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Abstract 

This paper introduces a connected majority dom-chromatic set of a graph G and a 

connected majority dom-chromatic number  .GCM  The exact value of CM  for some classes 

of graphs such as Grid, Cylinder and Corona are determined. Also the characterization 

theorems on CM  for some graphs are established.  

1. Introduction 

By a graph  ,, EVG   we mean a finite and undirected graph with 

neither loops nor multiple edges. This article introduces a new parameter 

namely Connected majority dom-chromatic number of G. A subset D of  GV  

is said to be a dominating set [3] of G if every vertex in  DV   is adjacent to 

at least one vertex in D. The minimum cardinality of the minimal dominating 

set of G is called the domination number of G, denoted by  .G  A dominating 
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set D is said to be a connected dominating set [8] if the subgraph D  induced 

by D is connected in G. A connected dominating set is minimal if no proper 

subset of D is a connected dominating set. The minimum cardinality of the 

minimal connected dominating set of G is called the connected domination 

number and denoted by  .GC   

The majority dominating number  GM  [7] of a graph G is the smallest 

cardinality of a minimal majority dominating set (MD-set)  GVS   of 

vertices and the set S satisfies  
 

.
2 





GV

SN  A set  GVS   is a 

connected majority dominating (CMD) set [6] if S is a majority dominating set 

and the induced subgraph S  is connected in G. A connected majority 

dominating set is minimal if no proper subset S of G is a connected majority 

dominating set. The minimum cardinality of the minimal connected majority 

dominating set S of G is called the connected majority domination number 

and denoted by  .GCM   

A dominating set  GVS   is called the dom-chromatic set [1] and [4] 

such that the induced subgraph S  satisfies the property    .GS   The 

minimum cardinality of a dom-chromatic set S is called dom-chromatic 

number and is denoted by  Gch  or  .G  A dom-chromatic set S is said to 

be connected dom-chromatic set if S  is connected. The minimum 

cardinality of a connected dom-chromatic set S is called connected dom-

chromatic number and is denoted by  Gcch  or  .GC   

A subset S of  GV  is majority dominating chromatic set (MDC- set) [5] if 

(i) S is a majority dominating set and (ii)    .GS   The minimum 

cardinality of a minimal majority dominating chromatic set is called a 

majority dominating chromatic number denoted by  .GM   

2. Definitions and Examples 

Definition 2.1. A majority dominating chromatic set S is said to be a 

connected majority dominating chromatic (Connected MDC) set or connected 
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majority dom-chromatic set if the induced subgraph S  is connected in G. 

The connected MDC set is minimal if no proper subset of S is a connected 

MDC set. The minimum cardinality of a minimal connected MDC set is called 

the connected MDC number and is denoted by  .GCM  The maximum 

cardinality of a minimal connected MDC set is called the upper connected 

MDC number of G and denoted by  .GCM   

Example 2.2. Consider the graph G with 21p  vertices.  

 

G : Figure - (i) 

For the above graph,    16108210861 ,,,,, vvvSvvvS   are the 

minimal connected MDC sets of G. Hence   3  GCM  and   .6  GCM  For 

the graph G,     7,3   GG chM  and   .2  GM   

Observations 2.3.  

(i) If the graph G is vertex color critical graph then  GCM  

  .pGM    

(ii) Let G be a triangle free with   .5 G  Then   .5  GCM   

(iii) For any bipartite graph with dominating edge,   .2  GCM   

(iv) If a connected graph G has at least one full degree vertex then 

   .GG CMC   

For example,   1,1,1   GKG Cp  and   .2  GCM   

(v) Let G be a vertex color critical graph. Then    .GG CMC    

(vi) If a connected graph G with at least one MD vertex v then 
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   .GG CCM     

