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Abstract 

In this paper, we construct certain multiplicative semigroups pS  in the -C algebras pM  

generated by the -probability space  pp ,  of the -algebra p  consisting of all 

measurable functions on the p-adic number fields ,p  and the p-adic integration ,p  for 

primes p. We study operator-algebraic properties of the corresponding semigroup 

-C subalgebra pS  of ,pM  generated by ,pS  and spectral properties of ,pS  by computing 

free distributins of generating operators of ,pS  for all primes p. More generally, we construct 

free product -C probability spaces of pS ’s, and study free probability on  these 

-C probability spaces. Our main results illustrate another connection between number theory 

and operator algebra theory, via free probability. 

1. Introduction 

The main purpose of this paper is to consider connections among the 

number-theoretic results from p-adic analysis, operator-algebraic structures 

induced by p-adic analysis, and operator-theoretic (especially, spectral-
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theoretic) properties over p-adic number fields ,p  for primes p. Main tools 

to figure out such connections are free probability and representation theory. 

1.1. Preview and Motivation. The relations between primes and 

operator algebras have been studied in various different approaches. For 

instance, we studied how primes act on certain von Neumann algebras 

generated by p-adic, and Adelic measure spaces (e.g., [3] and [4]). Meanwhile, 

in [5] and [6], primes are regarded as linear functionals acting on arithmetic 

functions. In such a case, one can understand arithmetic functions as Krein-

space operators (for fixed primes), under certain Krein-space representations 

(e.g., [8]). Also, in [1], [2] and [7], we considered free-probabilistic structures 

on a Hecke algebra   pGL 2  for a fixed prime p. 

In this paper, we considered free-probabilistic models on the -algebra 

,p  consisting of all Haar-measurable functions over ,p  for primes p, and 

its Hilbert-space representation. i.e., we concentrate on investigating p-adic 

analysis in terms of suitable operator-algebraic settings. Under our 

representation, corresponding -C algebras pM  of p  are constructed, and 

free probability on pM  is considered. In particular, for all ,j  we define 

-C probability spaces  ,, p
jpM   where p

j
  are kind of sectionized linear 

functionals implying the p-adic-analytic data on ,p  in terms of the usual p-

adic integration on .p  

In particular, we are interested in a semigroup pS  in pM  generated by 

certain projections of ,pM  and the corresponding semigroup -C subalgebra 

pS  of .pM  By restricting our interests to the sub- -C probability spaces 

 ,, p
jp S  for ,,  jp   we study free-distributional data of generating 

elements of .pS  Also, by establishing free products of  ,, p
jp S  we study 

spectral data of operators generating ,pS  for all .p  

1.2. Overview. In Sections 2, we introduce backgrounds and a 

motivation of our works. 
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In Section 3, our free-probabilistic models on p  is established, and 

considered based on p-adic analysis. 

In Section 4, Hilbert-space representations of our free-probabilistic 

models of p  are constructed. They preserve the free-distributional data 

implying number-theoretic information from .p  Under representation, 

corresponding -C algebras pM  are constructed from .p  

In Section 5, free probability on pM  is studied. In particular, we compute 

free distributions of generating operators of .pM  

In Section 6, semigroups pS  of pM  are introduced, and the structure 

theorem for the -C subalgebras pS  of pM  is shown. Depending on our 

structure theorem, suitable free-probabilistic models on pS  are constructed. 

We study free probability on .pS  

In Section 7, we study free probability on the free products of pS  over 

primes. 

2. Preliminaries 

In this section, we briey mention about backgrounds of our proceeding 

works. 

2.1. Free Probability. Readers can check fundamental analytic-and-

combinatorial free probability from [12] and [14] (and the cited papers 

therein). Free probability is understood as the noncommutative operator-

algebraic version of classical probability theory (covering commutative cases). 

The classical independence is replaced by the freeness, by replacing measures 

to linear functionals. It has various applications not only in pure mathematics 

(e.g., [11]), but also in related applied topics (for example, see [3], [4], [6] and 

[8]). In particular, we will use combinatorial approach of Speicher (e.g., [12]). 

Especially, in the text, without introducing detailed definitions and 

combinatorial backgrounds, free moments and free cumulants will be 

computed. Also, we use free product of -C probability spaces in the sense of 
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[12] and [14], without detailed introduction. However, rough introduction 

would be given whenever they are needed in text. 

2.2. Calculus on .p  Let p  be the p-adic number fields for ,p  

equipped with the non-Archimedean p-norms 
p

  (on ,  where   is the 

set of all primes in the natural numbers (or the positive integers) .  This 

Banach space p  is also understood as a measure space 

   ,,, pppp    

equipped with the left-and-right additive invariant Haar measure p  on the 

- algebra  .p  Recall also that, p  is a well-defined ring algebraically. If 

,px   then 








Nn

n
n pxx  with  1,,1,0  pxn   

for some ,N  i.e., 





























 







 0

1

n

n
n

Nk

k
k pxpxx  in .p  

If ,0N  and hence, if 





0n

n
n pxx  in ,p  then x is said to be a p-

adic integer of .p  

As a topological space, the p-adic number field p  contains its basis 

elements 

,p
k

k pU   for all ,k  (2.2.1) 

satisfying the basis property, 

,







k

kp U  

and the chain property, 

,21012    UUUUU p  
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and the measure-theoretic data, 

   ,
1

kpkkp Ux
p

U   for all ,k  

for all ,px   where 

 1:0 
ppp xxU   








0l

lU  

is the unit disk of ,p  consisting of all p-adic integers. 

By understanding p  as a measure space, one can establish a -algebra 

p  over   as a -algebra consisting of all -p measurable functions f, 

 





pS

SStf



 with ,St  

where the sum  means a finite sum, and S  are the usual characteristic 

functions of S. Of course, the adjoint f  of f is defined to be 

 



 

pS

SStf



 in ,p  

where z  mean the conjugates of z, for all .z  

On ,p  one can naturally define a linear functional ,p  

   
p

pp dff


,  for all ,pf   (2.2.2) 

and hence, the pair  pp ,  forms a well-determined -probability space. 

