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Abstract

A graph G with v vertices and e edges is said to be edge-magic if there exists a bijection
f:VGUE®G)—>{1,23,...,| V(G| +| E(G)|} such that for all the edges wv of G, f(u)
+f(v)+ f(uv) is a constant k. An edge-magic labeling f of G becomes a super edge-magic
labeling if the bijection is said to have an additional property that the vertex set
fV(@G) =123, ...,| V(G)|}. In this paper we obtain a super edge-magic labeling of Octopus

graph O,, and vertex switching of jewel graph «/,,.

1. Introduction

Graph labeling is an assignment of integers to the vertices or edges or
both subject to certain limitations. It was first introduced by Rosa in 1967 [4].
In the intervening years dozens of graph labeling techniques have been
studied. One such graph labeling technique is the magic labeling introduced
by Sedlacek [6] when he was motivated by the notion of magic squares in
number theory. Ringel and Llado [5] rediscovered this notion and called it as
edge-magic labeling. Enomoto et al. [2] called a graph G(V, E) with an edge-

magic labeling f of G such that f(V(G)) =1{1 2 3,...,|V(G)|} as a super
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edge-magic labeling. Enomoto et al. [2] also proved that C, 1is super edge-
magic iff n is odd; K, , is super edge-magic iff m =1 or n =1, W, of order
n is not super edge-magic. Kotzig and Rosa [4] proved that every caterpillar is
super edge-magic. Amara Jothi et al. [1] have proved super edge-magic
labeling for duplication graphs. For more results on super edge-magic
labeling refer to survey by Gallian [3]. One of the real life application of super
edge-magic labeling is that, we could assign workstations or computers to
each department in a company under certain constraints. In this paper, we

prove that octopus graph O,, and vertex switching of jewel graph o/, admits

super edge-magic labeling.
2. Main Section

In this section, we state few definitions and prove two theorems.

Definition 1. A graph G with distinct v vertices and distinct e edges is
called edge-magic if there exists a bijection f:V(G)U{L, 2,3, ..., | V(G)|
+| E(G)|} such that there exists a constant k for any (u, v) in E satisfying
f@)+ f(w, v)+ fv) = k.

Definition 2. An edge-magic graph G is called a super edge-magic graph
if f:V(G)—>1{,2,..,|V@G)]} and f: EG) »>{V(G)|+1,|V(G)|+2, ...,
V(@) | +]| E@G) [}

Definition 3. An Octopus graph O,, (n > 2) can be constructed by
joining a Fan graph F,(n > 2) to a Star graph K; , by sharing a common

vertex, where n is any positive integer. Octopus graph O,, is shown in Figure

1.
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Figure 1. Octopus graph O,,.
Definition 4. The Jewel graph J, is the graph with the vertex set
V(J,) = g, Uy, Uy, uy, 4; :1 <0 <n} and the edge set E(J,) = {vy, Uy,
UpUy, Uylly, Uylly, Uylhy, Uxlly, Wyl 2 1 < i < n}. Jewel graph o, is shown in

Figure 2.
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Figure 2. Jewel graph J,,.

Definition 5. In a graph G(V, E) vertex switching at v € V, denoted by
G, is obtained by removing all edges v, € E incident to v and adding edges

v, whenever v, ¢ E, w e V.
Theorem 1. Octopus graph O,, admits super edge-magic labeling.

Proof. Consider an Octopus graph O,,. Let V(O,)={u;,ug,us,...,uop.1}
denote the set of vertices of an octopus graph. Let E(O,)={E; UE;sUEsUE,}

be the set of edges an octopus graph, where E;={ugus,usuy,...
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Wit :2<i<n}, Eg ={ujug, 1 :n23}, Eg ={u us, wqus, ..., uqug;q :1<i<n-1}
and E; = {yqug, wyuy, ..., tiug; : 1 <i < n}. Thus we have | V(0,)|=2n+1
and | E(O,)| =3n—1 to be the number of vertices and edges of an octopus
graph respectively.

Case (i). When n is odd.

We define the vertex labeling f:V — {1, 2,3, ..., 2n+1} as follows:
f) =1, flug,)=2(n+1)—i,1<i<n, flugj,1)=n+1-i,1<i<n-1
and f(ug,.1) = n+1, n > 3 where all the vertex labelings are distinct. Now,
We define the edge labeling f: E — {2n+2, 2n+ 3, ..., 5n} by [f(wju;,q)
=2n+1,2<i<n, flluy)=3n+1,1<i<n, f(lug,1)=4n+1+i,1<i<n-1
and f(ujugy,.1) = 4n +1, n > 3 where all the edge labelings are distinct.

We observe that, f(uq)+ f(ug;)+ f(uug;)=5n+3,1<i<n, f(uy)+ f(us;,1)
+fugiy) =bn+3,1<i<n-1, f(u)+ fugn1) + +f(wugn 1) = 5n + 3,
n>3 and f(u;)+ f(uj,1)+ fwu;,1) =5n+3,2<i<n

Case (ii). When »n is even.

