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Abstract 

In 1991, Gnanajothi [4] defined a graph G with q edges to be odd graceful [3] if there is an 

injection g from  GV  to the set   12,,2,1,0 q  such that, when each edge xy is assigned 

the label     ,ygxg   the resulting edge labels are   .12,,5,3,1 q  

In this paper, we prove the odd graceful labeling of star graphs attached to the apex and all 

the path vertices of the Sub divided shell graph. 

1. Introduction 

Alexander Rosa [7] initiated the concept of graph labeling in the year 

1967. Graph labeling is the assignment of labels to vertices or edges or both of 

a graph which are represented by integers subject to certain conditions. 

Graceful labeling is the first labeling method in graph theory. The graceful 

labeling of a graph G with q edges is an injection g from the vertices of  GV  
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to the set  q,,2,1,0   such that when each edge xy is assigned the label 

    ,ygxg   the resulting edge labels are distinct. Deb and Limaye [2] 

introduced the shell graph. Jeba Jesintha and Ezhilarasi Hilda [6] introduced 

subdivided shell graph. Gnanajothi [4] proved the following graphs are odd 

graceful; the path ,nP  the cycle nC  if and only if n is even, the complete 

bipartite graph nmK ,  and the crowns ,10KCn  if and only if n is even. 

Gnanajothi conjectured that all trees are odd graceful and proved the 

conjecture for all trees with order up to 10. Ibrahim Moussa [5] proved that 

nm PC   which is the union of the cycle mC  and the path nP  admits odd 

graceful labeling. Sub divided shell flower graphs are odd graceful proved by 

Jeba Jesintha and Ezhilarasi Hilda [6]. Shadow graph  nPD2  are odd 

graceful graph proved by Vaidya and Lekha [8]. Vaidya and Lekha 

Bijukumar [9] proved that splitting graph of a star 4,1K  admits odd graceful 

labeling. Badr [1] proved that the revised friendship graphs  ,4kCF  

     16128 ,, kCFkCFkCF  and  20kCF  are odd graceful, where k is any 

positive integer. For a detailed study on odd graceful labeling, refer to 

“Dynamic survey of graph labeling” by Joseph Gallian [3]. 

2. Basic Definitions 

In this section, we recall some definitions which taken from “Dynamic 

Survey of Graph Labeling” by Joseph Gallian [3]. 

Definition 2.1. A star graph [3] is defined as the tree which has one 

vertex and adjacent to all the other vertices. The star graph is denoted as rS  

where r is the number of pendant vertices connected tone vertex. Refer 

Figure 1. 

Definition 2.2. Shell graph [5] is defined as a cycle nC  with  3n  

chords sharing a common end point called the apex. Shell graphs are also 

known as fans which are the join of 1K  and ,nP  the path with, tn  vertices. 

The vertices and edges nnn vevevevev ,,,,,,,,, 11332211   constitute the 

path of the shell graph where the edge ie  is incident with iv  and .1iv  Refer 

Figure 1. 
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Definition 2.3. When each edge in the path of the shell graph is sub 

divided, then a Sub divided Shell graph is obtained. The common vertex 0v  is 

called the apex in both shell graph and sub divided shell graph. The edge ie  

in the shell graph is sub divided into two edges iiwv  and .1iivw  

Note that there are  1n  cycles at the apex .0v  These  1n  cycles are 

termed as the petals of the sub divided shell graph and it is denoted by m. 

Refer Figure 1. 

 

Figure 1. Star graph ,7S  Shell graph with n petals, Sub divided Shell Graph 

with 7 petals. 

3. Main Result 

In this section, we prove the odd graceful labeling of star graphs attached 

to the apex and all the path vertices of the sub divided shell graph. 

Theorem 1. The Subdivided Shell Graph with Star graph rS  attached to 

its apex is odd graceful. 

Proof. Let G be the graph obtained by attaching the star graph rS  to the 

apex of the sub divided shell graph. Let  GV  and  GE  be the number of 

vertices and edges of the graph G respectively, where   pGV   and 

  .qGE   The graph G is described as follows: Let ruuuu ,,,, 321   

denote the pendant vertices of rS  in anticlockwise direction. Let the apex of 

the sub divided shell graph be denoted as v. Let nwwww ,,,, 321   be the 

path vertices of SSG which are marked in clock wise direction. Let m denote 

the number of petals in SSG. The graph G has  12  mrp  vertices and 

 13  mrq  edges. 
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Figure 2. Sub divided Shell Graph with Star Graph attached to the apex. 