Remark that it is a “commutative” -probability space (and hence, it is well-

covered by (non-commutative) free probability theory). 
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Define now subsets k  of p  by 

,\ 1 kkk UU  for all .k  (2.2.3) 

We call such -p measurable subsets ,k  the k-th boundaries of the basis 

elements kU  of (2.2.1), which are also -p measurable subsets, for all .k  

By the basis property in (2.2.1), one obtains that 









k

kp ,  (2.2.4) 

where   means the disjoint union, and 

      ,
11

11  
kkkpkpkp

pp
UU  

by the measure-theoretic information in (2.2.1), for all .k  

Now, let p  be the vector space of all -p measurable functions on ,p  

i.e., 

 ff pp ::    is -p measurable}. (2.2.5) 

So, ,pf   if and only if 

 





pS

SStf



 with ,St  

where  means the finite sum, and S  are the usual characteristic functions 

of  .pS   

Then it forms a -algebra over .  Indeed, the vector space p  of (2.2.5) 

is an algebra under the usual functional addition, and multiplication. Also, 

this algebra p  has the adjoint, 

   


























pp GS

SS

GS

SS tt ,def  

where ,St  having their conjugates St  in .  
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Let .pf   Then one can define the p-adic integral of f by 

 

 





p
p S

pSp Stdf




.  (2.2.6) 

Note that, by (2.2.4), if  ,pS   then there exists a subset S  of ,  such 

that 

 ,:  jS Sj   (2.2.7) 

satisfying the following result. 

Proposition 2.1. Let  ,pS   and let .pS   Then there exist 

,jr  such that 

10  jr  in ,  for all ,Sj   (2.2.8) 

and 




 














S
p j

jjjpS
pp

rd ,
11

1
 

where S  is in the sense of (2.2.7). 

Proof. By the basis property (2.2.1) and the boundary property (2.2.4), if 

 ,pS   then 

  






















j

j

j

jp SSSS  

in .p  

So, one obtains that 

    














p j

jpppS SSd



   

   ,




Sj

jp

j

jp SS 


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where   jS Sj :  in ,  and hence, there exist 

10  jr  in ,  for all ,Sj   

such that 

  




















SS j
jjj

j

jpj
pp

rr .
11

1
 

Therefore, the formula (2.2.8) holds, for any  .pS   

By (2.2.8), one obtains that if 

 





pS

pSStf



,  with ,St  

then 

 
 
 

 




























p S
p S j

jj

S
jSp

pp
rtdf




,
11

1
 (2.2.9) 

where S
j

r  are in the sense of (2.2.8), for all ,Sj   for all  ,pS   

whenever S  of (2.2.7) is nonempty in .  i.e., one obtains the following p-

adic integration, by (2.2.8). 

Corollary 2.2. Let 
  


pS pSStf


,  with .St  Then there 

exist ,S
j

r  such that 

,10  S
j

r  for all ,Sj   for all  ,pS   

and 

 
 
 

 




























p S
p S j

jj

S
jSp

pp
rtdf




.
11

1
 

Proof. The proof of the corollary is done by (2.2.8) and (2.2.9). 



CERTAIN SEMIGROUP -C  ALGEBRAS INDUCED BY … 

Applied Mathematical and Computational Sciences, Volume 8, Issue 1, November 2016 

9 

3. Free Probability on p  

Throughout this section, fix a prime ,p  and let p  be the 

corresponding p-adic number field, and let p  be the -algebra consisting of 

all -p measurable functions on .p  In this section, let's establish a suitable 

free-probabilistic model on the -algebra .p  Remark that free probability 

provides a universal tool to study free distributions on “noncommutative” 

algebras, and hence, it covers the cases where given algebras are 

“commutative.” Remark that p  is a commutative -algebra, but, for our 

later purposes, we construct free-probabilistic settings on .p  

Let kU  be the basis elements (2.2.1) of the topology for ,p  i.e., 

,p
k

k pU   for all ,k  (3.1) 

with their boundaries 

,\ 1 kkk UU  for all .k  

Define a linear functional  pp :  by 

   
p

pp dff


,  for all .pf   (3.2) 

The linear functionals p  of (3.2) on p  are nothing but p-adic 

integrations on ,p  for all ,p  and hence, they are well-defined 

unbounded linear functional on .p  

Then, by (3.2), one obtains that 

  ,
1

jUp
p

j
  and   ,

11
1 

jjp
pp

j
 

since 

 ,: jkk
jU    and  ,j

j
  

with help of (2.2.8) and (2.2.9), for all .j  
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Moreover, by the commutativity on ,p  

   ,1221 ffff pp   for all ,, 21 pff   

and hence, this linear functional p  of (3.2) is a trace on .p  

Definition 3.1. The free probability space  pp ,  is called the p-adic 

free probability space, for ,p  where p  is the linear functional (3.2) on 

.p  

Let kU  be in the sense of (3.1) in ,p  and ,pUk
  for all .k  

Then 

 
,

2,,1max2121 kkkkkk UUUUU    

by (2.2.3), where  21,max kk  means the maximum in  ., 21 kk  

Say 21 kk   in .  Then 
21 kk UU   in ,p  by (2.2.3). Therefore, 

221 kkk UUU   in .p  So, if 21 kk   in ,  then 

22121 kkkkk UUUUU    in .p  

Thus, one can verify that 

 
 

.
1

2121 ,max kkUUp
p

kk
  (3.3) 

Inductive to (3.3), we obtain the following result. 

