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Abstract

This paper introduces a connected majority dom-chromatic set of a graph G and a

connected majority dom-chromatic number ycpgy (G). The exact value of ycpyp, for some classes

of graphs such as Grid, Cylinder and Corona are determined. Also the characterization

theorems on ycpy, for some graphs are established.

1. Introduction

By a graph G = (V, E), we mean a finite and undirected graph with

neither loops nor multiple edges. This article introduces a new parameter

namely Connected majority dom-chromatic number of G. A subset D of V(G)
is said to be a dominating set [3] of G if every vertex in (V — D) is adjacent to

at least one vertex in D. The minimum cardinality of the minimal dominating
set of G is called the domination number of G, denoted by y(G). A dominating
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set D is said to be a connected dominating set [8] if the subgraph (D) induced

by D is connected in G. A connected dominating set is minimal if no proper
subset of D is a connected dominating set. The minimum cardinality of the
minimal connected dominating set of G is called the connected domination

number and denoted by yq(G).

The majority dominating number y,(G) [7] of a graph G is the smallest
cardinality of a minimal majority dominating set (MD-set) S < V(G) of

2]

connected majority dominating (CMD) set [6] if S is a majority dominating set

vertices and the set S satisfies | N[S]| > A set ScV(G) is a

and the induced subgraph (S) is connected in G. A connected majority

dominating set is minimal if no proper subset S of G is a connected majority
dominating set. The minimum cardinality of the minimal connected majority
dominating set S of G is called the connected majority domination number
and denoted by ycp(G).

A dominating set S < V(G) 1is called the dom-chromatic set [1] and [4]
such that the induced subgraph (S) satisfies the property x((S)) = x(G). The
minimum cardinality of a dom-chromatic set S is called dom-chromatic
number and is denoted by v.4(G) or v,(G). A dom-chromatic set S is said to
be connected dom-chromatic set if (S) is connected. The minimum

cardinality of a connected dom-chromatic set S is called connected dom-

chromatic number and is denoted by y..4(G) or y¢, (G).

A subset S of V(G) is majority dominating chromatic set (MDC- set) [5] if
(i) S is a majority dominating set and (i) x((S)) = x(G). The minimum
cardinality of a minimal majority dominating chromatic set is called a

majority dominating chromatic number denoted by vz, (G).

2. Definitions and Examples

Definition 2.1. A majority dominating chromatic set S is said to be a

connected majority dominating chromatic (Connected MDC) set or connected
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majority dom-chromatic set if the induced subgraph (S) is connected in G.

The connected MDC set is minimal if no proper subset of S is a connected
MDC set. The minimum cardinality of a minimal connected MDC set is called

the connected MDC number and is denoted by YCMX(G)- The maximum

cardinality of a minimal connected MDC set is called the upper connected
MDC number of G and denoted by Tcpz, (G).

Example 2.2. Consider the graph G with p = 21 vertices.

G : Figure - (1)

For the above graph, S; = {vg, vg, Uig}, S = {vg, V10, 15} are the
minimal connected MDC sets of G. Hence ycp, (G) = 3 and Ty, (G) = 6. For

the graph G, Yp,(G) = 3, o (G) = 7 and v,4,(G) = 2.

Observations 2.3.

(i) If the graph G is vertex color critical graph then ycp,(G)
= 1, (G) = p.

(ii) Let G be a triangle free with x(G) > 5. Then ycpp (G) > 5.

(iii) For any bipartite graph with dominating edge, ycp (G) = 2.

(iv) If a connected graph G has at least one full degree vertex then
10(G) < yeuy (G).

For example, G = K; ,,_1, y¢(G) =1 and yop, (G) = 2.
(v) Let G be a vertex color critical graph. Then y¢(G) < voury (G).

(vi) If a connected graph G with at least one MD vertex v then
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1oy (G) = v¢(G).

For example, G = D, 4, r <, yc(G) = 2 and oy (G) = 2.
3. Yomy (G) for Some Classes of Graphs

3.1 Results on vy, (G)

() Let G = D, 5, Ky 1, p = 2. Then ygp, (G) = 2.
(ii) Let G = K, ,. Then ycpg (G) = 2.

(iii) For the graph G = mKs, ycay, (G) = 3.