We define the vertex labeling f:V — {1, 2,3, ..., 2n +1} by f(iy) =1,
flug;)=n+1-i,1<i<n-1, f(ugj;1)=2(n+1)—i,1<i<n and f(uy,)=n+1,
where n > 2 all the vertex labelings are distinct. Now we define the edge
labeling f:E —>{2n+2,2n+3,...,6n} by f(uu1)=2n+i,2<i<i<n,
fliug;)=4n+1,1,1<i<n-1, f(lyug;,1)=3n+i,1<i<n and [f(yuoy,)

= 4n +1, n > 2 where all the edge labelings are distinct.

We observe that, f(u;)+ f(ug)+ f(uug)=5n+3,1<i<n-1, f(y)

+fugis1) + fuugi1) = 5n+ 3,1 <1 < n, f(u) + fug,) + f(tyug,) = 5n + 3,
n>2 and f(u;)+ f(ujq)+ f(lqu;,) = 5n+ 3,2 <i < n. In both cases, we

have, f(u)+ f(v) + f(wv) = 5n + 3 = k, a magic constant.
Thus the Octopus graph O,, admits super edge-magic labeling.

IMustration 1. Octopus graph Oy admits super edge-magic labeling with

a magic constant & = 28. Refer figure 3.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



SUPER EDGE-MAGIC LABELING OF OCTOPUS ... 107

Figure 3. Super edge-magic labeling of Octopus graph Os.

IMustration 2. Octopus graph O, admits super edge-magic labeling with
a magic constant k = 23. Refer figure 4.
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Figure 4. Super edge-magic labeling of Octopus graph O,.

Theorem 2. Vertex switching of Jewel graph <J, admits super edge
magic labeling.

Proof. Consider a Jewel graph . Let V(J,,)=1{vy, vy, Uy, uy,u; :1<i<n}
be the vertices of the graph. Also denote by E(J),)=1{viy, U0y, 0y,
Uylly, Ui, Uy U; :1<i<n} the edges of the graph. Thus | V(J,,)| = n+4 and

| E(J,)| =2n+5 denotes the number of vertices and edges of the jewel
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graph respectively. Now, Let us switch the vertex u, of the Jewel graph
J,. We note that, the vertex set remains the same whereas the edge set
becomes, E*(J,,) = {vyly, Uxy, Uylly, Uxlly, Uy 2 1 <1 < nj. Thus, we have
| V(J,)| =n+4 and | E*(J,)|=n+4 to be the number of vertices and
edges of the jewel graph with switched vertex respectively. See Figure 5.

Figure 5. Vertex Switching of Jewel graph o/,,.

Now, we define the vertex labeling of the jewel graph with switched
vertex uy, as f:V —>{1,2,3,...,n+4} by f(v,)=1,f(vy)=2 f(u,)=4+n,
fuy) =3 and f(y;) =3+i,1<i<n where all the vertex labelings are
distinct. Now we define the edge labeling of the jewel graph with switched
vertex u, as f:E —{n+5,...,2n+4)} by (w,)=2(n+4), (vu,)=6+n,
(yuy) =5 +n, (Vyu,) =T7+2n and (V) =7+2n—i,1<i<n where all
the edge labelings are distinct.

We observe that, f(v,)+ f(vy) + f(,vy) = 2n + 115 f(vy) + fluy) + fvgiy)
=2n+11%; f(vy) + f(uy) + fyuy) = 2n +173; f(vy) + f(uy) + f(0puy) = 2n +11
and f(v,)+ f(w;)+ flou;)) =2n+11,1<i < n.

We have, f(u) + f(v) + f(wv) = 2n + 11 = k, a magic constant.

Thus the Vertex switching of Jewel graph o/, admits super edge-magic
labeling.

INlustration 3. Vertex Switching of Jewel graph J3 admits super edge-

magic labeling with a magic constant & = 17. Refer Figure 6.
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Figure 6. Super edge-magic labeling of Vertex Switching of /3.

3. Conclusion

In this paper we have proved that Octopus graph O, and Vertex
switching of Jewel graph o/, admits super edge-magic labeling. Further we
intend to prove that Path union of Octopus graph O, admits super edge-

magic labeling.

References

[1] A. Amara Jothi, N. G. David and J. Baskar Babujee, On super edge- magic and bimagic
labeling for duplication graphs, Gen. Math. Notes 22(1) (2014), 57-70.

[2] H. Enomoto, A. S. Llado, T. Nakamigawa and G. Ringel, Super edge-magic graphs, SUT
Journal of Mathematics 34(2) (1998), 105-109.

[8] J. A. Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of
Combinatorics, 1996-2018, 121-153.

[4] A. Kotzig and A. Rosa, Magic valuations of complete graphs, Publications du Centre de
Recherches, Mathematiques Universite de Montreal 175.

[5] A. Rosa, On certain valuation of the vertices of a graph, Theory of Graphs (International
Symposium, Rome), Gordon and Breach, N.Y. and Dunod Paris (1966), 349-355.

[6] G. Ringel and A. Llado, Another tree conjecture, Bull. Inst. Combin. Appl. 18 (1996), 83-
85.

[7] J. Sedlacek, On magic graphs, Math. Slov. 26 (1976), 329-335.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 1, November 2021