Proposition 3.1. Let   ,,,1
N

Njj   for .N  Then 

 




N

l

UU
Njjlj

1

,,1max 
 in ,p  (3.4) 

and hence, 

 
.

1
,,max

1
1 Nlj jj

N

l

Up
p

















 



 



CERTAIN SEMIGROUP -C  ALGEBRAS INDUCED BY … 

Applied Mathematical and Computational Sciences, Volume 8, Issue 1, November 2016 

11 

Proof. The proof of (3.4) is done by induction on (3.3). Indeed, one can 

have that 

  

N

l

jjj Nl
UUS

1

,,max ,
1



  

by the chain property in (2.2.1). Moreover, 








N

l

U
U

S jlN

l
lj 1

1


 in ,p  

and hence, 

  
 

.
,,1max

1
Njjlj

UpSp

N

l

Up 















 



 

Therefore, the joint free-moment formula (3.4) holds. 

Now, let k  be the k-th boundary 1\ kk UU  of kU  in ,p  for all .k  

Then, for ,, 21 kk  one obtains that 

,
1212121

, kkkkk kk     (3.5) 

where  means the Kronecker delta, and hence, 

   
12121

, kkk pkkp    

.
11

1,
1121 















kkkk
pp

 

So, we obtain the following computations. 

Proposition 3.2. Let   ,,,1
N

Njj   for .n  Then 

 


 

N

l

jj jNlj

1

,,
11 

 in ,p  (3.6) 

and hence, 
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  ,
11

1,,

1
111 

































 jjjj

N

l

p
pp

Nlj
  

where 

   .
111 ,

1

1

,,, jj

N

l

jjjj NllN















 





  

Proof. The proof of (3.6) is done by (3.5). 

Thus, one can get that, for any  ,pS   

  ,














 




S

j

j

SpSp   

where S  is in the sense of (2.2.8) 

   


 

SS

j

j

jp

j

SS S   




 














Sj
jjj

pp
r ,

11
1

 (3.7) 

where 10  jr  are in the sense of (2.2.8), for all .j  

Also, if  ,, 21 pSS   then 


































 








2

2

1

121

S

j

S

k

k

S

k

SSS   

 

 




 

21

21

, SS

jk

jk

SS   

 

 






21

21

,

,

SS

j

jk

SSjk   

 




2,1

21
,

SS

j

j

SS   (3.8) 
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where 

,
2121, SSSS    

because ., jjkjk    

In (3.8), it is clear that, if 
21,SS  is empty, then 

,0
21 

pSS   the zero element of ,p  

where  is the empty set in  .p  

Thus, one can get that there exist ,jw  such that 

,10  jw  for all ,
21,SSj   (3.9) 

where 

  


 














2,1

21
,

11
1

SSj
jjjSSp

pp
w  

by (3.8) and (2.2.10), for all  ., 21 pSS   

By (3.9), we obtain the following general result under induction. 

Theorem 3.3. Let  ,plS   and let  ,, ppSl
   for ,,,1 Nl   

for .N  Let 



N

l

SSS lN

1

,,1



 in ,  

where 
lS  are in the sense of (2.2.7), for .,,1 Nl   Then there exist 

,jr  such that 

10  jr  in ,  (3.10) 

and 





































N

l

SSj
jjj

N

l

Sp
pp

r

,,
1

1 1

.
11



 

Proof. The proof of (3.10) is done by induction on (3.9).  
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Of course, if 
NSS ,,1 

  is empty in ,  then the formula (3.10) vanishes. 

By (3.10), we obtain that, if 

 

 





pS

ppSStf



,,  with ,St  

then 

   

 





pS

SpSp tf



 

 
 
 

 




























p SS j
jj

S
jS

pp
rt



,
11

1
 (3.11) 

where S
j

r  are in the sense of (2.2.10), for all .Sj   

The above joint free-moment formula (3.11) provides a universal tool to 

compute the free-distributional data of free random variables in our p-adic 

free probability space  ., pp   

4. Representations of  pp ,  

Fix a prime .p  Let  pp ,  be the p-adic free probability space. 

Now, we construct a representation of .p  By understanding pQ  as a 

measure space, construct the -2L space, 

     ,,, 22
ppppp LLdefH    (4.1) 

over ,  consisting of all square-integrable -p measurable functions on .p  

Then this -2L space is a well-defined Hilbert space equipped with its inner 

product ,,
2

 

 

p
pdffdefff


,, 21221  for all ., 21 pHff   (4.2) 

Naturally, pH  is the -
2

 norm completion in ,p  where 
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,,
22

ffdeff  for all ,pHf   (4.2) 

where 
2

,  is the inner product (4.2) on .pH  

Definition 4.1. We call the Hilbert space pH  of (4.1), the p-adic Hilbert 

space. 

By the very construction (4.1) of the p-adic Hilbert space ,pH  our -

algebra p  acts on ,pH  via an algebra-action ,p  

    ,hfhfp   for all ,pHh   (4.3) 

for all .pf   i.e., the morphism p  of (4.3) is an action of p  acting on 

the Hilbert space .pH  i.e., for any ,pf   the image  fp  is a 

multiplication operator on pH  with its symbol f contained in the operator 

algebra  pHB  of all (bounded linear) operators on .pH  

Notation. Denote  fp  by ,p
f

  for all .pf   Also, for convenience, 

denote p

S
  simply by ,p

S
  for all  .pS   For instance, 

 ,
k

kUk
U

ppp
U




 

and 

 ,
k

kk

ppp





 

for all ,k  where kU  are in the sense of (3.1), and k  are the 

corresponding boundaries of kU  in ,p  for all .k  

It is not difficult to check that 

p
f

p
f

p
ff 2121

  on ,pH  for all ,, 21 pff   

and 

  


f

p
f

 on ,pH  for all .pf   

Therefore, one obtains that: 
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Proposition 4.1. The pair  p
pH ,  is a well-determined Hilbert-space 