For example,   2,,,  GsrDG Csr  and   .2  GCM   

3.  GCM  for Some Classes of Graphs 

3.1 Results on  GCM  

(i) Let .2,, 1,1,   pKDG psr  Then   .2  GCM   

(ii) Let ., nmKG   Then   .2  GCM   

(iii) For the graph   .3,2   GKmG CM   

(iv) Let pKG   be a Complete graph. Then   .pGCM     

(v) For any Caterpillar graph G,   .1
4







 
p

GCM   

Proposition 3.2. For any Cycle ,pCG    

 













  .8,2
4

,

pandevenispif
p

oddispifp
GCM  

Proof. Let    pvvvGV ,,, 21   be the vertex set of G. For a Cycle 

,pCG   

 





.oddisif,3

evenisif,2

p

p
G  

Case (i). Let p be odd. Then the graph pCG   becomes an odd Cycle. 

Since the graph G is vertex color critical, by the result (4.4) [5],   .pGM    

It implies that    pM vvvSG ,,, 21    where S is a MDC set of G. 

Hence the induced subgraph S  is connected .Therefore S is a connected 

MDC set of G. Thus   .pGCM     

Case (ii). Let p be an even. Let S be any set in G and  ,,,, 21 tvvvS   
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2
2








p

t  with    .1,2,1,1, 1  tivvd ii   Then  






2

p
SN  

.
2

22






p

 Since      .,2 GSG   Therefore S is a M -set of G. 

Since   ,1, 1 ii vvd  the vertices of S are in consecutive. Thus the induced 

subgraph S  is connected. Hence S is a CM -set of G. It implies that  

  .2
2







 
p

GCM   (1)  

Let  vSS   with .3
2








p

S  Then  












2

23
2

pp
SN  

.
2

1






p

 Hence the set S  will not be a M -set of G. Therefore 

  3
2







 
p

SGCM  and  

  .2
2







 
p

GCM   (2)  

Hence from (1) and (2),   .2
2







 
p

GCM    

Proposition 3.3. Let G be a Path .7, pPp  Then   .2
2







 
p

GCM   

Proof. From the similar arguments of the case (ii) of proposition (3.2), 

  .2
2







 
p

GCM   

Proposition 3.4. For a Grid graph ,4,3  jPPG j   

 














 

.,
6

,
6

evenisjif
p

oddisjif
p

GCM  

Proof. Let the graph .4,3  jPPG j  Let    ,,,, 11211 jvvvGV   

jj vvvvvv 3323122221 ,,,,,,,   be the vertex set of first, second and third 

row respectively and   .4,3  jjpGV  For   .2,3  GPPG j   
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Case (i). Let j be odd. Consider the set    tvvvSGVS 22322 ,,,,   

with 






6

p
S  and .

6 





p

t   

     









t

i

i
pp

SvdSN

2

2 .
2

2
2

2  

It implies that 
2

3

2

jp
  and S is a majority dominating set of G. Since 

every vertex in S is of distance one,    GS  2  and the induced 

subgraph S  of G is connected. Therefore the set S is a CM -set of G.  

Hence   .
6 




 
p

SGCM   (1)  

Now, let  jvSS 2  with .1
6








p

S  Then  

     
















1
6

1

2 .
2

1
2

1

p

i

i
pp

SvdSN  

Hence S   could not be a majority dominating set of G. Therefore 

  .1
6







 
p

SGCM  Then   .
6 




 
p

GCM   (2)  

Hence from (1) and (2),   ,
6 




 
p

GCM  if j is odd.  

Case (ii). Let j be even. Let  tvvvS 22221 ,,,   with 
6

p
S   be the 

subset of G. Now,  

     
















t

i

i
pp

SvdSN

1

2 .
2

2
6

32  

It implies that S is a majority dominating set of G and the induced 

subgraph S  of G is connected. Therefore the set S is a CM -set of G.  
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Hence   .
6

p
SGCM     (3)  

Applying the same arguments as in case (i),  

we get,   .
6

p
GCM     (4)  

Thus, from (3) and (4),   ,
6

p
GCM    if j is even.  

