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Abstract 

In this paper, open support independence number of a set and open support independence 

number of a graph under addition and multiplication are introduced. Open support 

independence number of the path, star, complete graph, wheel, cycle, complete bipartite graph 

and bistar under addition and multiplication are studied.  

I. Introduction 

Graphs considered in this paper are finite, undirected and without loops 

or multiple edges. Let  EVG ,  be a graph with p vertices and q edges. 

Terms not defined here are used in the sense of Harary [4]. For each vertex 
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,Vv   the open neighborhood of v is the set  vN  containing all the vertices 

u adjacent to v [6]. The degree of a vertex  Gv   is the number of edges of G 

incident with v and is denoted by  vGdeg  or .deg v  In a graph G, an 

independent set is a subset S of  GV  such that no two vertices in S are 

adjacent. A maximum independent set is an independent set of maximum 

size [5].  

Recently the concept of open support of a graph under addition was 

introduced by Balamurugan et al. [1] and further studied in [2]. Open support 

of a graph under multiplication was introduced in [3]. Motivated by these 

definitions, the concept of open support independence number of a graph 

under addition and multiplication are introduced. 

In this paper, open support independence number of a set under addition, 

open support independence number of a graph G under addition, open 

support independence number of a set under multiplication and open support 

independence number of a graph G under multiplication are introduced. 

Open support independence number of some standard graphs under addition 

and multiplication are studied. The following definitions are necessary for the 

present study. 

Definition 1.1. Let  EVG ,  be a graph. A subset S of V is called an 

independent set of G of no two vertices in S are adjacent in G.  

Definition 1.2. An independent set ‘S’ is maximum in G if G has no 

independent set S’ with .SS   

Definition 1.3. The number of vertices in a maximum independent set of 

G is called the independence number of G and is denoted by  .G  

Definition 1.4 [1]. Let  EVG ,  be a graph. An open support of a 

vertex v under addition is defined by 
   vNu

udeg  and is denoted by supp 

(v).  

Definition 1.5 [1]. Let  EVG ,  be a graph. An open support of the 

graph G under addition is defined by  
   GVu

v supp  and is denoted by 

supp (G). 
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Definition 1.6 [3]. Let  EVG ,  be a graph. An open support of a 

vertex v under multiplication is defined by 
   vNu

udeg  and is denoted by 

 .vmult  

Definition 1.7 [3]. Let  EVG ,  be a graph. An open support of the 

graph G under multiplication is defined by  
   GVu

vmult  and is denoted 

by  .Gmult  

II. Main Results 

Definition 2.1. Let  EVG ,  be a graph. Let S denote the maximum 

independent set of G. Open support independence number of the set S under 

addition, denoted by  ,supp GS  is defined by    .suppsupp  

 
Sv

vGS  

Open support independence number of G under addition, denoted by 

 ,supp G  is defined by      .1;suppmaxsupp   iGSG i  

Definition 2.2. Let  EVG ,  be a graph. Let S denote the maximum 

independent set of G. Open support independence number of the set S under 

multiplication, denoted by  ,supp GS  is defined by  GSsupp  

 . 


Sv
vmult  Open support independence number of G under 

multiplication, denoted by  Gsupp  is defined by  Gsupp  

   .1;max   iGSmult i  

Example 2.3. Consider the following graph G. 

 

In 4deg,2deg,3deg,3deg, 4321  vvvvG  and .2deg 5 v  
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Maximum independent set of G are  ,,, 321 SSS  where  ,, 311 vvS   

 522 , vvS   and  ., 543 vvS    

Open support independence number of G under addition. Consider the set 

1S  

 

 





1

9degdegdegdegsupp 5421

vNu

vvvuv  

 

 





3

7degdegdegsupp 423

vNu

vvuv  

Hence     

 
1

16suppsupp 1
Sv

vGS   

Consider the set 2S  

 

 





2

9degdegdegdegsupp 4312

vNu

vvvuv  

 

 





5

7degdegdegsupp 415

vNu

vvuv  

Hence     

 
2

16suppsupp 2
Sv

vGS   

Consider the set 3S   

 

 





3

7degdegdegsupp 423

vNu

vvuv  

 

 





5

7degdegdegsupp 415

vNu

vvuv  

Hence     

 
3

14suppsupp 3
Sv

vGS  

Therefore         GSGSGSG   321 supp,supp,suppmaxsupp   

.16  

Open support independence number of G under multiplication.  
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Consider the set 1S  

 
  


1

24degdegdegdeg 5421
vNu

vvvuvmult  

 
  


3

12degdegdeg 423
vNu

vvuvmult  

Hence     

 
1

288supp 1
Sv

vmultGS   

Consider the set 2S   

 
  


2

24degdegdegdeg 4312
vNu

vvvuvmult  

 
  


5

12degdegdeg 415
vNu

vvuvmult  

Hence     

 
2

288supp 2
Sv

vmultGS   

Consider the set 3S   

 
  


1

12degdegdeg 423
vNu

vvuvmult  

 
  


5

12degdegdeg 415
vNu

vvuvmult  

Hence     

 
3

144supp 3
Sv

vmultGS  

Therefore         GSGSGSG   321 supp,supp,suppmaxsupp   

288  

Theorem 2.4. Let nKG ,1  where 1n  be a star. Then 

  2supp nG   and   .supp nnG   

Proof. Let nKG ,1  where .1n  Let nvvvv ,,,, 21   be the vertices of 

G where v is the central vertex and nvvv ,,, 21   are the pendant vertices. 