representation of .p  

Proof. To show the pair  p
pH ,  is a Hilbert-space representation of 

,p  it suffices to show that the linear morphism p  of (4.3) is a -

homomorphism from p  into an operator algebra  ,pHB  which is the -

algebra consisting of all linear transformations (or operators) on .pH  

One can check that 

   hffhffhp
ff 2121
21

  

     hhf p
f

p
f

p
f 212

1   

 ,
21

hp
f

p
f
  

by (4.3), for all ,pHh   for all ,, 21 pff   and hence, 

,
2121

p
f

p
f

p
ff

  on ,pH  for all ., 21 pff   

Also, one has that 

    

p
p

p
f

dhhfhfhhh


21221221 ,,  

    


pp
pp dfhhdhfh


2121  

    




p

hhdhfh p

f
p


,,

22121  

for all ,, 21 pHhh   for all .pf   Thus, we have 

  p

f

p
f 




 on ,pH  for all .pf   

Therefore, the linear morphism p  of (4.3) is a well-determined -

homomorphism from p  into  ,pHB  equivalently, it is a well-defined -
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algebra action of p  acting on .pH  So, the pair  p
pH ,  is a Hilbert-space 

representation of .p  

The above proposition shows that all -measurable functions f in p  can 

be regarded as operators p
f

  acting on .pH  

Definition 4.2. The Hilbert-space representation  p
pH ,  is said to be 

the p-adic (Hilbert-space) representation of .p  

Depending on the p-adic representation  p
pH ,  of ,p  one can 

construct the -C subalgebra ,pM  generated by ,p  in the operator algebra 

 .pHB  Recall that the operator algebra  pHB  is equipped with the 

operator-norm, 

 ,1,:sup
22
 hHhhTT p  

for all  ,pHBT   where 
2

  means the -2L norm (4.2) on .pH  

Definition 4.3. Let pM  be the operator-norm closure of p  in the 

operator algebra  ,pHB  i.e., 

 
 




 p

p
fp fCdefM

p
p 


:  in  ,pHB  (4.4) 

where 


X  mean the operator-norm closures of subsets X of  .pHB  Then 

the -C algebra pM  is called the p-adic -C algebra of  ., pp   

5. Free Probability on pM  

Throughout this section, let’s fix a prime .p  Let  pp ,  be the 

corresponding p-adic free probability space, and let  p
pH ,  be the p-adic 

representation of ,p  inducing the corresponding p-adic -C algebra pM  of 

(4.4). In this section, we consider suitable free-probabilistic models on .pM  In 
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particular, we are interested in a system    j
p
j

 of linear functionals on 

,pM  determined by the j-th boundaries    jj  of .p  

Define a linear functional  p
p
j

M:  by a linear morphism, 

    ,,
2jj

p
a

p
j

defa    for all ,pMa   (5.1) 

for all ,j  where 
2

,  is the inner product (4.2) on the p-adic Hilbert 

space pH  of (4.1). 

First, remark that, if ,pMa   then 

 





pS

SSta



 in ,pM  

where  is finite or infinite (limit of finite) sum (s), under -C topology of 

.pM  

Definition 5.1. Let ,j  and let p
j

  be the linear functional (5.1) on 

the p-adic -C algebra .pM  Then the -C probability space  p
jpM ,  is said 

to be the j-th (p-adic) -C probability space. 

So, one can get the system 

   jM p
jp :,  

of -C probability spaces for a fixed -C algebra .pM  

Now, fix ,j  and take the corresponding j-th -C probability space 

 ., p
jpM   For  ,pS   and an element ,pS M  one has that 

   
22

,
jjjj S

p
SS

p
j     

  



p
jj

p
jj pSpS dd


  

  















p

j jjSjppS
pp

rSd


,
11

1
  (5.2) 

for some 10  Sr  in .  
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Proposition 5.1. Let  ,pS   and  ,, p
jp

pp
S

M
S




 for a fixed 

.j  Then there exists ,Sr  such that 

10  Sr  in ,  (5.3) 

and 

   ,
11

1 














jjS
np

Sj
pp

r  for all .n  

Proof. Remark that the element S  is a projection in ,pM  in the sense 

that: 

    ,
2p

S
p
S

p
S




 in .pM  

Indeed, 

    ,p
S

pppp
S SSS











 

and 

 
 

,
2

2 p
S

ppp
S SS




 

and hence, the operator p
S

  is a projection on ,pH  in .pM  

Since p
S

  is a projection in ,pM  

  ,p
S

np
S

  for all .n  

So, 

      .Sp
p
Sp

np
Sp   

Therefore, by (5.2), we obtain (5.3). 

The above free-moment formula (5.3) characterizes the free distributions 

of p
S

  in the j-th -C probability space  ,, p
jpM   for .j  More precisely, 

we obtain the following theorem. 
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Theorem 5.2. Let  plS   and    ,, p
jpS

pp
S

M
ll

  for a 

fixed ,j  for ,,,1 Nl   for .N  Then there exists   ,,1


NSSr   

such that 

  10 ,,1


NSSr   in ,  (5.4) 

and 

  ,
11

1,,

1

1 
















































 jjSS

nN

l

p
Sj

pp
r

Nl
  

for all .n  

Proof. Let NSS ,,1   be -p measurable subsets of ,p  for ,N  

and let 

 
N

l

plSS

1

.



   

Then, one has that 






N

l

p
S

p
S l

1

 in ,pM  

satisfying 

   2p
SS

p
S




 in .pM  

Therefore, by (5.3), the formula (5.4) holds. 