Proposition 3.5. Let ,4,4  jPCG j  a Cylinder. Then  

 
 

 
















 

.3mod2,1,
6

3mod0,
6

jif
p

jif
p

GCM  

Proof. Let .4,4  jPCG j  Let    ,,,,,,, 222111211  vvvvvGV j  

jjj vvvvvvv 44241332312 ,,,,,,,,   be the vertex set of first, second, third 

and fourth sets of G respectively. For   .2,4  GPCG j   

Case (i). Let  .3mod0j  Let    GVvvvS p 








6

1
1211 ,,  with 

.
6

p
S   Now,   .

2
1

2
1

6
313














ppp

SSN  Therefore S is 

a majority dominating set of G. Since every vertex of S is of distance one, 

   GS  2  and the induced subgraph S  of G is connected. Therefore 

the set S is a CM -set of G.  

Hence   .
6

p
SGCM     (1)  

Suppose, let  jvSS 1  with .1
6


p
S  Then   33  SSN  

.
2

31
6

3












 
pp

 It implies that S   could not be majority dominating 

set of G and   .1
6
 

p
SGCM  Therefore   .

6

p
GCM     (2)  

From (1) and (2),   ,
6

p
GCM    if  .3mod0j   
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Case (ii). Let  .3mod2,1j  Let  6mod2p  such that p is divided 

by 4. Let  tvvvS 11211 ,,,   with t
p

S 





 1
6

 be the subset of  .GV  

Now,   .11
6

313 






 







p

SSN  Let .16  rp  Then   SN  

.
2

1
6

2
3132

2

26
11

6

26
3













 










 
 pp

r
rr

 Let 

 6mod4p  such that p is divided by 4. Let  tvvvS 11211 ,,,   with 

t
p

S 





 1
6

 be the subset of  .GV  Now,    13 SSN  

.21
6

3 






 






p
 Let .46  rp  Then   21

6

46
3 






 



r

SN   

.
2

1
6

2
3131

2

46












 





pp
r

r
 It implies that S be a majority 

dominating set of G.  

Since all vertices of S are of distinct one, the vertex set of S is connected. 

Hence S is connected MDC set of G. Therefore   .1
6







 
p

GCM   (3)  

Now, suppose  jvSS 1  with .1
6








p

S  Then   SSN 3  

.
2

31
6

33












 






pp

 It implies that S   could not be a majority 

dominating set of G and   .2
6







 
p

SGCM  Therefore  

  .1
6







 
p

GCM   (4)  

Hence from (3) and 4),   1
6







 
p

GCM  if  .6mod2,1j   

Proposition 3.6. Let 6,  tKCG jt
  and 2j  be a Corona graph 

with a Cycle tC  and a Complete graph .jK  Then   .2
6







 
p

GCM   
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Proof. Let    ,,,,,,,,,,,,, 616222212112111 vvvvvvvvvvGV jj   

,, 6 jv  where ti Cv   and .2,6,,1,  jiKv jij   Let S  

   GVvvvvvv tp 







 
2

2
1

6
1

12111 ,,,,,,,   with .2
6

31
6








pp

S   

Now,  

       .13
2

2
6

3

6

1

2

1

 
 















i

t

i

iij j
pp

vdvdSN  

It implies that S is a majority dominating set of G. Since G contains a 

Complete graph    .1
6

,1
6

, G
p

S
p

jK j   All the vertices of S 

are connected, the S is a CM -set of G. Hence   .2
6







 
p

GCM   (1)  

Now, suppose  ivSS   with .12
6








p

S  Then  SN   

      .
2

2
3

2






pp

vdvdvd iii  It implies that S   could not be a 

majority dominating set of G. Hence   .
2 




 
p

SGCM  Therefore 

  .2
6







 
p

GCM   (2)  

Thus, from (1) and (2), we get   .2
6







 
p

GCM   

Proposition 3.7. Let G be a vertex color critical graph of t vertices and H 

be any graph with order .ts   Then     tGG CMCM    where 

,HGG   a Corona graph.  