The vertex labels for pendant vertices of :rS  

   12  iug i  for .1 ri   (3.1) 

The vertex label for the apex of SSG: 

  .12  qvg  (3.2) 

The vertex labels for the path vertices of SSG: 

   12  irwg i  for 12  ki  and 
 

2

1
1




n
k  (3.3) 

   122  imqwg i  for ki 2  and 
 

.
2

1
1




n
k  (3.4) 

From the above equations (3.1) to (3.4), it is observed that the vertex labels of 

G are distinct. The edge labels of G are labeled as follows: 

    122  iqugvg i  for ri 1  (3.5) 

    14222122   irmqwgwg ii  for 
2

1
1




n
i  (3.6) 

    14222212  irmqwgwg ii  for 
2

1
1




n
i  (3.7) 

    122212   riqwgvg i  for .
2

1
1




n
i  (3.8) 

We call these to f edge labels as 321 ,, EEE  and 4E  given in equations (3.5) 

to (3.8) respectively. 
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     122,,32,121  rqqqE   (3.9) 

     32222,,9222,52222  nrmqrmqrmqE   (3.10) 

     32222,,7222,32223  nrmqrmqrmqE   (3.11) 

     .22,,322,1224 nrqrqrqE    (3.12) 

By denoting ,1432 EEEEE   we can note that the edge labels are 

distinct odd numbers from the set   .12,,5,3,1 q  Thus, the odd 

graceful labeling for rS  attached to the apex of SSG is odd graceful. 

Illustration for the above the ore m for a graph G with ,17,6,8  nrm  

is given in Figure 3. 

 

Figure 3. Odd grace full a belling of Sub divided Shell Graph with star graph 

when ,6,8  rm  and .17n  

Theorem 2. Sub divided shell Graph with star graphs rS  attached to the 

apex and odd path vertices is odd grace full. 

Proof. Let G be the graph obtained by attaching star graphs rS  to the 

apex and odd path vertices of the subdivided shell graph. The graph G is 

described as follows: 

Let nwwww ,,,, 321   be the path vertices of SSG which are marked in 

clock wise direction. Let nwwww ,,, 531  denote the odd path vertices of SSG. 

Let m denote the number of petals in SSG. Let ,,,,, 1
3
1

2
1

1
1

jwwww   
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 rj ,,2,1   be the pendant vertices of rS  attached to .1w  Let 

 rjwwww j ,,2,1,,,, 3
3
3

2
3

1
3    be the pendant vertices of rS  attached to 

.3w  Similarly, let  rjwwww nj
nnn ,,2,1,,,, 321    be attached to .nw  The 

graph G has    212  rmrp  vertices and    132  mmrq  

edges. The vertex label for the apex of SSG: 

  12  qvg  (3.13) 

   ,12  iug i  for .1 ri   (3.14) 

The vertex labels for the path vertices of SSG: 

   12  irwg i  for 12  ki  and 
 

2

1
1




n
k  (3.15) 

   122  inrwg i  for ki 2  and 
 

2

1
1




n
k  

 

Figure 4. Sub divided Shell Graph with Star Graph attached to the apex and 

odd path vertices. 

The vertex labels for pendant vertices of rS  attached to iw  (i is odd): 

     4221  injirwg j
i

 for ni ,,3,1   and .1 rj   (3.17) 

From the equations (3.13) to (3.17), it is observed that the vertex labels of 

G are distinct. The edge labels of G are labeled as follows: 
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    122  iqugvg i  for ri 1  (3.18) 

    142122   inwgwg ii  for 
2

1
1




n
i  (3.19) 

    142212  inwgwg ii  for 
2

1
1




n
i  (3.20) 

    122212   irqwgvg i  for 
2

1
1




n
i  (3.21) 

      3122212  irnjrwgwg j
ii  for 

rj
n

i 


 1,
2

1
1  (3.22) 

 

Figure 5. Odd grace full a being of Sub divided Shell Graph with star graph 

when ,5,7  rm  an .15n  

Let 4321 ,,, EEEE  and 5E  be the sets of the edge labels given in 

equations (3.18) to (3.22) respectively.  