The above joint free moment formula (5.4) characterizes the free-

distributions of finitely many projections p
S

p
S N

 ,,
1
  in the j-th 

-C probability space  ,, p
jpM   for ,j  for all .N  

As a corollary of (5.4), we obtain the following results. 
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Corollary 5.3. Let kU  be in the sense of (3.1), and ,k  the k-th 

boundaries of kU  in ,p  for all .k  Then 

  





 
 

,0

11
1

otherwise

jkif
pp jjnp

U
p
j k

 (5.5) 

and 

   














 1,
11
jjkj

npp
j

ppk
 

for all ,n  for .k  

6. Semigroup -C Subalgebras pS  of pM  

Throughout this section, .p  Let pM  be the p-adic -C algebra for a 

fixed prime p, as in Section 5. Take operators 

,, p
p

kp MP
k



 (6.1) 

for all .k  As we have seen in Section 5, such operators kpP ,  of (6.1) are 

projections on the p-adic Hilbert space ,pH  satisfying 

    ,
2

,,, kpkpkp PPP 


 in .pM  

Also, by (5.3) and (5.4), we obtain that 

  ,
11

1,, 














jjkjkp
p
j

pp
P  for all k  (6.2) 

(see (5.5)), in the j-th p-adic -C probability space  ,, p
jpM   for all .j  

Now, define a set of projections pP  in pM  by 

 .:,  kMP pkppP  (6.3) 
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This family pP  consists of “mutually-orthogonal” projections in the sense 

that 

.
12121 ,,,, kpkkkpkp PPP   

So, under the inherited operator-multiplication on ,pM  one can define 

the corresponding sub-semigroup 

ppS P  of pM  (6.4) 

generated by the family pP  of (6.3), where Y  mean the semigroups (under 

inherited operator-multiplication) generated by subsets Y of .pM  

Proposition 6.1. Let pS  be the sub-semigroup (6.4) of the p-adic 

-C algebra pM  generated by the family pP  of (6.3). Then 

  ,:, pkpp kPS P   in ,pM  (6.5) 

set-theoretically. 

Proof. By the very definition (6.4), one has that 





  












 

N

N

l

ll
n

jpp jnPS l

l
,,:

1

,
 

where Y  mean the -C topology closures of subsets Y in .pM  

However, by the mutual orthogonality of the generating family pP  of 

(6.3), since all generating elements kpP ,  are projections, 

 ,:: ,

1

, 


















 

 kPjPS kp

N

N

l

ljpp l  

in ,pM  i.e., 

ppS P  in ,pM  

set-theoretically. 
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The above structure theorem (6.5) shows that the family pP  of (6.3), 

itself, is regarded as a semigroup pS  of (6.4) in the p-adic -C algebra pM  

under operator-multiplication. From below, we use the terms pP  and pS  as 

an identical sub-semigroup of ,pM  in the sense of (6.4), by (6.5). 

One can also verify that the semigroup pS  does not contain its 

semigroup-identity from (6.5). So, it is a pure semigroup in .pM  Now, we 

construct the semigroup -C subalgebra pS  generated by the semigroup pS  

of (6.4) in the p-adic -C algebra .pM  

Definition 6.1. Fix .p  Let pS  be the -C subalgebra 

   ppp SSC  S  of ,pM  (6.6) 

where pS  is the semigroup (6.4). We call this semigroup -C subalgebra ,pS  

the p-adic boundary  -C subalgebra of .pM  

By the structure theorem (6.5), we obtain the following structure theorem 

of .pS  

Proposition 6.2. Let pS  be the p-adic boundary subalgebra (6.6) of the 

p-adic -C algebra .pM  Then 

  ,,



 


 CisoPiso jp

j
pS  (6.7) 

in pM  where  means the (topological) direct product of -C algebras. 

Proof. Observe that 

   ppp SSC  S  

by (6.6) 

 pC P  
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by (6.5) 

   jp
j

jp
j

PP ,, iso-iso- 




 

since jpP ,  are projections in ,pM  for all ,j  where   means (pure-

algebraic) direct product of algebras 

 ,iso- , jp
j

P




 

where  means the direct product of -C algebras under product topology. 

Therefore, 

  ,-- ,



 


 isoPiso jp

j
pS  

in .pM  

By the structure theorem (6.7) of ,pS  one can realize that this semigroup 

-C subalgebra pS  acts like a diagonal subalgebra inside .pM  Since p-adic 

boundary subalgebras pS  are -C subalgebras of ,pM  one can naturally get 

the corresponding -C probability spaces, 

 ,, p
jp S  for all ,j  

for any fixed .p  

i.e., we have a family 

  ,,:,,  jpp
jp S  (6.8) 

where the linear functionals p
j

  in (6.8) are restrict linear functionals of the 

linear functionals p
j

  of (5.1) on ,pM  for all ,j  for .p  For 

convenience, we denote these restricted linear functionals simply by ,p
j

  too, 

for all .,  jp   
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Definition 6.2. We call -C probability spaces  ,, p
jp S  the j-th p-adic 

diagonal -C probability spaces of the j-th p-adic -C probability spaces 

 ,, p
jpM   for all ,p  and .j  

7. Free Product -C Probability Spaces of    jp
p
jp ,, S  

For an arbitrarily fixed ,p  let 

     jp p
jp :,SS  (7.0.1) 

by the family (6.8) of j-th p-adic diagonal -C probability spaces. 

From a -C probability space  p
jp ,S  in the family  pS  of (7.0.1), for 

,j  we have that 

  ,
11

1, 














 jjkj
pp

j
ppk

 (7.0.2) 

by (6.2), where p

k
  are the generating projections of the p-adic diagonal 

subalgebra pS  of ,pM  for all .k  

By the structure theorem (6.5) of ,pS  the above free-moment formula 

(7.0.2) characterizes the free distributions of all elements of  ,, p
jp S  for 

.j  

7.1. Free Product -C Probability Spaces. Let  ,, kkA   be arbitrary 

-C probability spaces, consisting of -C algebras ,kA  and corresponding 

linear functionals ,k  for ,k  where  is an arbitrary countable (finite or 

infinite) index set. The free product -C algebra A, 

l
l

AA

  
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is the -C algebra generated by the “non-commutative” reduced words in 


N

Nl lA
1

,


 having a free product linear functional, 

.l
l




 

The new -C probability space  ,A  is said to be the free product 

-C probability space of    kkA,  (e.g., see [12], [14] and cited papers 

therein). So, by the very definition, even though each free blocks lA  are 

commutative for ,l  the free product -C algebra A is highly 

noncommutative. 

