FC) has gained considerable
achievements in various fields of science and engineering. Fractional calculus
is the field of mathematical analysis which deals with the investigation and
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applications of integrals and derivatives of arbitrary order. Fractional
Calculus is used in many problems, for example in engineering, physics,
economics, biological processes, etc. Many physical problems [1-7] are
modelled by using fractional differential equations (FDE) more accurately
than classical differential equations [8-11]. Over the years, many
mathematicians, using their own notation and approach, have found various
definitions that fit the idea of a non-integer order integral or derivative. One
version that has been popularized in the world of fractional calculus is the

Riemann-Liouville definition.

One of the first to use Fractional Calculus for a problem was the
Norwegian mathematician Niels Henrik Abel. In 1823 he applied it in the
formulation of his solution for the Tautochrone Problem. The idea of this
problem is to find the curve of a frictionless wire which lies in the plane such
that the time required for a particle to slide down to the lowest point of the
curve independent is of where the particle is placed. In this paper, we
discussed important concepts of AK transform, and we present the
application of AK transform for Riemann-Liouville integral, Riemann

Liouville fractional derivative, and Mittag-Leffler function.
AK Transform

A new transform called the AK Transform of the function y(¢) belonging

to a class A, where:

It
A=:yt):3IN,n, Mg >0,|y¢)| <ne™ if ¢ € (-1) x [0, o)

The AK transform of y(¢) denoted by M;[y(¢)] = ¥(s, B) and is given by:

36, B) = Milo(0) = [ s(00e P a 0
0
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Table 1. AK Transform of Some Basic functions.

1) M;(f@)
C(constant) CB
a (n+1) Bnﬂ
M SBXB
s —
sin(t) SBZ
2 n 82
(n)
e (%) fls, B) - Zko knl fP0), n =1

The sufficient condition for the existence of AK transform.
If the function y(t) is piecewise continues in every finite interval
0 < ¢ < o and of exponential order B for ¢ > B. Then its AK transform y(s, B)

exists.

Proof. For any positive a, we have
o _st < _st o _st
sJ-y(t)e Bat = sjy(t)e Bt + sjy(t)e B dt
0

Since the function y(¢) is piecewise continues in every finite interval
0 <t < a, then the first integral on the right hand side exists. Besides, the

second integral on the right hand side exists, since the function y(¢) is of

exponential order B for ¢ > B.

Now to this, we have following

st

¥t eBdt

st

e_th

0
<3J-
0
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0 st 0 st

< sJ. eith| y(@)|de < sJ- e P Me™dt
0 0
o _(s-ap)t
= MsIe Podt
0

and this improper integral is convergent for all, s> af. Thus

M;{y(@)} = (s, B).
Convolution property of AK transform

Let f(s, B) and g(s, p) denote the AK transform of f(t) and g(t)

respectively. Then

M;f = gl = < f(s, B)&(s, B

» |

Proof. The convolution of two functions f(¢) and g(¢) is given by:

frg= [0 - e
0

M + ] - j[
0

0

] f(r)ﬁ gt — 1) e_%tdt} dr
0

0

O =8

gl - r)dt}e_gtdt

Using substitution method u =t -1 = u + 1t = t, we get
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_(us+1s)

*g]—sjfo:) j gwe P du|dr

© 00 st
gl=s[ e ﬁdrjg@e Pt = (s, B2 B).
0

Mittag-Leffler Function

The Mittag-Leffler function is a generalization of the exponential function
and it is one of the most important functions that are related to fractional

differential equations.

Definition. The one and two-parameter Mittag-Leffler functions are
defined, respectively, by:

0 n
X
Eq(x) = Zom’a >0
n=

E, p(x Zr(an+1)a>0b>0

If a =1 =0, then

_ N x" _ X
By a(x) = ZOF(n+1) =e
n=

Taking AK transform both sides, we get

= M;(Ey 1(x)) = M{z F(;f,-lr 1)} = sS—BB‘
n=0

AK transform of Mittag-Leffler function

The AK transform of the Mittag-Leffler function is given by the following
theorem:
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Sa—b+1

a-b
M B o0 a).

Proof. By using the definition of AK transform, we have

Mi[xb_lE plat®)] = {Z Fan+b }
b-1 IR _5
B S.([ nZ_: F(a;(zk+ b)) " dt
N J‘ B Z F(}:m + b)

0 7\,n © 7£t
_ B ran+b-1
E —F(n 1) sJ.e t dt
n=0 0

Z r(n - 1) an+b 1]'

Bn+1

Since M;[t"]=T(n +1) . Therefore,

an+b-1 an+b
Mi [t ] T(an + b)m
Hence,
b1 0 A an+b
M;[x"E, p(at?)] = Z Fan +0) L(an +b)———
n=0
X an+b
_ n_ B
- 27\' an+b-1
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[ a \?

Again from geometric series, we have

o0
T+x+x2+x°+. Ex”

b

0 Xﬁa n ) Bb 1
-1 Z( 5@ j - Sb—l ma

= M[x""E, y(at®)] = >
S

S
]

sa—b+1
Ba—b
= a
) -
Sa—b+1
4| pe? b-1 a
M; =x""E, p(ax®).