Corollary 3.8. For a Corona graph   ,,,, tGnmKKG CMnmt  


 

where tK  and nmK ,  are Complete and Complete bipartite graphs 

respectively.  

Theorem 3.9. Let G be a connected graph. If    GG M  then 
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   .GG MCM     

Proof. Let    GG M  and S be a M -set of G. Suppose 

    kSG   then .kKS   It implies that   .kSGM    The 

induced subgraph S  is connected and   .kGCM    Hence 

   .GG MCM     

Proposition 3.10. For a connected graph G which contains all its vertices 

of degree      .,1
2

GG
p

vd CCMi 





    

4. Characterization theorems on CM  

Theorem 4.1. Let G be a connected graph .2p  Then G is vertex color 

critical if and only if   .pGCM     

Proof. Let G be a vertex color critical graph. Then by the result (4.4) [5], 

  .pSGM    Since   ,pGM    all vertices are in consecutive. It 

implies that S is a connected MDC set of G and   .pGCM    The converse is 

obvious.  

Theorem 4.2. Let G be a tree. Then    GG CCM    if and only if 

  ,3Gdiam  where  GC  is the connected domination number.  

Proof. Let    .GG CCM     (1)  

Let S and S  be the CM -set and C -set of G.  

Case (i). If   1Gdiam  then the graph structures becomes .2KG   

Then by result (iv) [3.1],   .2  GCM  The C -set of G is  .vS   It implies 

that   .1 SGC  It is a contradiction to the assumption (1).  

Case (ii). If   2Gdiam  then the graphs are like 3PG   and 

.1,1  pKG  For ,3PG   the CM -set is  21, vvS   and   .2  GCM  The 

C -set is  2vS   and    .1 GG CMC   It is a contradiction to (1).  
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Case (iii). Let   .3Gdiam  Then the graph G becomes 4P  and ,, srD  a 

double star. The CM -set and C -set of 4P  is  ., 32 vv  It implies that 

   .2 GG CCM    Therefore the condition (1) holds. For  CMsrDG ,, -

set and C -set is  ,, vu  where vu,  are central vertices. Then 

   .2 GG CCM    Therefore the condition (1) holds for   .3Gdiam  

Suppose   .4Gdiam  Then the graph structures being 5,  pPG p  and 

    .22
2







  pG
p

G CCM  Hence the condition (1) is not true for 

  .4Gdiam  

Conversely, if   3Gdiam  then the graph G has a dominating edge 

uve   and both u and v have some pendants. Let    GVvuS  ,  with 

  .1, vud  Then    GS  2  and S  is connected. Clearly   SN  

,
2 





p

p  then S is both C -set and CM -set of G. Hence, 

   .2 GG CCM     

Theorem 4.3. For even cycle    GGCG MCMp   ,  if and only if 

.10,  pCG p   

Proof. Let    .GG MCM    For even cycle,   .2 G  By the 

proposition (3.2),   ,2
2







 
p

GCM  if p is even. The CM -numbers of even 

cycles with 4p  are .,5,4,3,2,2,2   By the proposition (3.2) [5], 

 







 

.10,9if,3

8to4if,2

p

p
GM  

Also it gives    GG MCM    if .10p  Conversely, from the above 

arguments, the proof is obvious.  

Theorem 4.4. For any Path,    GG cchCM    if and only if 

4,3,  pPG p  where  Gcch  is connected dom-chromatic number of G.  
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Proof. Let    .GG cchCM    For a Path,  





  2

p
GCM  and  Gcch  

.2 p  Since     .2
2

, 





  p
p

GG cchCM  It implies that 2
2

 p
p

 or 

.21
2

 p
p

 Hence 3p  or .4p  Therefore 3PG   and .4P  The 

converse is obvious.  