The -C algebra A is understood as a Banach space, 

   











































o
i

n

kalliin kn
n

A
1,,1

1 
  (7.1.1) 

with 

,
kk

i
o
i

AA  for all ,,,1 nk   

where 

   

 

,

,

,,

,

|,

1

3221

1

1
























 nn

n
n

n
n

ii

iiii

ii

iialt





  

for all ,n  and where , and  are the (topological) direct product, 

respectively, tensor product of Banach spaces. 

In particular, if an element Aa   is of the form of free reduced word, 






n

l

il
aa

1

 in A, 

then one can understand a as an equivalent Banach-space vector, 
li

n

l
a

1
  in 

the Banach space A of (7.1.1), contained in a direct summand, o
i

n

k k
A

1
  of 
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(7.1.1). Remark that, under the above equivalence, this free reduced word a of 

A is regarded as the operator 
li

n

l
a

1
  in 

,
11 kk

i

n

k

o
i

n

k
AA











   

where   means the (topological) tensor product of -C algebras. i.e., the 

free reduced word a, understood as a Banach-space vector 
li

n

k
a

1
  in A of 

(7.1.1), is regarded as an operator 
li

n

k
a

1
  in the -C subalgebra 

ki

n

k

A
1

  of A. 

We denote this relation by 

li

n

l
aequia

1
  in A, as operators. (7.1.2) 

Remark that, if a is a free reduced word in A, then 
















n

l

k
i

k
i

n

l

k

i

n

l

k

lll
aequiaaequia

1
11

 in A, (7.1.3) 

for all .k  

Notation and Remark 7.1.1 (in short, NR 7.1.1 below). Let 

 


n

l il
aa

1
 be a free reduced word in A, as above. The power ka  in (7.1.3) 

means the k-th power of a as an operator of A in the sense of (7.1.2), which is 

also understood as a vector in AAo
i

n

l l


1
 in the sense of (7.1.1). 

To avoid the confusion, we may use the notation  ,ka  as a construction of 

new free “non-reduced” word, 

 
 

times-k

k aaaa   

in A. 
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For example, let 
121 iii aaaa   be a free reduced word with 

   ,,, 3
121  altiii  

as an operator, 

121 iii aaa   in A, by (7.1.2). 

Then 

  ,33333

121321 iiiiii aaaequiaaaequia   

in A, but 

    33
121 iii aaaa   

121121121 iiiiiiiii aaaaaaaaa  (non-reduced word) 

,
1212121

22
iiiiiii aaaaaaa  (reduced word) 

in A; i.e., 

  ,
1212121

223
iiiiiii aaaaaaaa   

as a new free reduced word in A. 

So, in the text below, if we use the term “ ka ” for a fixed free reduced 

word a, then it is in the sense of (7.1.3). In the following text, we will not use 

the concept “  .ka ” However, we want to emphasize at this very moment the 

differences between ka  and  ka  in the free product algebra A, for .k  Of 

course,  11 aaa   in A. 

Similar to ka  and  ,ka  one can understand the adjoints a  and  a  of a 

fixed free reduced word a in A. i.e., 












 









n

l

ii

n

l
i

n

l lll
aequiaaequia

1
11

 in A, 

but 
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 

 

  





 













  nl iii

n

l

i aaaaa ,,
21

1

  

,

1

1121 







n

l

iiiii lnnn
aaaaa   

in A. In the following text, if we use the term ,a  then it is determined under 

equivalence (7.1.3). Again, we want to emphasize the differences between a  

and  a  in A, at this moment. 

So, the free product linear functional  on A satisfies that, whenever a is 

a reduced free word in A satisfying (7.1.2), then 

    


















n

l

k
ii

n

l

k
i

k

lll
aaa

11

,  (7.1.4) 

by (7.1.3), for all .k  Sometimes, by abusing (7.1.3), one can / may re-

write (7.1.4) by 

   














n

l

k
i

k
i

n

l

k

ll
aaequia

1
1

,  

whenever  


n

l il
aa

1
 ail is a “free reduced word” in A, for all .k  

Now, let 

 




n

l

i Abb
l

1

,,  

where 
nii bb ,,

1
  are free reduced words in A. 

We say that a is a free sum in A, if all summands 
nii bb ,,

1
  of b are 

contained in “mutually-distinct” direct summands of a Banach space A of 

(7.1.1), as equivalent Banach-space vectors (or corresponding operators) of 
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the free reduced words. Then, similar to the above observation, one can 

realize that 

li

n

l
bequib

1
  in the Banach space A of (7.1.1), (7.1.5) 

satisfying 

  



































k
i

n

l

k

i

n

l

k

ll
bbequib

11
 

 


















n

l

k
i

n

l

k
i ll

bbequi

11

,  

for all .k  

Here, remark that each summand  k
il

b  of (7.1.5) satisfies (7.1.4), for all 

,,,1 nl   for all .n  

Notation and Remark 7.1.2 (in short, NR 7.1.2 below). Similar to the 

free-reduced-word case, if b is a free sum in the sense of (7.1.5), then one can 

consider 

 

 kn

l

i
k

l
bb














 

1

 

 

   






k
k

klll

nll

iii bbb

,,1,,1

21
,



  

where the summands 
klll iii bbb 

21
are free “non-reduced” words in A. In the 

following text, we will not use the concept “  kb ” in A. But, as before, we 

emphasize the differences between kb  and  kb  for a fixed free sum b of A. 