(iv) Let G = K,, be a Complete graph. Then ycy, (G) = p.

(v) For any Caterpillar graph G, YoMy (G) = {%W —1.

Proposition 3.2. For any Cycle G = Cp,

p,if pisodd
Yoy (G) = {%1 —-2,if pisevenand p > 8.

Proof. Let V(G) = {v, vg, ..., v,} be the vertex set of G. For a Cycle
G =Cp,

2, 1f p is even
3, if p is odd.

«UG) = {

Case (i). Let p be odd. Then the graph G = C,, becomes an odd Cycle.
Since the graph G is vertex color critical, by the result (4.4) [5], v MX(G) = p.
It implies that v (G) =S| =|{vy, vg, ..., vp} | where Sis a MDC set of G.

Hence the induced subgraph (S) is connected .Therefore S is a connected

MDC set of G. Thus Yoy, (G) = p.

Case (ii). Let p be an even. Let S be any setin G and S = {v;, vg, ..., U},
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t1=|5]-2 with dvi o) =10 =12 (=1, Then |N[S]| - |Z]

2

Since d(v;, v;41) =1, the vertices of S are in consecutive. Thus the induced

-2+2= [ﬁ—l Since %(G) = 2, ((S)) = x(G). Therefore S is a ypy -set of G.

subgraph (S) is connected. Hence S'is a ycyy, -set of G. It implies that

T (@ =| 5] 2. M

Let S' =S —{v} with s'z[gl—& Then |N[S’]|=[§]—3+2:(§]

-1 <{g—‘ Hence the set S’ will not be a y,/-set of G. Therefore
G)>]S|= Pl_3 and
TeMy 5
G) > P -9 9
Tom(G) 2 | 5| =2 @
Hence from (1) and (2), VCMX(G) - {g—‘ _9.

Proposition 3.3. Let G be a Path P,, p > 7. Then yop (G) = [g_‘ - 2.

Proof. From the similar arguments of the case (i1) of proposition (3.2),
rem(G) = [gw - 2.

Proposition 3.4. For a Grid graph G = P3 x Pj, j > 4,

L% J if jis odd

VCMx(G) =
X if jis even.

Proof. Let the graph G = Py x Pj, j > 4. Let V(G) = {v11, vyg, ..., vy,

U1, U2, +--s Ugjs U3, U3, ---s 03]-} be the vertex set of first, second and third

row respectively and | V(G)| = p = 3j, j =2 4. For G = P; x P;, x(G) = 2.
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Case (i). Let j be odd. Consider the set S < V(G), S = {vgy, Vg3, ..., Uy}

with |S|={§J and|t|=[%—‘.
|N[S]|=id<v2i>—{|8|—z}=§+z>[§]
1=2

It implies that g = % and S is a majority dominating set of G. Since

every vertex in S is of distance one, %((S)) =2 = y(G) and the induced
subgraph (S) of G is connected. Therefore the set Sis a vy, -set of G.

Hence yopg(G) <|S| = L%J 1)

Now, let " = S — {vy;} with | S'| = L%J —1. Then

gl
INST= Y dem)-81-1=5-1<|2]|

=1
Hence S’ could not be a majority dominating set of G. Therefore

1w (©) > |8 =| £ ]~ 1. Then 1o (6= | B @
Hence from (1) and (2), yop (G) = {%J, if j is odd.

Case (ii). Let j be even. Let S = {vgq, vgg, ..., Uy} with |S|= % be the

subset of G. Now,
| NTS]| - gd(vm) ~4s1-2-92)+2> 2|

It implies that S is a majority dominating set of G and the induced

subgraph (S) of G is connected. Therefore the set Sis a vy, -set of G.
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Hence yopg (G) <| S| = % 3)
Applying the same arguments as in case (i),

we get, yopg (G) > % 4)

Thus, from (3) and (4), veps, (G) 2 %, if j is even.

\%

Proposition 3.5. Let G = C4 x P;, j > 4, a Cylinder. Then

%, if j =0(mod 3)

VCMx(G) = pl ..
[E—" if j =1, 2(mod 3).