Then nv deg  and .1;1deg nivi    nvvvS ,,, 21   is the unique 

maximum independent set of G. 
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 

 





1

degdegsupp 1

vNu

nvuv  

Similarly       .suppsuppsupp 32 nvvv n    

Hence     

 
Su

uG suppsupp   

 nn  

.2n  

Similarly     

 
Su

umultGsupp   

.nn  

Theorem 2.5. Let nPG   where 2n  be a path on n vertices. Then  

 









evenisnifn

oddisnifn
G

32

22
supp  and  











evenisnif

oddisnif
G

n

n

2

1

2

2
supp  

Proof. Let nPG   where .2n  Let nvvv ,,, 21   be the vertices of G.  

Then 1degdeg 1  nvv  and 2deg iv  for all .1,,3,2  ni   

Case (i). Suppose n is odd. 

 nvvvvS ,,,, 531   is the unique maximum independent set of G. 

 

 





1

2degdegsupp 21

vNv

vvv  

Similarly   2supp nv  

 

 





3

4degdegdegsupp 423

vNv

vvvv  

Similarly       4suppsuppsupp 275  nvvv   

Hence     

 
Sv

vG suppsupp  
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2
2

3
42 







 


n
 

22  n   

Similarly     

 
Su

umultGsupp   

2
2

3
42 







 


n
 

.2 1 n   

Case (ii). Suppose n is even. There are two subcases.  

Subcase (a). In this case, we consider the two maximum independent 

sets with only one pendant vertex. 

Without loss of generality let  .,,,, 15311  nvvvvS   

Proof is similar for the other set. 

 

 






1

2degdegsupp 21

vNv

vvv  

 

 






3

4degdegdegsupp 423

vNv

vvvv  

Similarly       4suppsuppsupp 375  nvvv   

 

 




 

1

3degdegdegsupp 21

nvNv

nnn vvvv  

Hence     

 
Sv

vG suppsupp  

3
2

4
42 







 


n
 

32  n  

Similarly     

 
1

supp
Su

umultG  
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 
 


 

1

2degdegdeg 21
nvNu

nnn vvuvmult  

242 2

4









 n

 

22  n  

Subcase (b). In this case, we consider all the maximum independent sets 

with both the pendant vertices. Without loss of generality let 

 .,,,,, 35312 nn vvvvvS    Proof is similar for the other set. As before, 

    2suppsupp 1  nvv  and       .4uppuppupp 353  nvsvsvs   

Hence     

 
2

suppSsupp 2 Sv
vG  

2
2

4
42 







 


n
 

42  n  

Therefore      1;suppmaxsupp   iGSG i   

      GSGSG   21 supp,suppmaxsupp  

 42,32max  nn  

32  n  

Similarly     

 
2

2Ssupp
Su

umultG  

242 2

4









 n

 

22  n  

 Therefore   .2supp 2  nG   

Theorem 2.6. Let nCG   where 3n  be a cycle on n vertices. Then   

 


 



evenisnifn

oddisnifn
G

2

22
supp  and   .

2

2
supp

1










evenisnif

oddisnif
G

n

n
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Proof. Let nCG   where .3n  Let nvvv ,,, 21   be the vertices of G.  

Then 2deg iv  for all .,,3,2,1 ni   

Case (i). Let n be odd. 

Consider the maximum independent set  .,,,, 2531  nvvvvS   

Proof is similar for the other set. 

 

 





1

4degdegdegsupp 21

vNv

nvvvv  

Similarly       4suppsuppsupp 253  nvvv   

Hence   






 


2

1
4supp

n
G  

22  n  

Similarly     

 
Sv

vmultGsupp  

.2 1 n  

Case (ii). Let n be even.  

 15311 ,,,,  nvvvvS   and  nvvvvS ,,,, 6422   are two maximum 

independent sets of G. Consider the set .1S  

Proof is similar for the set .2S  

As before         4suppsuppsuppsupp 1531  nvvvv    

Hence   







2

4supp
n

G   

.2n   

Similarly     

 
1

supp
Sv

vmultG  

.2n  

Theorem 2.7. Let nKG   where 1n  be the complete graph on n 
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vertices. Then    21supp  nG  and     .1 supp
1 

n
nG  

Proof. Let nKG   where .1n  Let nvvv ,,, 21   be the vertices of G. 

Then 1deg  nvi  for all .,,3,2,1 ni     nivS ii  1;  are 

maximum independent sets of G. 

Consider the set .1S  Proof is similar for the other sets. 

