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Abstract

Explicit representation of Cauchy’s Integral formula for bi-polyanalytic functions is
obtained on the quarter plane, which is a very important tool in finding out the solutions of
different forms of boundary conditions arising from well known problems of complex analysis like
Neumann, Dirichlet and Schwarz.

1. Introduction

The complex form of the bi-analytic function can be reduced to the system

. p-1, y-p Y+p~+ . _
fz 2 fz - 4'}’ ¢+ 4Y ¢’ ¢z - 0 (11)

p+1
2

with real constants p, 0 < p <1, and y # 0, 1, p2. Theory of bi-polyanalytic

functions was introduced in [2]. In general, we can define a polyanalytic

function as a solution to the equation
3% = 0, (1.2)

where n is a natural number [1]. The general solution to (2) can be written as
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n-1

6z) = Y ay(2)” (1.3)

p=0

with analytic coefficients a,. In this paper, the system

y-1 Yy+1= n
- + b =0 1.4
fo= g b b (1.4)

will be considered on the quarter plane Q and f will be called a Dbi-

polyanalytic function. In case of unit disc and upper half plane, the system (4)
have been studied extensively in [3, 8].

2. Cauchy Integral Formula for Bi-polyanalytic Functions

Let f:Q » C satisfy |f(x)|<c x| for |x|> K,e>1, and for
|2 [
log| x |

for

0 <p<n-1,¢ satisfies the regularity condition | o5¢(x)| < c
|x|> K where @ ={z:Rez >0, Imz > 0}.

The Cauchy formula given here is more explicit in comparison with that
in the unit Disc [6]. The following formula can also be obtained for the unit

disc D

Theorem 2.1. Any solution to (4) i.e. any bi-polyanalytic function of order
n can be written as

fz) = 2mj+°°Mdt Z_MI”’ £lit)

o t—=z 0o t+1iz

z)
P o5 (t)dt

_'yl 1)“1]‘(t

(u)’ 2mi

-z)M i
4y Z () 2m t + 1z au dlit)at
Y—l n-1 ) 1 T —1
— 2(—1)** buge), =20t
“:
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+ i(it - 2)" ot g(it)] e

no(-1F 1 [t _ PPN
+zu=1 T 2o [(t-2)" " log| £ — 2|04 o(t)
+i(it - 2)* ! log| it — z [Po4 M e(ie)])dt, (2.5)
where b, = (1 +1/21)1/2 +1/3)1/3 + ... +1/u)1/n.

Proof. Making use of Cauchy-Pompeiu formula [5] on the quarter disc

Qig ={z:|z| < R,Rez>0,Imz > 0},

we have
1 -11
f(z) = @d _Y = ¢(_Q) dédn
2mi Joqp 6 — 2 4y nlorc-2
y+11 @
- = ——==2=d&dn. (2.6)
oy mlopc-2 &dn
Let z € Q; be fixed and consider W(g) = g i 2 and

n ~ \n-1 4T g~
w(g) = TO, nW(g) = (}(l_i)l)' %J.QlR (g E_E)g %i_d;]

o _ (1 (Z-o)" dEdn
w(Q)—Tn,OW(Q)— (n—l)!; oS- Tz’

where Ty ,,, T, o are Cauchy Pompeiu operators of higher order on Q;p

which are defined on Disc and half disc Hg[l1,4,7,8]. Note that

dzw(g) = W(g), therefore applying Gauss theorem, we have

n

S st

S reugor el et ugotedzn
"= 1R
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- _% J' o ozw(c)e(c)dédn + %J@R ocwle)o(c)dedn

[ 9 gy
TJQpr6~—* =
(¢ being a polyanalytic function and dzw(g) = iz) ie.
_ f© go_v=11f  6c) gy _y+11 00 4eq
flz) = 2m oQip C— 2 c 4y mloprc-2 d&dn n.[Qch_;—z cdn.
Z(2m Jl, 2w be)as = YL aean e
and similarly
' g tgede = L[ ¥Q
P A G O Lt M LU 28)
=

Now, we compute the first integral of left hand sides of (7) and left hand side
of (8) explicitly.

0z Mw(6) = To, n(n-W(s) = To,,W(s)

i =9 andE
S (w-Dpdogr G-9) (G-9)

()11 a((g 9)“jdndi

-1 nlagrraz| G-9) JE-2)

N I PP R PE
T [2niIaQ1R(§—Q)(§_2)dg (g—z)]

=2 [wu(@, 2)+>— (=2) Z) ]

where
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- B N G S
V(s 2) = 2mi .[a@lR (-9~ 2)

Note that

- 1 .[ 1 -
, 2) = —= —_——~ N~ N d = O
Vols 2) = o oo G-9@E-2) "

Thus the left hand side of (7) may be written as

Z(zm I (1 {m, ezt Dag_l¢(€)d€

n

Y], B oo s o] 2r a*“%(q)dg}

Qg 6%

- i } 1 )
n leR 02 (s 2) 0% dlc)dedn + ;j@lR ¥, (s 2)52¢(Q)d§dn}

n
-1 1 _
e DI
u o 2miJogp -2

—_

=

( Dl ] Gy et (62108 6dnde

(Q Z) p-1
m 2m o0y E-z 05 d(c)ds

—J \vu(g, 2)0g9(c)dEdn] z(

(G 2) -1
8” d
u’ 2m ooy C-2 d(c)ds

_ =D 1) 2" 0()dedn] (-1
I 1an(g, 2)02¢(c)dédn] Z
D" 1 c=2)"
Z i el R OLC (2.9)
since
agqu(g’ Z) = M\T’pfl(g’ Z)
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and ¢ is polyanalytic. Thus the left hand side of (8) can be written and is
equal to

TO,HW(g)ag‘%(g)dg.

