
 

Advances and Applications in Mathematical Sciences 
Volume 21, Issue 11, September 2022, Pages 6455-6468 
© 2022 Mili Publications, India 

 

2020 Mathematics Subject Classification: 35Rxx. 

Keywords: Andualem and Khan Transform (AKT); Fractional Calculus; Riemann-Liouville 

fractional integral; Mittag-Leffler function.  

Received December 9, 2021 Accepted January 21, 2022 

APPLICATION OF ANDUALEM AND KHAN 

TRANSFORM (AKT) TO RIEMANN-LIOUVILLE 

FRACTIONAL DERIVATIVE, RIEMANN-LIOUVILLE 

FRACTIONAL INTEGRAL AND MITTAG-LEFFLER 

FUNCTION 

MULUGETA ANDUALEM and ILYAS KHAN 

Department of Mathematics 

Bonga University, Bonga, Ethiopia 

E-mail: mulugetaandualem4@gmail.com 

Department of Mathematics 

College of Science Al-Zulfi 

Majmaah University 

Al-Majmaah 11952, Saudi Arabia 

Abstract 

The application of fractional calculus increases from time to time. That is why; researchers 

are always searching for new techniques (analytic, approximate or numerical) to solve such 

fractional calculus. Based on such a motivation, in this work, we have developed a new method 

known as Andualem and Khan Transform (AKT) to solve Riemann-Liouville fractional 

derivative, Riemann-Liouville fractional integral and Mittag-Leffler function. More exactly, 

here, first we have introduced a new technique (AK) with counter examples of some basic 

functions and then we have applied it to fractional derivatives and fractional integration and 

the solutions are successfully obtained. AK can also be applied to similar nonlinear problems in 

future. 

Introduction 

In recent years, fractional calculus (FC) has gained considerable 

achievements in various fields of science and engineering. Fractional calculus 

is the field of mathematical analysis which deals with the investigation and 
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applications of integrals and derivatives of arbitrary order. Fractional 

Calculus is used in many problems, for example in engineering, physics, 

economics, biological processes, etc. Many physical problems [1-7] are 

modelled by using fractional differential equations (FDE) more accurately 

than classical differential equations [8-11]. Over the years, many 

mathematicians, using their own notation and approach, have found various 

definitions that fit the idea of a non-integer order integral or derivative. One 

version that has been popularized in the world of fractional calculus is the 

Riemann-Liouville definition. 

One of the first to use Fractional Calculus for a problem was the 

Norwegian mathematician Niels Henrik Abel. In 1823 he applied it in the 

formulation of his solution for the Tautochrone Problem. The idea of this 

problem is to find the curve of a frictionless wire which lies in the plane such 

that the time required for a particle to slide down to the lowest point of the 

curve independent is of where the particle is placed. In this paper, we 

discussed important concepts of AK transform, and we present the 

application of AK transform for Riemann-Liouville integral, Riemann 

Liouville fractional derivative, and Mittag-Leffler function. 

AK Transform 

A new transform called the AK Transform of the function  ty  belonging 

to a class A, where: 
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Table 1. AK Transform of Some Basic functions. 
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The sufficient condition for the existence of AK transform. 

If the function  ty  is piecewise continues in every finite interval 

 t0  and of exponential order  for .t  Then its AK transform  ,sy  

exists. 

Proof. For any positive , we have 
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Since the function  ty  is piecewise continues in every finite interval 

,0  t  then the first integral on the right hand side exists. Besides, the 

second integral on the right hand side exists, since the function  ty  is of 

exponential order  for .t  

Now to this, we have following 
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and this improper integral is convergent for all, .s  Thus 

    .,  sytyMi  

Convolution property of AK transform 

Let  ,sf  and  ,sg  denote the AK transform of  tf  and  tg  

respectively. Then 
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Proof. The convolution of two functions  tf  and  tg  is given by: 
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Using substitution method ,tutu   we get 
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Mittag-Leffler Function 

The Mittag-Leffler function is a generalization of the exponential function 

and it is one of the most important functions that are related to fractional 

differential equations. 

Definition. The one and two-parameter Mittag-Leffler functions are 

defined, respectively, by: 
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Taking AK transform both sides, we get 
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AK transform of Mittag-Leffler function 

The AK transform of the Mittag-Leffler function is given by the following 

theorem: 
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Proof. By using the definition of AK transform, we have 
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AK Transform of Riemann-Liouville fractional integral 

Riemann-Liouville fractional integral is defined as: 
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where the symbol  tfaD p
t
  denotes fractional integration of order p. This 

definition was derived from Cauchy formula, when we replace the integer n 

by  pp ,0  Note: when ,0a  we will use the notation  tfD p  to 

denote the fractional integration of order and defined as: 
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AK Transform of Riemann-Liouville fractional derivative 

Definition. The Riemann-Liouville fractional derivative of order 

0,  pp   is given by 
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Equation (4) can be rewritten as: 
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Taking the AK transform both sides of equation (6) 
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Example. Consider the following fractional differential equations 
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Taking the AK transform both sides of equation (7) 
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Since 10   and from equation (8) ,1 mm   implies .1m  
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













a
s

s

AM
ai

1
1  

Since 

  




















a

ba

ba

a
ba

b
i

s

s

tEtM

1

,
11  

Now comparing the exponents of the two terms, we have 

,11  bbaa  and a  

    a
a atEAty  1,  

Let ,1a  then 
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    a
a atEAty  1,  

 
 

.
1

0












n

at
n

eA
n

at
A  

Example. Consider the following non-homogeneous initial value problem 

      10,0,00  baxxhxyDtyD b
x

a
x  

  .0 Cy   

Solution. Taking the AK transform of both side of the above IVP, we 

have 

      xhxyDxyDM b
x

a
xi  00  

           

























 









 

1

0

1

0

11

,,0,

m

k

m

k

k

bk

bkb
k

ak

aka

shy
s

sy
s

y
s

sy
s

 

11,10  mmamba  

         .,0,0,
11











 









 








shy
s

sy
s

y
s

sy
s b

bb

a

aa

 

Applying the given initial conditions, we get 

     













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









,,,
11
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Csy
ss
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s

b
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   
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










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

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

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

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














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11
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Csy
ss

b

b

a
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









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

























 11
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b

b

a
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Cshsy
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C
ss
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
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
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

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
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
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
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
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 11,
,  
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 
ba

b

b

a

a

ba
ss

ss

C
ss

sh






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







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
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
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

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
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









1
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



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








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 C
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sh
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1
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



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
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
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
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ss

shMxy ibai
11 1

,  

     ,,,1 CsfshMi    where  
ba

ss
sf


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

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
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
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Since 

  













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11  

aba  ,1  

    .,
1 a

bab
b tEtxf  


 

Since the solution of the unknown function given by 
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       .,,1 CsfshMxy i    

Now from convolution theorem, we have 

   




0

dtgfgf  

      ,,
1

sgsf
s

gfMi  

      Cxgxfxy   

    

x

Cdhxf

0

 

         .1

0

,
1

CdhxExxy

x

ab
bab

b
 





 

Conclusion 

In this paper, we have developed a new integral method known as AK 

transform with counter examples of some basic functions, and also some 

fundamental theorems of this new method are provided. We use AK 

transform to solve linear homogeneous and non-homogenous fractional 

differential equations and we obtained an exact solution of in all examples. In 

future studies, AK transform can be applied for other problems in fluid 

mechanics, biomathematics, etc. 
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