Similar to NR 7.1.1, remark also the differences between 

,

1
11












 









n

l

ii

n

l
i

n

l lll
bequibbequib  
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and 

   


 

n

l

il
bb

1

,  

in  ,, A  where the adjoints 
li

b  and 
li

b  are in the sense of NR 7.1.1, for all 

.,,1 nl   

For more about (free-probabilistic) free product algebras, and 

corresponding free probability spaces, see [11], [12] and [14]. 

7.2. Free Product -C Probability Space    ., p
p S  Let p  be 

fixed, and let  pS  be the family (7.0.1) 

        jdenotejp p
jpp :,SSS  

of p-adic diagonal -C probability spaces. 

In this section, we construct a free product -C probability space 

   p
p ,S  of the family  ,pS  

   
 

., Xdef
pX

p
p

S
S


  (7.2.1) 

i.e., by (7.2.1), 

        p
jp

j
p

j

p
p j 


,, SSS


  

  ,, 











p
j

j
jp

j 
S  

with 

  ,pjp SS   for all ,j  

for a fixed .p  

Definition 7.1. Let    p
p ,S  be the free product -C probability space 
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(7.2.1) of the family  pS  of (7.0.1), for a fixed prime .p  Then we call it 

the p-adic diagonal -C probability space. 

Let T be a free reduced word, 






N

l

jp l
PT

1

,  in    ., p
p S  (7.2.2) 

It guarantees that the corresponding integer-sequence  Njj ,,1   of T is 

an alternating sequence, i.e., 

   ,,,1
N

N altjj   for .n  

Theorem 7.1. Let T be a free reduced word (7.2.2) in the p-adic diagonal 

-C probability space    ., p
p S  Then 

  ,
11

1
1


 















N

l
jj

kp

ll pp
T  (7.2.3) 

for all .k  

Proof. Since T is a free reduced word  

N

l jp l
P

1 ,  in the p-adic diagonal 

-C probability space    p
p ,S  of (7.2.1), we have 

  



































k
jp

N

l

p
k

jp

N

l

pkp

ll
PPequiT

,
1

,
1

 

,

1

,

1

, 



























 



N

l

jp
p

N

l

k
jp

p
ll

PPequi  

since 
ljpP ,  are projections in  ,pS  for all Nl ,,1   

 Tp  

  




















N

l
jj

N

l

jp
p
j llll pp

P

1
1

1

, ,
11

 

since T is a free reduced word, for all .k  
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Remark again the differences between the notation kT  and  kT  for a 

free reduced word T in  ,pS  for ,k  see NR 7.1.1. 

Also, by NR 7.1.1, one has that, if T is as above, then 

TT   in  .pS  

Therefore, the free-moment formula (7.2.3) characterizes the free distribution 

of free reduced words T of (7.2.2) in    ., p
p S  

Theorem 7.2. Let  
 s

ls
j

N

l jps PT
1 ,  be free reduced words (7.2.2) in the 

p-adic diagonal -C probability space    ,, p
p S  inducing the 

corresponding integer-sequences  ,,,
1 sNsss jjJ   for all ,,,1 ns   for 

., nNs  Let 

   




N

s

p
psT

1

,,S  (7.2.4) 

for .N  If the integer-sequences  N
ssJ 1  are mutually-distinct in ,  in 

the sense that: ,
21 ss JJ   whenever 21 ss   in  ,,,1 n  then 

   
 

 




























N

s

N

l
jj

kp
s

ll pp1 1
1

,
11

 (7.2.5) 

for all .k  

Proof. Let  be a free random variable (7.2.4) of the p-adic diagonal 

-C probability space    ,, p
p S  where every summand sT  is a free 

reduced word, for all .,,1 ns   

Note that, by the assumption that the corresponding integer-sequences 

nJJ ,,1   are mutually-distinct from each other as sequences, all summands 

nTT ,,1   are contained in the mutually-distinct direct summands of  pS  

in the sense of (7.1.1). It guarantees that all summands nTT ,,1   are free 
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from each other in    ., p
p S  So, the free random variable  of (7.2.4) 

forms a free sum in    ., p
p S  

Therefore, the free sum  satisfies that 

,
111












equiTTTequi s

N

s

k
s

N

s

k

s

N

s

k  

for all ,k  because ,s
k
s TT   for all ,k  for all .,,1 Ns   Thus, one 

has 

   













 



N

s

s
ppkp T

1

 

 




N

s

s
p T

1

,  

where  s
p T  satisfy (7.2.3), for all .,,1 Ns   

Therefore, the free-moment formula (7.2.5) holds true. 

Remark the differences between the notations k  and  k  in  ,pS  for 

all ,k  see NR 7.1.2. Also, by NR 7.1.2, one can have that if  is in the 

sense of (7.2.4), then 

  in    ., p
p S  

Thus, the above free-moment formula (7.2.5) completely characterizes the 

free distribution of free sums  in  .pS  

7.3. The Adelic-Diagonal -C Probability Space    ., pS  Now, let 

   p
p ,S  be the p-adic diagonal -C probability spaces, for all .p  One 

can construct the family 

        pdenote p
pp :, SSA  (7.3.1) 

of -C probability spaces. 
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Then, one can construct the free product -C probability space    ,pS  

of the family A  of (7.3.1), 

    ., Ydef
Y

p
A

S

   (7.3.2) 

i.e., 

     Zp
p

p SS

,  

  











p

p
p

p 
,S  

 ,,
,

p
jp

jp



S


 

where      p
pp  , SS  are the p-adic diagonal -C probability spaces, 

and  p
jp ,S  are the j-th p-adic -C probability spaces, for all .,  jp   

Definition 7.2. The free product -C probability space    ,S  of 

(7.3.1), satisfying (7.3.2), is called the Adelic-diagonal -C probability space. 