(2.10)
For u -1, Ty 1W(c) = (s, 2) and for u > 2, we have

_ _ =_ o\
To, W () = _((M i)lu)!% S

— dEdn
Qip (Q—Q) a—Z Sdn

— (_1)11 l (E_ziz__g)u_l 1 dgdﬁ
(=1 g p (-9 -z

—(v-1
= ﬁ [W},L—Z(g’ Z) + (Q - Z)[ 1 ]\Vu_g,(g, 2)
+ (QTZ)Z(U ;lj vu2(s 2) + ...

e Z[ﬁ 1]wO(g, - (€2 (e 2)

_ ) S G ]
W 2niJag, T-0G -2 6-2)
Thus TO,HW(g) can be expressed as

p-2 v—
%[ZO[ e e - G2 G 2)

where
_ Y E-2) =~
vr(s2)="— -[@m ooy edn
and

1 1 dEdm
y Z) = ——d&d
R W e e

Advances and Applications in Mathematical Sciences, Volume 20, Issue 9, July 2021



CAUCHY INTEGRAL FORMULA FOR BI-POLYANALYTIC ... 1991

Note that 0zy,(c,2)=(-1)"(c-2) and (s 2) = A 2)-log| ¢z %,

where

_ 1 ~ _p2 dg ~ _
h(c, z) = o "-5@11?, log| S -z | T and 0zh(g, 2) = 0. (2.11)

Thus, the conjugate of the expression in (10) is equal to

l\’J

n

Z (H 1)’ 27‘Cl [ oQ1 Z( j(g__z)rWH—Z—r(g’ Z)

r=0

~ (5 - 2" (s, 2)]04 1 o(g)ds

1 — -l _ 5 124u-1
T om J.a@m(g 2)" log| g - 2705 ¢(c)dc]) (2.12)

It is understood that the first boundary integral is zero of p = 1.

Now, applying Gauss theorem and using equation (11), the first boundary

integral in equation (12) can be written as

p—2

Z( iyl [;[r<g—_z)’—l[“;ljwu_2_r<g,z>

@ (" e e )

~(g- 2 0zhls 2) - (- 1)(5 - 2" RS, 2)]0E (o)

S ——— —
+[Z<g—z)[ s rle 2= @2 i 2)}82¢(q)]dédn
r=0

- n ) l 1 u—2r u-1 Tzr_1 .
-2 j@R[—(M_l)![g[ G

~ (-1 (e - 2)*2hls, 2104 o(c)
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1 L p-1 —
+m[2(€—z)r( . j\l/u—2—u(€,Z)—(Q—Z)“_lh(g,2) 0£¢(s)
r=0

& (c-2)

— (n - 1)

+

Ry o e pzan

~

n

n
=} n(ul)l)'.[ Z( J( D (- 2)Pok () dedn

C D e
- nm_l)zfQR(@—Z)“ ot 4(c) dedn, 2.13)

p=1

Making use of Gauss theorem repeatedly, the expression in (13) can be

written equal to

Z( 1) (@+1/2)1/2+1/3)1/3+.. +1/u')— (g-2)" a4o(c)ds
oQ

1R

:
>—‘

1 1
(1)“ ”2m' - (5 —2)'o(c)ds,

ki
I,

where b, = (1 +1/21)1/2 +1/3)1/3 + ... + 1/u)1/p.

Therefore, the left hand side of (8) is equal to

S
—_

(Do, o[ (- 2)etele)de
oQR

- M omi

n=
n-1 (_1)“"’1 1 ,

+ om0l (5-2) log|g—z[04(g)ds. (2.14)
=} 14 WJdoQ g

Since f : Qg — C satisfies | f(x)| < /x| for |x| > K, e > 1, so

lim LJ‘ & dg = " f(t) " f(Lt) t. (2.15)

R—x 21 JoQp 6 — 2 2m o t—-=z _2m 0 t+L2
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Similarly using (9), we obtain

im L[ 49) gegy z( DA s

R>oTJQp 62 n o 2m t—z

z (_ 1)"l 1 +oo (— it — 2) ap 1 (lt)dt (2.16)

W 2m t+iz

and using (12), we have

— n-1 +o0 _—
tim L[ ) gegn = 3yt L | (-2) ot o
p=1

R0 T QIRQ—Z

+ 2(22“ e 1 1)']‘ (t-2)" " log|t —z P04 g(t)dt

Z( 1), L w(it_z)“ag-l(b(it)(_idt)

Z( AN j (it - 2} log | it — 2 [204 1 g(it) (~idt)

2ni (n—1)
n-1

P o, = [ — 20t 0t o) + it - 2) 0 oin)]de
Kom 5 °

p=1

Z(2m (ull)v.[ [(t-2)""log|t -2 [ o5 1o()

+i(it - 2" log it — z P4 o(it)]dt. (2.17)
Substituting (15), (16), (17) in (6), we obtain the representation (5). o

3. Conclusions

Using this representation of Cauchy Integral formula, we can find the

solutions of Schwarz, Dirichlet, Riemann and Neumann boundary value
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problems for bi-polyanalytic functions on the Quarter plane Q as done in
case of regular domains [5, 9, 10, 14]. Boundary value problems with
Schwarz, Dirichlet, Riemann and Neumann boundary conditions have waste
applications in physical world and are extensively used and solved in
different planes [11, 12, 13, 15].
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