Proof. Let G = Cy x P;, j > 4. Let V(G) = {v11, vy2, ..., Uy, Va1, Vg, -5

Ugj, U31, U39, +--» Usjs Va1, Va2, ---» Ugj} be the vertex set of first, second, third

and fourth sets of G respectively. For G = Cy x P;j, x(G) = 2.
b
6

Case (i). Let j=0(mod3). Let S ={vi1,vi9, vl( )} c V(G) with

|S|:§. Now, |N[S]|:3|S|+1:3(%)+1:%+12(§—‘. Therefore S is

a majority dominating set of G. Since every vertex of S is of distance one,
x((S)) = 2 = x(G) and the induced subgraph (S) of G is connected. Therefore

the set Sis a ycpy -set of G.
Hence yopg(G) <| S| = % (1)
Suppose, let " =S —{v;;} with [S'|= % —1. Then | N[S']|=3S'|-3
6

= 3(2 - 1) -3< {g—‘ It implies that S’ could not be majority dominating

set of G and ycpp (G) > | S'| = % — 1. Therefore ycpy (G) 2 2)

ol

From (1) and (2), ycpg(G) = %, if j = 0(mod 3).
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Case (ii). Let j =1, 2(mod 3). Let p = 2(mod 6) such that p is divided

by 4. Let S = {v11, 9, ..., vy} with | S| = [%—I —1 =1 be the subset of V(G).

Now, |N[S]|=3|S|+1=3{[%—‘—1}+1. Let p=6r+1. Then |N[S]|=

6r+2 _6r+2 o o . o(p-2)_ p
CES R LS . RN Let

p =4(mod 6) such that p is divided by 4. Let S = {vy1, v1g, ..., U;} with

|S|={%—‘—1=t be the subset of V(G). Now, |N[S]|=3S|+1=

6r +4
6

3{[21—1}”. Let p=6r+4. Then |N[S]|=3[

6 —1}+2

2 6

dominating set of G.

_br+4 1=3r-1= 3(p—_2j -1 [g—l It implies that S be a majority

Since all vertices of S are of distinct one, the vertex set of S is connected.

Hence S is connected MDC set of G. Therefore vy, (G) < [%—‘ -1. 3

Now, suppose S’ =S —{v;} with |S'| = [%—‘ —1. Then | N[S']| =3 S|

-3= 3@%—‘ - 1) -3< [g—‘ It implies that S’ could not be a majority

dominating set of G and yop (G) > | S'| = [%—‘ — 2. Therefore

vemy (G) 2 [%W -1 (4)
Hence from (3) and 4), ycpg (G) = {%—‘ -1 if j =1, 2(mod 6).

Proposition 3.6. Let G=C,"K;,t =6 and j =2 be a Corona graph

with a Cycle C; and a Complete graph K. Then ycpg (G) = [%—I + 2.
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Proof. Let V(G) = {Ul’ U11, V1925 --+» Ulj’ U9, U21, U99, ..., Uzj, ...y Ug, Ug1s

..., Ugj}, where v;e€eC and vy;e€Kj,i=1,..,6,j>22 Let S=
: D _ _|P

{v, v, vigs s v p Y V2, v € V(G) with | S = 1+3—{ —‘+2.
1(571) 5 6 6

Now,

t
| N[S]| > id(vij)+ id(vi) > 3(%] i2> %W _3(j+1).
=1 =1

It implies that S is a majority dominating set of G. Since G contains a

Complete graph Kj, j = % -1, x((S)) = % -1 =y(G). All the vertices of S

are connected, the Sis a vcpy, -set of G. Hence ycpg(G) < {%—‘ + 2. (1)

Now, suppose S =8 -{y;} with |S'|= [%—I +2-1. Then |N[ST]]
= d(v;)d(v;) + 2 — d(v;) = % +2< [g_‘ It implies that S’ could not be a
majority dominating set of G. Hence yopg(G)<|S'|= {g—‘ Therefore

1o (@ 2| ]2 ©

Thus, from (1) and (2), we get YCM5((G) = [%—l + 2.

Proposition 3.7. Let G be a vertex color critical graph of t vertices and H
be any graph with order s<t. Then Yoy, (G)=veu(G) =1t where
G' = G°H, a Corona graph.

Corollary 3.8. For a Corona graph G = KK, ,,m < n, yop(G) = t,
where K, and K, , are Complete and Complete bipartite graphs

respectively.