Theorem 4.5. Let T be a tree. Then    TT MCM    if and only if one 

of the following conditions holds.  

(i) T has a vertex of degree   1
2








p

ud   

(ii) Each non-pendant vertex is adjacent to a pendant vertex  

(iii)   .9Tdiam   

Proof. Let    .TT MCM    Then S is a M  and CM -set of T with 

same cardinality. If   1Tdiam  then T becomes 2K  and  vuS ,  be the 

M  and CM -set of T with   .1
2








p

ud  If   2Tdiam  then the graph 

structures like ., 1,13 pKP  Let  vuS ,  be set with   1, vud  such that 

  .1
2

1 






p

pud  The set S satisfies    .TT MCM    Hence the 

condition (i) and (ii) holds. Suppose   .3Tdiam  Then T has a dominating 

edge uve   and   .2 T  Let  vuS ,  be the M  and CM -set of T with 

  .1
2








p

ud  Hence the pendant vertices u and v both are adjacent to some 

pendants at u and v. Hence condition (i) and (ii) holds. Let   .74  Tdiam  

Then .8,7,6,5,  pPT p  By the result (3.3) [5],   2  TM  and by 

proposition (3.3),   .2  TCM  Hence if       .74,   TdiamTT MCM  

Now let   8Tdiam  and 9. Let  kji vvvS ,,  be the M -set of T such 

that   .1, ji vvd  Then  






2

p
SN  and    .2 TS   It implies that 

  .3  STM  Since    ,,1, kjji vvdvvd   the induced subgraph S  
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is connected. It implies that S be CM -set of T and   .3  STCM  

Hence the condition    TT MCM    is true. Now suppose   .10Tdiam  

Then by result (3.3)[5],  





  6

p
TM  or 1

6







p
 and by proposition (3.3), 

  .2
2







 
p

TCM  It implies that    .TT MCM    Hence if 

   TT MCM    then   .9Tdiam  The converse is obvious.  

Theorem 4.6. For any tree   2,   TT CM  if and only if T has at least 

two vertices iv  with   .2
2








p

vd i   

Proof. Let   .2  TCM  Let S be a CM -set of T and 

  .2  STCM  Then  ji vvS ,  with   .1, ji vvd  To prove that T has 

at least two vertices iv  with   .2
2








p

vd i  Suppose T has vertices iv  with 

  .3
2








p

vd i  Then       











 p
pp

vdvdSN ji 3
2

3
2

 

.
2

6






p

 It implies that S is not be a majority dominating set of T with 

.2S   It is a contradiction to the assumption that S is a CM -set of T. 

Hence T has at least two vertices iv  with   .2
2








p

vd i   

Conversely, suppose T has at least two vertices iv  with   .2
2








p

vd i  

(1)  

To prove   .2  TCM  Let    TVvvS ji  ,  with   .1, ji vvd  By the 

assumption (1), if    ji vd
p

vd 





 2
2

 then  

      .
2

42
2

2
2 

















p

p
pp

vNvNSN ji  It 

implies that S is a majority dominating set of T. If   2
2








p

vd i  and 
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  2ivd  then   S
p

SN 






2

 is a majority dominating set of T. Since 

    2,2  ST  and S  is connected. Hence S is a connected MDC set of 

T and   .2  STCM   Suppose  ivS   and .SS   Then 

 






2

p
SN  and S   is not a majority dominating set of T. Since 

     .1,2 TST   Therefore S is not a MDC set of T. Hence 

  STCM    and   .2  STCM  Thus,   .2  TCM   

5. Conclusion 

In this article, new type of domination parameter of a graph is 

introduced. Connected majority dominating chromatic number  GCM  is 

defined and it is determined for some families of graphs and product of 

graphs. Then characterization of connected majority dominating chromatic 

number for graph is established.  
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