 

 





1

degdegdegdegsupp 321

vNv

nvvvvv   

   11  nn  

 21 n  

Hence     .1supp
2

 nG  

Similarly     

 
1

supp
Sv

vmultG  

  .1
1


n

n  

Theorem 2.8. Let nmKG ,  where 1,,  nmnm  be a complete 

bipartite graph. Then   nmG 2supp   and   .supp mnmG   

Proof. Let nmKG ,  where nm   be a complete bipartite graph with 

the bipartition  YX,  where  mxxxX ,,, 21   and  .,,, 21 nyyyY   

Then ,1;deg minxi   and .1;deg nimyi    mxxxS ,,, 21   is 

the unique maximum independent set of G. 

 

 





1

degsupp 1

xNu

ux  






n

j

jy

1

deg  

mn  

Similarly       .suppsuppsupp 32 mnxxx n     
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Hence     

 
Su

uG suppsupp  

  .2nmmnm   

 
  


1

degdegdegdeg 211
xNu

nyyyuxmult   

nmtimesnmm    

Similarly       n
m mxmultxmultxmult  32   

Therefore     

 
Sv

vmultGsupp  

.mnnn mtimesmmm    

Theorem 2.9. Let nWG   where 4n  be a wheel of order n. Then 

 
 

 














 








 



evenisnifn
n

oddisnifn
n

G

5
2

2

5
2

1

supp  and 

 
  

  

















evenisnifn

oddisnifn
G

n

n

2

2

2

1

19

19
supp  

Proof. Let nWG   where .4n  Let 1210 ,,,, nvvvv   be the vertices 

of G, where 0v  is the central vertex. Then 3deg,1deg 0  ivnv  for all 

.1,,3,2,1  ni   

Case (i). Let n be odd. 

 2531 ,,,, nvvvv   and  1642 ,,,, nvvvv   are the two maximum 

independent sets of G. Consider the set  .,,,, 25311  nvvvvS   Proof is 

similar for the other set. 

 

 



 

1

5degdegdegdegsupp 0121

vNv

n nvvvvv  

Similarly       5suppsuppsupp 253   nvvv n  
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Hence     

 
1

suppsupp
Sv

vG  

 5
2

1








 
 n

n
 

 
  

 
1

0121 degdegdegdeg
vNv

n vvvvvmult  

   19133  nn  

Similarly        .19253   nvmultvmultvmult n  

    

 
1

supp
Sv

vmultG  

   2

1
19




n

n  

Case (ii). Let n be even. 

 3531 ,,,, nvvvv   and  2642 ,,,, nvvvv   are two maximum 

independent sets. 

Consider the maximum independent set  .,,,, 35312  nvvvvS   

Proof is similar for the other set. 

As before,         5suppsuppsuppsupp 3531   nvvvv n  

Hence     

 
2

suppsupp
Sv

vG  

 5
2

2








 
 n

n
 

Similarly     

 
2

supp
Sv

vmultG  

   .19 2

2


n
n  

Theorem 2.10. Let nmBG ,  where 1,  nnm  be a bistar on 

2 nm  vertices. Then  
   

 








121

111
supp

nifmmm

nifnnmm
G  and 
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 
   

   
.

121

111
supp










nifmm

nifnm
G

m

nm

 

Proof. Let nmBG ,  where .nm   Let ,,,,,,, 121 vyxuuu m  

nvv ,,2   be the vertices of G. Then 1deg,1deg  nymx  and 

.1,1,1degdeg njmivu ji   

Case (i). Suppose .1n  

 nm vvvuuuS ,,,,,,, 2121   is the unique maximum independent 

set of G. 

 

 






1

1degsupp 1

uNv

mvu  

Similarly   mimu  21supp 1  

 

 





1

1degsupp 1

vNv

nvv  

Similarly   njnvj  21supp   

Hence     

 
Sv

vG suppsupp  

     


m

i

n

j
ji vu

1 1
suppsupp  

   11  nnmm  

Similarly     

 
Sv

vmultGsupp  

        .11
nm

nm    

Case (ii). Suppose .1n  There are two subcases.  

Subcase (a). In this case we consider the maximum independent set with 

all the pendant vertices. Let  .,,,, 1211 vuuuS m  

Now put 1n  in case (i) 
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Hence     21supp 1  mmGS   

Similarly     

 
1

1supp
Sv

vmultGS  

 mm 12   

Subcase (b). In this case, we consider the maximum independent set 

 .,,,, 212 yuuuS m  As before,   mimui  11supp  

 

 





yNv

vxvy 1degdegdegsupp  

2 m  

Hence      21supp 2  mmmGS  

Therefore       GSGSG   21 supp,suppmaxsupp   

      21,21max  mmmmm  

   21  mmm  

 Similarly     

 
2

1supp
Sv

vmultGS  

   21  mm
m

 

Therefore       GSmultGSmultG   21 ,maxsupp  

      21,12max  mmm
mm

 

   .21  mm
m

 

III. Conclusion 

In this paper, the open support independence number of some standard 

graphs under addition and multiplication are studied. Further studies can be 

observed for some special graphs. 
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