Theorem 3.9. Let G be a connected graph. If ¥(G) = ypy(G) then
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1o (G) = vy (G).

Proof. Let x(G)=yp,(G) and S be a ypy-set of G. Suppose
x(G) =x(S)) = k then (S)=Kj. It implies that v, (G)=|S|= k. The
induced subgraph (S) is connected and ycpp(G) =k Hence
Temy (G) = 1 (G).

Proposition 3.10. For a connected graph G which contains all its vertices

of degree d(v;) < {g—l -1, voug (G) < v¢(G).
4. Characterization theorems on ycyyy

Theorem 4.1. Let G be a connected graph p > 2. Then G is vertex color
critical if and only if youy, (G) = p.

Proof. Let G be a vertex color critical graph. Then by the result (4.4) [5],
vmy(G) = | S| = p. Since ypp(G)=p, all vertices are in consecutive. It
implies that S is a connected MDC set of G and ycpz, (G) = p. The converse is

obvious.
Theorem 4.2. Let G be a tree. Then ycyy(G) = vc(G) if and only if

diam(G) = 3, where yo(G) is the connected domination number.
Proof. Let ycpr (G) = v¢(G). (1)
Let Sand S be the ycpy, -set and vy -set of G.

Case (i). If diam(G) =1 then the graph structures becomes G = K,.
Then by result (iv) [3.1], vcpr (G) = 2. The y¢ -set of G is S' = {v}. It implies
that yo(G) =| S| = 1. It is a contradiction to the assumption (1).

Case (ii). If diam(G) =2 then the graphs are like G = P; and
G = Ky p_1. For G = P3, the youy -setis S = {vy, v} and youyy (G) = 2. The

vo-setis 8" = {vg} and yc(G) =1 < yop (G). It is a contradiction to (1).
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Case (iii). Let diam(G) = 3. Then the graph G becomes Py and D, g, a
double star. The ycpp, -set and yg-set of Py is {vg, v3}. It implies that
YoMy (G) = 2 = y¢(G). Therefore the condition (1) holds. For G = D, , Yoy -

set and vyco-set is {u, v}, where wu,v are central vertices. Then

Yemy(G) = 2 = y¢(G). Therefore the condition (1) holds for diam(G) = 3.

Suppose diam(G) = 4. Then the graph structures being G = P,, p=5 and
Yo (G) = {g—‘ -2 <7v0c(G) = p— 2. Hence the condition (1) is not true for
diam(G) > 4.

Conversely, if diam(G) = 3 then the graph G has a dominating edge
e =uv and both v and v have some pendants. Let S = {u, v} < V(G) with
d(u, v) = 1. Then ((S)) =2 = x(G) and (S) is connected. Clearly | N[S]| =

p>[£—l, then S is both yc-set and ycpy -set of G. Hence,

2
vy (G) = 2 = v¢(G).

Theorem 4.3. For even cycle G = Cp, ycp (G) = v (G) if and only if
G =Cp, p <10.

Proof. Let ycpy(G) = vp(G). For even cycle, x(G)=2. By the
proposition (3.2), YCMX(G) = {%—‘ -2, if p is even. The y¢yy, -numbers of even
cycles with p > 4 are 2, 2, 2, 3, 4, 5, .... By the proposition (3.2) [5],

2,if p=4to 8

G =
Yty (G) {3, if p=9,10.

Also it gives vop (G) = v (G) if p <10. Conversely, from the above
arguments, the proof is obvious.
Theorem 4.4. For any Path, vcpp(G) = v (G) if and only if

G = P,, p = 3, 4 where y..;(G) is connected dom-chromatic number of G.
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Proof. Let ycury(G) = Yeor, (G). For a Path, yops (G) = [g—‘ and vy..;(G)

= p - 2. Since yopp (G) = Yeen(G): [g—‘ = p — 2. It implies that g =p-2or

§+ 1=p-2. Hence p=3 or p =4. Therefore G =PF; and P,;. The
converse is obvious.
Theorem 4.5. Let T be a tree. Then ycpy (T) = v, (T) if and only if one

of the following conditions holds.

() T has a vertex of degree d(u) > {g—‘ -1

(11) Each non-pendant vertex is adjacent to a pendant vertex
(iii) diam(T) < 9.