AK Transform of Riemann-Liouville fractional integral

Riemann-Liouville fractional integral is defined as:

L

aD 1) :F(p

— P (r)dr

Q'—.H.

denote the fractional integration of order and defined as:

6461

@)

where the symbol aD;Pf(t) denotes fractional integration of order p. This
definition was derived from Cauchy formula, when we replace the integer n

by p >0, peR Note: when a =0, we will use the notation D Pf(t) to
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Df) = 15

5 (t =P f(r)de

O ey =+

Now, taking the AK transform both sides of equation (3), we get

M(DPf(t)) = M{ﬁ j (t - P f(x) dr]
0

- M st = )

L

T(p) ]wi(tp71 * f(t))

= %p)%g(s, B) f(S, B), where g(t) = p-1

- () 76 0.

AK Transform of Riemann-Liouville fractional derivative

3)

Definition. The Riemann-Liouville fractional derivative of order

p e R, p >0 is given by

1 d"

PO = T =) 4o

t
[ e
0

_ j—m(aDt(mp)f(t)), m-1<p<m
tm

Equation (4) can be rewritten as:

1 I
DO = ey ! -0 f(e) dr

1

" T(m-p) (e /)

Taking the AK transform both sides of equation (6)
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P 1 m-p-1 , #(m)
M;[aDPf(t)] = ﬁ(t * fU(1))

1 mep-1 , fm
= Fm = p) M L fm(o)

- (&) e - Z ©).
Example. Consider the following fractional differential equations
EDXy(t) + ay(t) =0,t >0, 0) = 4,0 < a < 1. 7

Solution. Since from equation (6), we have
) t
o R S _ _ym—o-1 #(m)
ODEFE) = = ) €~ @) s
0

__ 1 gmal m) _
F(m—p)(t ) m-1<a<m 8)

Taking the AK transform both sides of equation (7)
M;(5Df y(t) + ay(t) = 0)
M;(o Dy y(t) + aM;[y()] = 0)

Now using the definition of AK transform for fractional derivative, we
have

SECUE ZB = 50(0) + a. B) = 0 ©)

Since 0 < a <1 and from equation (8) m —1 < a < m, implies m = 1.
Therefore, equation (9) can be rewritten as:

k—a+1

(E) (s, B) - ZB y#(0) + ay(s, p) = 0

S
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= (&) 56,5 ZBS 39)0) + (s, ) = 0

Using the given initial condition, we get

8" -

:>§(8,B)=AL

Applying inverse AK transform

B—(1+1

—Q

y(E) = AM; | —S—

S(X
B =l B(X—l
- l
(i)“ ra
p
Since
afb+1
a b

MNP By (%)) =
s
= =
(s)
Now comparing the exponents of the two terms, we have

a=a-b+1=>b=1 and A = —a

= 3() = A[Eq 1( - at?)]

Let a =1, then
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y(t) = AlEq, 1( - at®)]

- Ai Catf =A-e %,

C(n+1)
Example. Consider the following non-homogeneous initial value problem
0D%y(t) + 0DPy(x) = h(x), x > 0,0 < a <b <1

y(0) = C.

Solution. Taking the AK transform of both side of the above IVP, we
have

M;[0D{y(x) + 0DZy(x) = h(x)]
k—a+1

= (&) 56, - ZB

O<a<b<lm-l<a<m=m=1

<k>o>+(j (s, B) - ZB 30 = s, p)

S

(2565~ 500+ (2] 56,5~ 55000 = s ),

Applying the given initial conditions, we get
s\
= [Ej (s,
a b a b
2] +(2) }y(s, p)- C{F e 1} (s, B
a b b
2] +(2) }y(s B) = (s, B) + c[; Bb—l}

s? P

35, p) = — B +C[3“_—(11+Bb_—z
GG GG
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GIeG) GG
— hls, p)————— + CP
3/ (5)
) = M| Rs, B)—— + M;7(CB)
G (50
= M;'[A(s, B)f(s. Bl + C. where f(s, B) = ——
350
where f(s, B) = - 1 = (%_);a
s G

Since

MO B y(a) = B
31 -
)

=>A=-lLa=b-a

f(x) = (" Ey_q, (%)
Since the solution of the unknown function given by
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y(x) = M;'[A(s, B)f(s, B)] + C.

Now from convolution theorem, we have

frg = | o) - ae
0

Mi(f * g) = < f(s, BE(s, B)

w |~

y(x) = flx) * glx) + C

f(x —t)h(t)dr + C

O e R

= y(x) = I(x — P By (- 1x - )P *A(t)dz + C.
0

Conclusion

In this paper, we have developed a new integral method known as AK

transform with counter examples of some basic functions, and also some

fundamental theorems of this new method are provided. We use AK

transform to solve linear homogeneous and non-homogenous fractional

differential equations and we obtained an exact solution of in all examples. In

future studies, AK transform can be applied for other problems in fluid

mechanics, biomathematics, etc.
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