Now, let T be an operator 










N

l

p
N

l

jp
l

lj
ll

PT

11

, ,  for ,N  (7.3.3) 

in the Adelic-diagonal -C probability space    ., S  Let 

  ,1
N
llT pW   and  NllT jJ 1  

be the prime-sequence, respectively, the integer-sequence obtained from the 

free reduced word T of (7.3.3). 

Theorem 7.3. Let T be an operator (7.3.3) of the Adelic-diagonal 

-C probability space    ,S  of (7.3.1). Assume that either 

 ,N
T altW   or  .N

T altJ   (7.3.4) 
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Then we obtain 

  


 














N

l
j
l

j
l

k

ll pp
T

1
1

,
11

 (7.3.5) 

for all .k  

Proof. By the condition (7.3.4), the given operator T of (7.3.3) is a free 

reduced word in    ,, S  by (7.3.2). Since T forms a free reduced word in 

 ,S  one has 

TequiPPequiT k
jp

N

l

k

jp

N

l

k

llll ,
1

,
1 









  

in  ,S  for all .k  

So, we obtain that 

   













 



N

l

jp
k

ll
PTT

1

,  

 




N

l

jp
p

j ll
l

l
P

1

,  

by (7.3.2) 




 














N

l
j
l

j
l

ll pp1
1

,
11

 

for all .k  Therefore, the free-distributional data (7.3.5) is obtained. 

Let T be an operator (7.3.3) in the Adelic-diagonal -C probability space 

   ,, S  and suppose either the prime-sequence ,TW  or the integer-

sequence TJ  is an alternating sequence. Then T is a free reduced word in 

 ,S  satisfying 

TT   in  .S  
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(See NR 7.1.1!) 

So, the above free-moment formula (7.3.5) characterizes the free 

distributions of a free reduced word T in  .S  

7.4. Discussion. Let       ,  SS  be our Adelic-diagonal 

-C probability space (7.3.2). Recall that, by (7.3.5), if T is a free reduced word 

in the sense of (7.3.3) in  ,S  then 

  




























N

l
l

j
l

N

l
j
l

j
l

k

pppp
T

lll
11

1

1
1

111
 















N

l
l

j
l

l

pp

p

l
1

1
,

1
1  

i.e., 

  ,
1

1
1

11
1 




































 




N

l
l

l

N

l
j
l

k

p
p

p
T

l
 (7.4.1) 

for all .k  

Recall that an arithmetic function   :  is the Euler totient 

function, if 

 
 

,
1,gcd

1
|














kn

andnk
kdefn   (7.4.2) 

where X  mean the cardinalities of sets X, and gcd means “the greatest 

common divisor.” 

It is well-know that,  is the Euler totient function (7.4.2), if and only if 

  ,
1

1

|,





















  
 npp

p
nn



 for all ,n  (7.4.3) 

where “ np| ” means “p divides n,” or “p is a divisor of n.” For instance, 
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  ,
1

11 






 
q

qqq  for all .q  (7.4.4) 

Also, the Euler totient function  is a multiplicative arithmetic function in 

the sense that: 

     ,2121 nnnn   (7.4.5) 

whenever 

 ,1,gcd 21 nn  

for ., 21 nn  

Thus, one can figure out the following relation on our free-distributional 

data. 

Theorem 7.4. Let  


N

l jp ll
PT

1 ,  be an operator (7.3.3) in the Adelic-

diagonal -C probability space  S  of (7.3.2), and let  NT ppW ,,1   

be the corresponding prime-sequence for T in the sense of (7.3.4). Assume that 

all the entries Npp ,,1   of TW  are mutually-distinct from each other in .  

Then there exists ,Tn  and ,TN  such that 

   ,TT
k nNT   for all ,k  (7.4.6) 

where  is the Euler totient function. 

Proof. Let T be an operator (7.3.3) in the Adelic-diagonal -C probability 

space  S  and assume that all entries Npp ,,1   of the corresponding 

prime-sequence  NT ppW ,,1   for T are mutually-distinct from each 

other in .  Then such a mutually-distinctness of  N
llp 1  guarantees that the 

sequence TW  is an alternating sequence, i.e., 

 ,N
T allW   

and hence, T forms a free reduced word in  .S  
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Thus, one has that 

 




































 




N

l
l

N

l
j
l

k

pp
T

l
11

1

1
1

1
 

by (7.4.1) 

 













 



N

l

lT pN

1

 

by (7.4.4), where   


N

l j
l

T
lp

N
1 1

1   














 



N

l

lT pN

1

 

since  is multiplicative in the sense of (7.4.5), because Npp ,,1   are 

mutually-distinct in   

 ,TT nN   

where  


N

l lT pn
1

.  

Therefore, there exist 

,
1

1
1






N

l
j
l

T
lp

N   and 




N

l

lT pn

1

,  

such that 

   ,TT
k nNT   for all .k  

For example, if 

 .1,71,23,5 S  PPPT  

Then we obtain that 
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        1,71,23,51,71,23,51,71,23,5 PPPequiPPPPPPequiT kkkkk
   

     1,7
7
11,2

2
13,5

5
3 PPP    





























 111111133 7

1

7

1

2

1

2

1

5

1

5

1
 

  ,
49

150

45

1

7

1

4

1

2

1
25125 







 






   

by (7.3.5), for all .k  

Also, one obtains that: for a fixed free reduced word T, since the 

corresponding prime-sequence (5, 2, 7) have mutually-distinct entries in ,  

one can have that 

196

25

49.4

25

72

5

7

1

2

1

5

1
22

2

111113





TN  in ,  

and 

70725 Tn  in .  

Note that 

    ,
49

150

7

6

2

1

5

4

196

7025
70

196

25

























 TT nN  

which demonstrates that 

   ,TT
k nNT   

for all .k  
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