Proof. Let yopy (T) = v (T). Then S'is a ypz, and yepyy -set of T with
same cardinality. If diam(T") =1 then T becomes Ky and S = {u, v} be the

Ymy and ycpg -set of T with d(u) > {g—‘ —1. If diam(T') = 2 then the graph
structures like P3, K ,_1. Let S = {u, v} be set with d(u, v) =1 such that
du)=p-1= {g—‘ —1. The set S satisfies you, (T) = vp(T). Hence the

condition (i) and (i) holds. Suppose diam(T) = 3. Then T has a dominating
edge e = uv and y(T') = 2. Let S = {u, v} be the ypp and ycpy -set of T with

d(u) > [g—l — 1. Hence the pendant vertices v and v both are adjacent to some

pendants at u and v. Hence condition (i) and (ii) holds. Let 4 < diam(T) > 7.
Then T =P,, p=5,6,7,8 By the result (3.3) [5], ypp(T)=2 and by
proposition (3.3), youy (T) = 2. Hence if yopr, (T) = v, (T), 4 < diam(T') > 7.
Now let diam(T) = 8 and 9. Let S = {v;, vj, v} be the vy -set of T such
that d(v;, vj) = 1. Then | N[S]| > [g—l and %((S)) = 2 = x(T). It implies that

v (T) = | S| = 3. Since d(v;, vj) =1 = d(vj, vg), the induced subgraph (S)
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is connected. It implies that S be ycpy -set of T and yepp (T) =|S| = 3.

Hence the condition ycpg (T') = vpp,(T') is true. Now suppose diam(T') > 10.

Then by result (3.3)[5], YMX(T) = [%—‘ or [%—‘ +1 and by proposition (3.3),

Yoy (T) = [g—‘ —-2. It implies that yoyy(T) > vpp(T). Hence if
YoMy (T) = v, (T) then diam(T') < 9. The converse is obvious.
Theorem 4.6. For any tree T, ycpr, (T) = 2 if and only if T has at least

two vertices v; with d(v;) = [g—l - 2.
Proof. Let vyoup(T)=2. Let S be a yepy-set of T and

Yomy(T) =S| = 2. Then S = {v;, vj} with d(v;, v;) = 1. To prove that T has

at least two vertices v; with d(v;) > [ B—I — 2. Suppose T has vertices v; with

2
d(vi)z%]—& Then | N[S]| =d(vl-)+d(vj)s[§—l—3+{§—‘—3Sp—
6 < [g—‘ It implies that S is not be a majority dominating set of 7T with
| S|=2. Itis a contradiction to the assumption that S is a ycps -set of T.

Hence T has at least two vertices v; with d(v;) > {B—‘ - 2.

2
Conversely, suppose T has at least two vertices v; with d(v;) > [g—l - 2.
(1)
To prove ycpy (T) = 2. Let S = {y;, v;} < V(T') with d(v;, v;) = 1. By the
assumption (1), if d(v;) = [g—‘ -2 = d(vj) then
| NIS]| = | Noi] | = | Moj) = | 8| -2+ |2|-2=p-4=|Z] It
p

implies that S is a majority dominating set of 7. If d(v;) = [E—‘ -2 and

Advances and Applications in Mathematical Sciences, Volume 21, Issue 4, February 2022



1950 J. JOSELINE MANORA and R. MEKALA

d(v;) =2 2 then | N[S]|= [g—l = S is a majority dominating set of T. Since

x(T) =2, x(S)) = 2 and (S) is connected. Hence S is a connected MDC set of
T and vyop(T)<|S|=2. Suppose S ={y;} and |S'|<|S| Then

| N[S]| < {g—‘ and S’ is not a majority dominating set of 7. Since

x(T) =2, x((S)) =1 # x(T). Therefore S is not a MDC set of 7. Hence
YCMx(T) > |S’| and YCMx(T) 2 |S| = 2. Thus, YCM)((T) =2

5. Conclusion

In this article, new type of domination parameter of a graph is

introduced. Connected majority dominating chromatic number YCMX(G) s

defined and it is determined for some families of graphs and product of
graphs. Then characterization of connected majority dominating chromatic
number for graph is established.
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