     122,,32,121  rqqqE   (3.23) 

    1,,92,522  nnE  (3.24) 

    3,,72,323  nnE  (3.25) 

     nrqrqrqE  22,,322,1224   (3.26) 

      .31222,,223,2235  nrnjrrnjnjE   (3.27) 

By denoting ,14532 EEEEEE   we can note that the edge labels 
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are distinct odd numbers from the set   .12,,5,3,1 q  

Thus, the graph G obtained by joining rS  to the apex and odd path 

vertices of SSG admits the odd graceful labeling. Illustration for the above 

theorem for a graph G with 67,61,15,5,7  qpnrm  and 

,13312 q  is given in Figure 5. 

Theorem 3. The Star graph rS  attached to apex and all the path vertices 

of the sub divided shell graph is odd graceful. 

Proof. Let G be the graph obtained by attaching star graphs rS  to the 

apex and all the path vertices of the Sub divided shell graph. 

 rjwwww j ,,2,1,,,,, 1
3
1

2
1

1
1    be the pendant vertices of rS  attached to 

.1w  Let  rjwwww j ,,2,1,,,, 2
3
2

2
2

1
2    be the pendant vertices of rS  

attached to .2w  

Similarly, let  rjwwww j
nnnn ,,2,1,,,, 321    be attached to .nw  

The graph G has    121  mnrp  vertices and    131  mnrq  

edges. The vertex label forth apex of SSG: 

  12  qvg  (3.28) 

   12  iug i  for .1 ri   (3.29) 

The vertex labels for the path vertices of SSG: 

   12  irwig  for 12  ki  and 
2

1
1




n
k  (3.30) 

   1222  inrwig  for ki 2  and .
2

1
1




n
k  (3.31) 

The vertex labels for pendant vertices of rS  attached to iw  (i is odd):  

  njirwg j
i

424   for ni ,,5,2,1   and .1 rj   (3.32) 

The vertex labels for pendant vertices of rS  attached to iw  (i is even):  

  njirwg j
i

5245   for 1,,4,2  ni   and rj 1  (3.33) 
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Figure 6. Sub divided Shell Graph with Star Graph attached to the apex and 

all the path vertices. 

From the equations (3.30) to (3.33), it is observed that the vertex labels of 

G are distinct. The edge labels of G are labeled as follows: 

    122  iqugvg i  for ri 1  (3.34) 

    132122   inwgwg ii  for 
2

1
1




n
i  (3.35) 

    232212  inwgwg ii  for 
2

1
1




n
i  (3.36) 

    irqwgvg i   2212  for 
2

1
1




n
i  (3.37) 

    1324
122 


ijnrwgwg j
ii  for rj

n
i 


 1,

2

1
1  (3.38) 

    13322
22  rnijwgwg j
ii  for 

.1,
2

1
1 rj

n
i 


  (3.39) 

Let 54321 ,,,, EEEEE  and 6E  be the sets of the edge labels given in 

equations (2.34) to (2.39) respectively. 

         rqqqqqE 221,,72,52,32,121    (3.40) 
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2

1
,,132,102,72,422

n
nnnnE   (3.41) 

       
 








 


2

7
,,102,72,42,123

n
nnnnE   (3.42) 

   
 
















 


2

1
22,,322,1224

n
rqrqrqE   (3.43) 

   
 
















 


2

13
42,,742,4425

n
njrnjrnjrE   (3.44) 

     .332,,3332,13326 nnrjnrjnrjE    (3.45) 

By denoting ,654321 EEEEEEE   we observe that the 

edge labels are distinct odd numbers from the set   .12,,5,3,1 q  Thus, 

the graph G is obtained by joining rS  to the apex and all the path vertices of 

SSG is odd graceful. The above theorem is illustrated for a graph G with 

52,48,11,3,5  qpnrm  and ,10312 q  is given in Figure 7. 

 

Figure 7. Sub divided Shell Graph with Star Graph when 3,5  rm  an 

.11nd  

4. Conclusion 

In this paper we have proved that the star graphs attached to apex and 

all the path vertices of the subdivided shell graph is odd graceful. Further 

research can be carried out on this result on other variations in graph 

labeling. 
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